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PREFACE 


The volumes of the International Library of Technology are 
made up of Instruction Papeis, oi Sections, compiismg the 
various couises of instruction for students of the International 
Correspondence Schools The oiiginal manuscripts are pie- 
pared by pel sons thoroughly qualified, both technically and by 
expeiience to wri^'e with authority, and m many cases they are 
regulailj^ employed elsewhere in practical work as experts 
The manuscripts are then carefully edited to make them suit- 
able for coriespondence instiuction The Instiuction Papers 
are written cleaily and m the simplest language possible, so as 
to make them readil^^ undei stood b}'' all students Necessary 
technical expressions are clearly explained when introducea 
The great majorit}'- of our students wish to prepaie them- 
selves for advancement in their vocations or to qualify for 
moie congenial occupations. Usually they are employed and 
able to devote only a few houis a day to study Theiefore 
every effort must be made to gi\e them piactical and accuiate 
information iix clear and concise foim and to make this intor- 
mation include all of the essentials but none of the non- 
essentials To make the text clear, illustrations are used 
fieely These illustiations aie especially made by our own 
Illustiatmg Department in order to adapt them fully to the 
lequirements of the text 

In the table of contents that immediately follows aie given 
the titles of the Sections included in this volume, and under 
each title are listed the mam topics discussed 
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STRENGTH OF MATERIALS 

(PART 1) 


STRESS, DEFORMATION, ELASTICITY, 
AND STRENGTH 


STRESS AND DEFORMATION 

1, Definitions of Stiess — As explained m Analytic 
Statics y Part 1, any system of external forces acting on a 
body induces in the body inteinal forces by which the parts 
of the body are prevented 
from separating If the 
body is cut by a plane 
anywhere, the two parts 
of It thus obtained exert 
on each other forces 
equal in magnitude but 
opposite in direction In 
Analytic Statics, Part 1, 
the term stiess was de- 
fined as denoting a pan of such equal opposing forces, that 
IS, as a pair of foices consisting of the action exeited by any 
part of the body on another, and the leaction exeited by the 
latter part on the foimei, and it was theie stated that the 
stress is measuied by the magnitude of either foice It was 
also explained that, if a body in equilibrium is cut by a plane, 
the external forces acting on one of the paits thus obtained 
are balanced by the force that the other part exerts on the 
part considered 

COPYRIGHTED BY INTERNATIONAL TEXTBOOK COMPANY ALL RIGHTS RESERVED 
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If the body M Fig- 1, is in equilibiium under the action 
of external forces, and it is cut anywhere by a plane XY^ 
the part M PQ exeits on the part P N Q a foice S equal 
and opposite to the foice exeited by PA^Q on MPQ 
The pair of foices 5 and constitute the stress at the 
section PQ S is the equihbiant of all the external foices 
acting on P N Q, and 5, is the equilibrant of all the external 
forces acting on MPQ The pait P Q may be treated as 
a separate body kept m equilibrium by and the external 
forces acting on that part, and the part P A^ Q may be treated 
as a sepal ate body kept in equilibrium by and the external 
forces acting on that part 

2. The teim shcss is also, and moie generally, applied 
to eithei of the opposite internal forces acting at any section 
of a body Thus, with lefeience to Fig 1, the stress at the 
section P Q either of the equal and opposite forces 
Taking the woid stress m this sense, it is often defined as 
the internal force by which a body resists the action of 
external foices 

3. It should be paiticularly noted that external forces 
act on, 01 ate applied to, a body, while stresses act in, or 
are piodiued or indiucd in, the body The expression “to 
apply” a stress to a body is incoriect, what is really applied 
is one or more external foices, by which the stresses are 
caused, induced, or produced It is important that terms 
should be used in the proper sense, as looseness or inac- 
curacy of language leads to confusion m thinking 

4. Fust Cliissificiitloii of Stress — Considering the 
direction in which stresses act with respect to the surface 
over which they are distributed, they may be either normal 
or tangent lal 

A noiinal stiess is a stress whose line of action is per- 
pendicular to the surface over which it is distribiued A 
tang^ential stress is a stress whose line ot action is parallel 
to, or coincides with, the surface over which it is distiibuted. 
If, in Fig 1, S is perpendicular to PQ, S is a normal stress; 
if it has the direction PQ, it is a tangential stress. 
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Any inclined stress can be resolved, for purposes of 
analysis, into its normal and tangential components 


5. When the external forces applied to a body tend to 
pull the paits of the body apart, the mteinal forces act toward 
each other, as repiesented in Fig 2 (^), where, for con- 
venience, the body AB is shown sepaiated into the two 
parts A and B cut by a plane ot section is the action 
of B on A^ and the action of A on B This kind of stress 
IS called tension, tensile stress, or pull. It is assumed 
that P^ and P^^ are per- 



pendicular to the surface 
of separation Tension is, 
theiefoie, a normal stress 

6. When the external 
forces applied to a body 
tend to crush the body, 
the internal forces act 
away from each other, as 
represented in Fig 2 {b) As in Fig 2 (a), P' is exerted 
by B on A, and P^^ by A on B This kind of stress is called 
coinpi esbion, compressive stress, or tliiuist. It is, like 
tension, a normal stress 


(a) 


(f>) 

Fig 2 


(^) 


7. When the external forces applied to a body tend to 
cause one part of the body to slide over the other part, the 
internal forces exerted by the paits on each other act along 
the surface of sepaiation and pievent such sliding Thus, 
if the external forces aie such that they tend to move Ay 
Fig 2 ic)y to the left and B to the right, the internal forces 
or stresses P^ and P^^ act as shown, and pievent the sliding 
This kind of stress, winch is tangential, is called slieaiing 
stress, 01 sheai. 

8. Tension, compression, and shear aie called simple, 
or diicct, «,ti esses, to distinguish them fiom bending and 
toisional stress, which will be defined further on 

9. Second Classification of Stress. — The second 
classification of stress is based on the manner in which 
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the stress is distubuted over the section separating the 
two paits of the body If a stress is such that all equal 
areas of the section of separation aie undei the same stress, 
wherever those aieas aie taken and whatever then extent, 
the stress is said to be uuifoimly disti-ibiited, or to be a 
iiniforiu stress Otherwise, the stress is said to be noii- 
uniforxn, or vaiying*. 


10. Intensity of Stress — Unit Stress. — If the magni- 
tude of a uniform stress is divided by the area over which 
the stiess is distubuted, the result is the stress per unit 
of area, and is called intensity of stress, or unit stress. 
The latter term, although very commonly used, is mislead- 
ing, foi it seems to imply a special unit by which stresses 
are measured, whereas, stresses, being forces, are measuied 
by the same units — such as pounds, tons, and kilograms — as 
other foices The expiession iriiensity of siiess will be here 
used instead of unit ^iicss Intensity of stiess is expiessed 
as so many units of toice per unit of aiea, such as pounds 
per square inch oi tons per square foot 

If P, expiessed in units of foice, is a stress uniformly 
distributed ovei an aiea A, the intensity of stiess s is given 
by the foimula 

A 

If P is m pounds and A in square inches, s will express 
pounds per sqtiare inch If P is in tons and^i in square feet, 
j will express tons pei square foot Similarly for any 
other units 


Example — A stress of 4'),000 pounds is distributed nnifoimly over 
an area of 4-^ square inches What is the intensity of stiess (a) m 
pounds per square inch? {b) in tons per square foot? 


Solution — (a) Heie P =* 45,000 lb , and H = tl sq in Substi- 
tuting these values in the formula, 

5 = 45,000 — 4i 10,000 lb per sq in Ans 
{d) In this case, P must be expressed in tons, and A in square feet 
P (tons) = 45,000 - 2,000, A (sq ft ) = 4l - 144 Theiefoie, 

45,000 - 2,000 _ 46,000 . . 144 


s = 


44 144 


44 


2,000 


= 720 T per sq ft Ans 
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The same lesult could be obtained directly by multiplying the 
intensity per square inch, already found, by 144, and dividing the 
result by 2,000 


EXAMPLES FOR PRACTICE 


1 A uniform stress of 75,000 pounds is distributed over an area of 
5 75 square inches Find the intensity of the stress (a) in pounds per 
squaie inch, {d) in tons per squaie foot 


Ans 


f (a) 13,043 lb per sq in 
1 (d) 939 T per sq ft 


2 The intensity of a uniform stress distributed over an area of 
12 squaie inches is 21,000 pounds per square inch What is the total 
stress P? Ans 252,000 lb 


3 A uniform stress of 2,500 tons, having an intensity of 16 tons 
per square foot, is distnbuted over a plane surface What is the aiea 
of the surface^ Ans 156 25 sq ft 


11. Definition of Deformation. — By the term defor- 
mation IS meant the change of form or shape that a body 
undergoes when subjected to ex- 
ternal forces The word stiain 
IS often used in this sense, but as 
It is used also in the sense of 
stress, It will be here dispensed 
with 

12. Classification of Def- 
oimations — There are three 
kinds of deformation, coi respond- 
ing to the three kinds of direct 
stress, namely, ie7isile defofmatioji^ 
conip 7 C:iSivc dt{o)7natio7i^ and sheaf- 
ing dcfo) maiion 

If a body or a part of a body is subjected to a tensile 
stress, It will stretch in the direction of the stress, this 
stretch is called a tensile deformation. Fig 3 represents 
a rod, whose natural length is inv, supported above and 
subjected to a pull F below If the force elongates the rod 
as shown by the dotted lines, the tensile deformation is nd 

If a body or part of a body is subjected to a compressive 
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stress, it will shorten in the direction of the stress, this 
shortening; is called a compressive deformation. Fig; 4 
represents a block, whose natural length is mji, resting 
on a base and subjected to a load F. If the load shortens 
the block as shown by the dotted lines, the compressive 
deformation is ni 

If a body oi pait of a body is subjected to shearing stress 
it will suffei a characteristic deformation Fig 5 represents 
a block of rubber aiivib, one face of which is firmly glued 
to a support and the opposite face to a small board BE that 
can be pulled in the guides G If the board is pulled to the 
right, shearing stresses aie developed at horizontal sections 
of the rubber block, and the face a b 7?i n is changed to ab m' 



Fig 5 


This change, which can be described either by the angle 7nb7n\ 
or by the slide of the nppei face with respect to the 

lower, IS a sliearing defoimation. 


13. Rate of Defoimation. — In the case of tension and 
compression, the defoimation per unit of length in a body of 
unifoim cross-section will here be called the i ato of defor- 
ination It is obtained by dividing the total defoimation 
by the length of the body, the deformation and the length 
being expressed m the same units 

Let / = natuial length of a body of uniform cross-section, 
K — total tensile or compiessive deformation, 
k — rate of deformation 


Then, 


r. _ K 
. - - 


It should be observed that k is an abstract number, inde- 
pendent of the unit of length used Whether K and L are 
expressed in feet, inches, yards, oi any other unit, the ratio k, 


or 


K 

r 


remains the same, provided that the same unit is used 
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for K as for I If / and K are given, expressed in different 
units, they should be reduced to the same unit before finding 
the late of detoimation If, foi example, I is given in feet 
and K in inches, eithei / should be reduced to inches or K 
to feet 

The teim unit detoi matiou is frequently used to denote 
rate ot defoimation As, howevei, it is misleading, it will 
not be used heie 

Exvriple I — A lod 12 inches long is stretched J inch by an external 
force What is the late of defoimation^ 

Solution — Here I = 12, K = -f, and, therefore, 

^ = jv Ans 

Ex\]MPLE 2 — If the rate of deformation of a bar is and the 
oiiginal length of the bai is 15 feet, what is the length of the bar when 
deformed? 

Sor uiiON — Since each foot of the bai is stretched -ro ft , the whole 
bar will be stretched 15 X 5 ^, and, theiefore, the length of the stretched 
bar IS 

15 + 15 X -A = 15 3 ft Ans 


EXAMPLES FOR PRACTICE 

1 The natural length of a block is 4 5 feet If the block is com- 
pressed TIT inch, what is the rate of defoimation? Ans 

2 If the oiigmal length of a lod is 9 75 feet, and a tensile force 

applied to It piodiices a rate of deformation of Olb, what is the length 
of the sti etched lod? Ans 9 906 ft 

3 "Ihe oiiginal length of a bar is S inches, when the bar is under 

a ceitain tensile force, its length is 8 22 inches What is the rate of 
defoimation? Ans 0275 


ELASTICITY 

14, Definition. — When a force is applied to a body, 
the body is detoi med If the force does not exceed a cer- 
tain limit, which IS diffeient for different substances, the 
body will, on the removal of the force, regain its original 
form and dimensions This property of bodies, by which 
they regain their foim and dimensions when deforming 
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forces are removed, is called elasticity; and, to indicate 
that bodies possess this pioperty, they are said to be elastic. 

15. Elastic Eimit. — For every body, there is a force, 
and a corresponding stiess, beyond which the body ceases 
to be perfectly elastic, that is, beyond which the body, after 
the force is lemoved, retains all or pait of the defoimation 
caused by the foice The intensity of stress caused by this 
limiting foice is called the elastic limit of the body, or of 
the material of which the body is composed 

16 . Permanent Set. — As just stated, the deformation 
caused in a body when the elastic limit of the body is 
exceeded does not disappear entiiely on the removal of the 
force That pait of the defoimation that does not disappeai 
IS called iiermanent set. 

17. Hooke’s LaAv. — It has been found by experiment 
that, within the elastic limits the deformation caused by a foice 
IS piopoiiional to the foice This important principle, known 
as Hooke’s laAv, is the foundation of the science of strength 
of materials 

Let A and A'' be two forces, both inducing stiesses smaller 
than the elastic limit, and causing m a body the deformations 
K and A"', lespectively Then, according to Hooke’s law, 
K F P 

Hooke’s law does not apply to foices causing stiesses 
greater than the elastic limit Beyond this limit, the beha- 
vior of mateiials is iriegular and impeitectly known, and 
It IS a fundamental principle of engineering that no part of a 
stiucture oi machine should be designed for stiesses gi cater than 
the elastic limit of the material of which the pari is made 

Example — If a load of 1,000 pounds elongates a rod ~ inch, how 
great an elongation will be produced by a load of 1,200 pounds^ 

Solution —Let Adenote the load of 1,000 lb , A', the loa^ of 1,200 lb , 
A', the elongation of -J m , and A'', the required elongation Then, 
substituting in the foregoing proportion, 

-1 Kf = 1,000 1,200, 

1,200 X1 


whence 


m Ans 
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18. Modulub oi Coefficient of Elasticity.- — Let a ' 
body of lenoth / and uniform cross-section A be subjected 
to d uniform stiess of magnitude ^ and intensity s Let 
be another stiess, acting in the same body (but not simul- 
taneously with 5), and having an intensity / Let the cor- 
responding deformations be K and A"', and the rates of 
defoimation k and IJ It is assumed that s and are below 
the elastic limit Accoiding to Hooke’s law, 

K K' = 5', 

or, because K — kl (see Art 13), A"' = ^ l^S = As, and 

= As', 

kl k' I = As As', 
or k k' = s s', 

s s' 

whence T = T 7 

k k' 

In the same manner, it may be shown that, if k" is 
the rate of defoimation coiresponding to an intensity of 
stiess s" , then 

s" _ s ^ s' 

^ k~~ J' 

This result, which is independent of the area A, shows 
that, for eveiy material, the quotient obtained by dividing 
the intensity of stiess by the corresponding rate of deforma- 
tion IS constant, oi has the same value for all stresses, 
provided only that their intensity is below the elastic limit 
of the material This quotient is called the modulus of 
elasticity of the mateiial, and is usually denoted by E 
There aie diffeient moduli of elasticity, corresponding to 
the different kinds of stress, but those that are of greatest 
importance, as well as most accurately known, are the 
modulus of elasticity of tension and the modulus of elasticity 
of compression They are often called Youug^’s moduli 
The modulus of elasticity is also called coefficient of 
elasticity. 

The general formula for the modulus of elasticity is, 
therefore, 



( 1 ) 
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In terms of the leng^th /, the aiea A, the total stress P, 
and the total deformation K, we have, since 

— and 5“ = — , 

/ A 


^ ^ ^P±_ 
K. 

i 


( 2 ) 


Since k IS an abstract number, formula 1 shows that E is 
expressed in the same units as the intensity s, that is, m 
units of force pei unit of area In English-speaking: coun- 
tries, E IS usually expiessed in pounds per square inch 

The value of the modulus of elasticity is determined 
experimentally by taking a piece of the material, as a rod 
or bar, measuiing its length /, its aiea A, and the deforma- 
tion K caused by an applied force and then substituting 
these values m formula 2. It should be obseived that, in 
this formula, / and K must be referied to the same unit of 
length, and A to the coitesponding unit of area Thus, if I 
is in inches, K must be in inches, and A in squaie inches 


Example 1 — A steel rod 10 feet long and 2 sqnaie niches in cross- 
section is stretched 12 inch by a weight of .54,000 pounds What is 
the tension modulus of elasticity of the material? 

Solution — To apply formula 2, w^e have the stiess P = 54,0001b , 

/ = 10 f t = 120 in , ^ = 2 sq in , and A' = 12 in Therefoie, 

^ 54,000 X 120 „„ ,,,,,, „ 

E — ” 2/, 000, 000 lb pel sq in Ans 


Ex4.mple 2 — If the tension modulus of elasticity of a grade of 
steel lb 28,000,000 pounds per squaie inch, what elongation will be 
caused m a bai 20 feet long and 4 25 square inches in cross-section by 
a force of -10 tons^ 


Solution —Formula 2, solved foi AT, gives 

In the piesent case, P = 40 T = 80,000 lb , / = 20 ft = 240 in , 
^ = 28 000,000 lb per sq m , and W = 4 25 sq in Substituting 
these values inequation (1), 

80,000 X 240 
28,000.000 X 4 25 “ 


161 m Ans 
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EXAMPLES FOR PRACTICE 


1 A block 9 inches long and 8 square inches in cioss-section is 
compressed iV inch by a force of 60 tons What is the compression 
modulus of elasticity of the matenaP Ans 2,100,000 lb per sq m 


2 The tension modulus of elasticity of a rod 15 feet long and 
1 5 squaie inches in cioss-section being 24,000,000 pounds per square 
inch, deteimine (a) the elongation caused by a force of 30,000 pounds, 
(d) the foice necessary to cause an elongation of inch 

f (a) 15 in 

1 (/^) 12,500 lb 


STRENGTH 

19. Ultimate Stiength — The ultimate streug^th of 
a given material in tension, compression, oi shear is the 
greatest intensity of tensile, compressive, or shearing stress 
that the material can stand As represented in Figs 3 and 4, 
a specimen while being stretched or compressed changes in 
cioss-sectional area So long as the stiesses aie within the 
elastic limit, the change in cross-section is small, but duc- 
tile materials, like wrought non and structural steel, undergo 
a consideiable change in cioss-section just before ruptuie 
occurs It is the common practice to compute the ultimate 
strength, not from the maximum load and the area of the 
cross-section when luptuie occurs, but by dividing the maxi- 
mum load by the oiigmal area 

20. Woikiiij? fetress — The term working: stress, or 
woiking: stieiig:tli, is applied to a pait of a machine or 
stiuctme to be designed, to denote the maximum intensity 
of stress to which that part is to be subjected If a part is 
to be subjected to more than one kind of stiess, there aie as 
many woiking stiesses foi it Thus, a iiveted joint may be 
subjected to tension, compression, and shear, and, if the 
intensities of the tension, compression, and shear aie 15,000, 
12,000, and 0 000 pounds pei square inch, respectively, these 
numbeis aie the woiking stresses 

21. Eaeloi of Safety —By factoi of safety is meant 
the latio of ultimate strength to working stress 
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Let ; = factor of safety, 

s„ = ultimate strength; 
s = working stiength. 

Then, » = 

Strictly, a membei has a factor of safety for each kind of 
stiess to which it is subjected, but, if it has more than one, 
the least is leferred to as the factor of safety 

22. Clioice of Ayoi’kin^ Stress or ITaetoi of Safety 
If a working stiess is selected for a mateiial whose ultimate 
strength is known, the factor of safety can be computed by 
the foimiila in the preceding at tide, and, if the factor of 
safety is selected, the woiking stiess can be computed by the 
same formula Hence, choosing a working stiess amounts 
to the same thing as choosing a factoi of safety 

Before designing a stiucture, it is necessary to adopt a 
woiking stress or factor of safety, and this is a mattei of 
gieat impoitance There aie no fixed rules foi the selection 
of a factor of safety, but the following principles should 
be borne m mind 

1 The woiking stress should always be well within the 
elastic limit, for then the defoimations aie comiiaratively 
small, and not permanent 

2 The woiking stress foi a member subjected to chan- 
ging stresses should be lower than that foi a membei sub- 
jected to a steady stress, while that foi a membei subjected 
to shocks should be still less This lule is based on the 
experimentally discoveied fact that, if thiee specimens 
exactly alike aie subjected to a steady load, a changing 
load, and a suddenly applied load, respectively, the first 
specimen will stand the gieatest load, and the last, the least 

Besides the unceitainty in quality of mateiial, theie aie 
poor workmanship, detenoiation of mateiial, etc to be 
allowed foi Then, again, it is sometimes impossible to 
compute the stresses to which a member is to be subjected, 
they must be estimated, oi determined fiom assumptions 
that are only approximately tiue All such uncertainties 
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aie provided for by loweiing- the working stress, or increas- 
ing the factor of safety Table I gives average values of 
the factors of safety commonly employed in American 
practice 

TABLE I 

FACTORS OF SAFETY 


Material 

Foi Steady 
Stiess 

For Changing 
Stress 

For Shocks and 
Sudden Loads 


Buildings 

Bridges 

Machines 

Timber 

8 

1 

10 

15 

Brick and stone 

15 

25 

30 

Cast iron 

6 

15 

20 

Wi ought iron 

4 

6 

10 

Steel 

5 

7 

^ 15 


These values will sei ve to give a general idea of the values 
used in practice All impoitant structuies and machineiy are 
designed and constiiicted m accordance with specially pre- 
paied specifications, m which the woiking sti esses or factors 
of safety to be used aie stated In some branches of engi- 
neering constinction, as in bridge work, the factor of safety 
IS no longer nsed, the working stresses being given instead 



14 


STRENGTH OF MATERIALS 


§34 


SIMPLE OR DIRECT STRESSES 


TENSION 

23. Stresses in a Tension Piece — Any body sub- 
jected to two equal and opposite pulls is called a tension 
piece. Tension pieces usually have the foiin of long bars, 
and the external forces aie geneially so applied that their 
lines of action coincide with a longitudinal axis passing 
thiough the center of gravity of the piece In Fig 6 (a) is 
represented a tension piece ^ C acted on by the two equal 
and opposite forces F If any section is cut by a plane per- 





pendicular to the axis of the piece, or to the common direc- 
tion of the foices F, the only stress in that section will be 


a tension whose magnitude is F and whose intensity is 


F 

W’ 


denoting the area of the section by A 

If an inclined section M N is cut by a plane A" y, making 
an angle a with the axis of the piece, the total lesultant 
stress P in that section will still be equal to F This is 
plainly shown in Fig 6 (/;), wheie the part C is shown as a 
free body acted on by the foices F and P, the lattei being 
equal to the stress at '1/A''(see A)ialytic Shifu^, Pait 1) In 
this case, howevei, there is both tension and sheai at the 
section MN, for the foice P may be lesolved into a compo- 
nent Pn normal to M N and a component Pt along M N 
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the former repiesents the tension at MN, the latter, the 
shear 

It the area MN'is denoted by A\ 


sin a 

The intensities of tension and shear are, respectively (^ee 
Art 10), 



p» 

_ Psin a 

F , 

( 1 ) 



A 

= — sin a 

A 



sin a 



Pi 

_ /’cos« 

P 

F o 

( 2 ) 

Ss — 


= — sin a 

cos a = - — sm 

A' 

A_ 

A 

2A 



sin a 





The value of St is greatest, oi a maximuin, when sin"^ = 1, 
that is, when a = 90°, oi when the plane X V is perpendic- 
ular to the axis of the piece Foi this condition, 


max Si — — 


(3) 


The value of Ss is greatest when sin 2 <9^ = 1, whence a — 45° 
For this condition. 


max Ss 


F 


2A 


2 max Si 


(4) 


Since the maximum intensity of tension is twice that 
of shear, the tensile stress is the dangerous one, and the 
shearing stress is usually disregarded m tension pieces 


24. Percentage of Elongation and Reduction of 
Area — In a tension test, the behavior of the specimen is 



1 

r- ' —1 


i 1 

J' 



L j 


^ 




Fig 7 


uniform within the elastic limit, that is, for equal increments 
of the load, the piece sti etches equal amounts and the 
diminutions of cross-section aie also equal But beyond 
the elastic limit, the elongation increases fastei than the 
load Beyond the elastic limit, the diminution of cross- 
section also increases faster than the load, and ductile 
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mateiials, such as steel and wrought iron, begin to ‘'neck 
down’’ shoitly betoie rupture, stretching and necking con- 
tinue without the load being inci eased 

Fig 7 repiesents, in full lines, the oiigmal foim of a ten- 
sion specimen ot a ductile mateiial, and, in dotted lines, the 
form of the specimen at rupture If I denotes the original 
length between two sections A and B of the specimen, 
and /' the distance between the same sections, lepiesented 
by A‘ and , at luptuie, the rate of elongation k (see 
Art 13) IS given by the foimula 

^ ( 1 ) 


Denoting by the per cent of elongation, or the elonga- 
tion in 100 units of length, 

-t.o. = 100 X 100 (2) 


25. The rate of i eduction of ai ea is the ratio of the 
total 1 eduction of area to the original aiea Denoting it by a, 
we have, 

A- 

a = — (1) 

W 

If the per cent of reduction of area is denoted by then 

= 100 « = X 100 (2) 


A 


Example 1 — A bar whose original length was 8 inches bioke when 
«ti etched to 10 S2 inches What was the per cent o£ elongation? 
Solution — Heie V = 10 32 and 2=8, and, by formula 2 of Art 24, 
10 32 - S 

^ 10(1 = n X 100 = 29 pel cent Ans 

o 


Example 2 — The original diameter of a lound lod tested foi tension 
was t inch, and the diameter at luptiiie was 47 inch What uas the 
rate of reduction of aiea and the pei cent of i eduction^ 


Solution — Heie A ^ ~ X 
4 

by formula 1, 



By formula 2, 


, and ^ V ( 47) - 

4 


( 625)^ - ( 47)" 

r 62 . 1 )" 


436 


HxQo = 435 X 100 = 43 6 per cent Ans 


Theiefore, 


Ans 
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EXAMPLES FOR PRACTICE 

1 A round rod whose original diametei was -f inch was tested for 
tension until it bioke The diameter at rupture was found to be 

69 inch Find (a) the rate of leduction of aiea, (d) the per cent of 
reduction of area ^ 

l(^) ^7ioo = 15 4 per cent 

2 A rod wdiose original length was 9 inches was found, after 
ruptuie, to measure 10 87 inches Determine the per cent of elongation 

Alls /tioo = 20 78 per cent 


26. Constatits for Mateiials in Tension — For use 
in examples, and in order that a general idea ot the numer- 
ical values of the constants may be had, Table II is here 
given These values aie rough averages, from which there 
aie wide variations There aie, for instance, many kinds of 
timber whose ultimate strengths differ widely from one 
another The same leniaik applies to the constants for 
different grades of cast iron, wrought non, and steel 


TABLE II 

CONSaAXTS FOR MATERIALS IN TENSION 
{Pounds pe) Squat e Inch) 


Material 

Modulus of 
Elasticity jS 

Elastic Limit 
Lc 

Ultimate Strength 

Timbei 

1 ,500,000 


10,000 

Cast iron 

15,000,000 


20,000 

Wrought non 

25,000,000 

25,000 

50,000 

Steel 

30,000,000 

1 

40,000 

65,000 


Example 1 —A lound wrought-iion lod 1 inch in diameter sustains 
a pull of 20,000 pounds What aie the lutensit} of tensile stiess St and 
the factor of safety y? 

Solution — The entire stress equals the load, or 20,000 lb , and the 
aiea of the cioss-section of the rod is j X 1“ = 7854 sq m Hence, 
by formula of Art 10, 

Sc = = 25,466 lb per sq m Ans 

/854 

I L T 399—3 
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This IS also the working stress, hence, by formula of Ait 31, 

50,000 


] = 


= 2, neail} Ans 


25,4()f5 

Example 2 —What is the piopei diametei of a loiind steel lod th it 
IS to sustain a stead} pull of 60,000 pounds? 

Solution — Fiom Table I, the factoi of safet} for steel undei i 
steady stress is 5 From Table II, St ~ ()^i,00() Theiefoie, flora the 
forp' ’a of Alt 21, 

i = 1.3,000 lb pel sq in 

From the formula of Ait 10, 

^ = ^ 

.y 


60,000 , 
13:000 = ^'^“^ 




Exa.mple 3 — What must be the aiea of a steel lod to sustain a 
pull of 75,000 pounds, the load being vaiiable, is in a bridge? 

Solution — Here St = 65,000, and j — 1 (Table 1) 'I'lieiefoie, by 
formula of Art 21, 

65,000 ,, 

5 = — = 0,286 lb per sq in 

_ , 75,000 . 

and A = == 8 OS sq in Ans 

T , J 06 


EXAMPLES FOE PKAC 'I I( E 


1 A steel bar 4 5 square inches in cioss section is iindoi i sticss 
of 78,000 pounds What is (^) the factoi nfsiftt\? (/;) thcwoikin^ 


stress? 


Ans 


/{•^) 

\{/>) 


Is, nc 11 ly 
I 7 , 3.)0 lb ])ci stj 111 


2 Whai should be the area of a steel bai in 01 flu tli it it nM\ 
safely sustain a vaiiable pull of 86,000 pounds? Ans 0 J(> sf; in 

3 A steel bar is to be subjected to a snddeni} ipplicd hi id ot 

40,000 pounds What is (a) the woikiiii* sticss-' {/>) the icfjuiufl 

area> Aiis f'") "'I >" 

I [d) 0 2 s(j in 


4 How great a load can be safely sustained li} i wionght-iioii b ir 
5 square inches m cross-section, if tlie load is suddcnlv ipplicfi-' 

Ans 25, ()()() Jli 


IMPORUANr APPLK Mt()\s 

27. strength of Cylnuliical Shells and rii><>s With 
Thin Walls.— When a cylinclei is subjected to mteiii.il pics- 
sure, the tensile stress developed in the walls oi shell of the 
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cylinder is called circumfeiential stress, or Ixoop ten- 
sion Fig' 8 lepresents one-half of a cross-section of a 
cylinder the unmarked aiiov\s represent the internal pres- 
suie, eveiywheie normal to the intenoi suiface, while the 
arrows marked P lepresent the hoop tensions that hold down 
the upper half of the cylinder Evidently, these balance the 
upward component F ot the internal piessure It be 
shown by the use of advanced mathe- 
matics that the component F is the same A 
as the lesultant of a normal pressure uni- / L 
foimly distributed over the projection B C ^ 
of the inner cylindiical surface on the H 
plane of section B C, that pressure having: 8 

an intensity equal to the actual intensity of pressure on the 
walls ot the cylindei 

Let d = inteinal diametei of cylinder, 

p = intensity of pressure on inner surface of cylinder; 
I = lengfth of cyhndei consideied, 
t = thickness of shell 

When, as heie assumed, t is veiy small compaied with 
the stress P may be tieated as uniformly distributed over 
the surface of contact of the two halves of the cyhndei, which 
surface consists of two lectangles ot length I and width / 
The area of the piojection lepiesented in the figure B C 
\sBC'Kl=^dl Theiefoie, 

F = pX dl 

Also, since /'is balanced by 2 P, 

2P = F = pdl fl) 



Let s be the intensity of the tension P 


Then, , and 

li 


P = sit 

whence 


These values substituted in equation (1) give 
2s 1 1 = t)d li 

i = ( 1 ) 


2 ^ 
p d 

~2i 


( 2 ) 


Formula 1 set ves to compute the thickness when p, d, and s 
(working stress) are given, formula 2 is used to compute 



STRENGTH OF MATERIALS §34 


the intensity of stress when the intensity of pressure p and 
the dimensions of the cylinder aie given 

Ex\MPLF 1 —What IS the hoop intensity of tension m a boilei shell 
whose inside diameter is 30 inches, plate 3 nicli thick, the steam pies- 
sure being 100 pounds per squaie inch? 

Solution — Here p ~ 100, / = ■«> and d = oO Iheu, forraiiki 2, 

^ ^ = 4^000 lb pel scj in Ans 

2 X "a 


Example 2 —As determined by hoop tension, what should be tlic 
thickness of w^alis of a cast iron wMtei pipe, inside di imetei 2t inches, 
to resist a water piessure of 200 pounds pei squaie inch? A factor of 
safety of 10 is to be used 


Solution —The ultimate tensile stiength of cast iron, as given in 
Table II, is 20,000 lb per sq m As the factor of safety is 10, the 
working stress IS 20,000 - 10 = 2,000 lb per sq in Substituting tins 
and the given values m formula 1, 


t 


= 1 2 m 

2 X 2,000 


Ans 


28. The formulas in the last aiticle relate to the radial 

stresses m a cylindei, that 
IS, to tlic tendency of the 
internal iiicssuic to hi oak 
the cylindci along a plane 
section containing the axis 
The tendency to luptuic on 
a plane section peipenclic- 
ulai to the axis will now 
beconsideied Fig Oicp- 
lescnts a ixntion ML tjf 
Thispait IS kept in equilil)- 
num by the tension P and the internal picssuie F The 
tension/^ is distributed over a ting of width /, whose aica is 
practically equal to X / The foicc F is distiibnted ovei 
a circular aiea represented in section by T Theiefoie, 

P= r.dlXs,F^ ""f XA 
and, since P = F, redts == 

4 



X 

I 



whence 
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Comparing this formula with foiraula 2 of Art 27, it is 
seen that the intensity of stress necessary to prevent trans- 
veise rupture is only one-half of that necessary to prevent 
longitudinal lupture The latter, therefore, is the only 
one that needs to be considered 


29. Temi^ei-ature Stresses — When the temperature 
of a body changes, the length of the body changes by a fixed 
fraction of itself for eveiy degree of change in temperatuie 
This fi action is called the coefficient of linear exiiaii- 
sion, 01 simply the coefficient of exxjaiision, and is 
different for different materials Thus, if the coefficient of 
expansion of a substance is 000006, and the length of a bar 
of that substance at 40® F is 50 feet, the length of the bar 
will be 


at 41®: 
at 42®: 
at 49®: 
at 39®: 
at 32®: 


50 (1 + 000006) feet 
50 (1 -h 000006 X 2) teet 
50 (1 + 000006 X 9; feet 
50 (1 — 000006) teet 
50 (1 *— 000006 X 8} teet 


For nearly all substances, the coefficient of expansion is 


TABLE III 


positive, that is, the sub- 
stances expand, oi mciease 
in length, when the tempeia- 
ture uses, and contract, or 
deciease in length, when the 
temperatuie decreases 
The coefficient of expan- 
sion, per degree Fahrenheit, 

IS usually denoted by c The 
fiverage \ allies of this constant are given in Table III 


l^Iaterial 

Coefficient of 
Expansion c 

Steel 

0000065 

Wi ought iron 

0000069 

Cast iron 

! 0000062 


30. Let c — coefficient of expansion, 

I ~ length of lod or bar at temperature 
/, = length of rod oi bai at tempeiature /i, 
k = rate of deformation due to change i — t. 
Then, since for every degree of inciease, the length of 
the rod or bar inci eases at o^ebiai rally by cl, 

h = ( 1 ) 
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It should be noticed that if is less than /, the term in 
maiks of paieiithesis becomes negative The late of defor- 
mation k IS or, substituting the value of A from for- 

mula 1, and 1 educing, 

k -= (2) 


If the rod or bar is constrained, so that it can neither 
expand noi contract, the constraint must exert on it a foice 
sufficient to pievent the defoimation A — /, or, rather, suffi- 
cient to piodiice the deformation A — /, since the natural 
length of the bai at the tempeiature is A, and the foice 
that keeps it at length I produces the deformation /, — / 
This foice, which causes a late of deformation k, causes a 
corresponding stiess, which is called temperatuie stress. 
Let 9 be the intensity of that stiess Then, by formula 1 of 
Art 18, 

5“ = Ek 

or, replacing the value of k from formula 2, 

^ = Ec{ix — /) (3) 

If c{,tx — i) is positive, the tempeiatuie stress is com- 
pressive, if negative, the tempeiature stress is tension 
Example 1 — A wrought-non lod has its ends fastened to firm sup- 
ports What IS the lutensity of tempeiature stress produced in it by a 
change of 50° in its temperature? 

Solution — Fiom Table II, E = 25,000,000 For wrought non, 
c = 0000060 Here — t ^ 50° Therefote, by formula 3, 

5 = 2-), 000, 000 X 0000069 X 50 = 8,625 lb per sq in Ans 
Example 2 — Suppose that, before the change of temperature 
desciibed m the pieccding example, the rod is undei a tension of 

10,000 pounds per squaie inch What is the stiess per unit aiea, after 
the change in temperature (rt:) if the change is a fall? (d) if it is 
a iise^ 

SoruTiON — (rt') The temperatuie stiess is tension, hence, the effect 
of the change m temperatuie is to inciease the ah cady existing tension, 
and the final tension is 

10,000 -h 8,1)25 = 1S,()25 lb per sq in Ans 
(6) The temperatuie stress is conipicssion, hence, the effect of the 
change in tempeiatuie is to deciease the alieady existing tension, and 
the final tension is 

10,000 - 8,625 = 1,375 lb per sq in Ans 
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31. Hoop Sliriiika^^e — A hoop or tire can be placed 
on a cylinder whose diametei is slightly larger than the 
inteinal diameter of the hoop or tiie This is done by heat- 
ing the hoop 01 tiie until its diameter is gieater than that of 
the cylindei, when it is put aiound the cylindei and allowed 
to cool After cooling, the hoop is in a stretched condition, 
and m tension 

Let D = outei diameter of cylinder, 

d = inner diametei of hoop 

Then, if D is unchanged by shrinkage, the diameter of the 
hoop when on the cylinder is D Hence, d is increased to 
and a deformation and the accompanying tension take place, 
that IS, the ciicumference of the hoop has inci eased from red 
to 71 D The total defoimation is then 7z[D--d), and the 
rate of defoimation ^ is 

rd d 

Denoting by ^ the intensity of stress on the hoop, we have, 
from formula 1 of Ait 18, 



Example 1 — Wha^- should be the inner diameter of a steel tire that 
IS to be shiuuk on a wheel 20 inches in diameter, if the safe tensile 
stress of the tiie is 20,000 pounds per squaie inch? 

Solution —For steel, E — 30,000,000 (Table II) , hence, substituting 
in the foiraula, 

20,000 = 30,000,000 , 

whence, solving for 

= 19 987 in Ans 

Example 2 — What is the ratio (Z> — a?) — d for steel tires, using 
for working stress 20,000 pounds pei square inch? 

Solution — For steel, E = 30,000,000, hence, substituting in the 
formula, 

20,000 = — ^ X 30,000,000, 

D-d 20,000 _ 1 

d 30,000,000 1,600 


whence 


Ans 
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EXAMPLES FOR PRACTICE 

1 What must be the thickness of a steel pipe 36 inches in diameter 
to withstand an mteinal pressure of 125 pounds per squaie inch, the 
tensile woikmg stiess being 15,000 pounds per square inch^ 

Ans 15 m 

2 A steel tension piece is designed for a load of 15,000 pounds per 
square inch at 62° F What is the stress per square inch when the 
piece IS loaded and the tempeiatuie is {a) 95° ? {d) 5°? 

A r («) 3,565 lb per sq in , tension 
^ \ (^5i) 2b, 115 lb pel sq m , tension 

3 A wrought-iron hoop is to be put aiound a cyhndiical wooden 

pipe whose outside diameter is 40 inches If the hoop is to be undei 
a tensile stress of 12,000 pounds per square inch, what must be its 
diameter? Ans 39 98 in 

4 What IS the intensity of temperature stress caused m a cast-iron 
column by a use of tempeiature of 80°^ 

Ans 7,440 lb per sq in , compression 


COMPRESSION 

32. Compressive Strengtli Dependent on Length. 
The strength of a compression member, unlike that of a 
tension member, depends on the length of the member In 
a general way, the strength decreases as the length increases, 
but not uniformly Long pieces fail by bending, and are 
called columns, plllais, or posts; short pieces fail by 
crushing or shearing, and are called short blocks. 
Naturally, there is no sharp division between columns 
and short blocks 

If / denotes the length of a compression piece, and d the 
least dimension of its cross-section, the division between 
columns and short blocks may be made appioximately when 

- = 10, that is, a piece for which - is less than 10 may be 
d d 

considered as a short block, and one foi which ^ is greater 

d 

than 10 may be considered as a column At present, only 
short blocks will be dealt with, the subject of columns will 
be treated further on 
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33. Two Cliaracteiistic Manneis of Failure of 
Slioit Blocks.— Materials in short blocks fail under com- 
pression in one of two wa 3 ^s 

Ductile materials (structuial steel, wrought iron, etc ) and 
wood compiessed acioss the giant bulge out sidewise, mash 
down, and crack veitically when subjected to stresses 
exceeding the elastic limit, as shown in Fig 10 {a) Bodies 
of these mateuals do not separate into two distinct parts, as 
when under tension, and fail giadually, they cannot be said 
to have any definite ultimate strength in compression 

Buttle mateuals (hard steel, cast iron, stone, etc) and 
wood compiessed along the 
giant do not mash down, 
but reach a definite point 
of failure, as in tension 
The buttle materials 
really fail bj^ shear, the 
piece separating into two 
or more parts, the sur- 
faces of rupture, approxi- 
mately planes, make 
angles of about 45*^ with the axis of the piece, as shown in 
Fig 10 (/;) Wood does not always separate into parts at 
failure, but the mateiial adjacent to a more or less irregularly 
inclined section ciushes down, the phenomenon as a whole 
lesembling failure by shear 

34. Sti esses in a Compression Short Block. — A short 
block, when tested, is usually subjected to a pressure that is 
distiibuted over the whole top and bottom surfaces of the 
block As the load is applied, the block shortens and its 
cross-sections enlarge Enlargement of the sections near the 
top and bottom nocessitates a slipping between the bearing 
sill faces, which induces fiictional resistance, and so there is, 
besides piessLiie on the top and bottom, some friction, whose 
diiection is eveiywhere toward the center of the top and 
bottom faces On account of the friction, the stress at a sec- 
tion of a short block is more complex than at a section of a 
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tension piece It will be instinctive to make an approximate 
analysis of the stiess, neglecting: the triction 'j'lic c isc is 
then similai to that ot a tension piece 

Let Fig 11 {a) represent a shoit block, whose cioss- 
sectional aiea is A, subjected to a load / Let A"!" be a 
plane inclined at an angle a with the axis ot the piece, and 
cutting a section As in the tension piece considcied 

in Art 23, there is sheai and normal stress (hcie conipics- 
sion) in the oblique section yl/yV The uppci pait ot tlie 
block IS shown as a free body in Fig II {/>) The notation 
and foimulas aie the same as in Art 23, exccjit that heie 
the normal stress is compies&ion instead of tension. The 



maximum intensity of compiession occnis in sections normal 

to the axis, and is equal to ™ The maximum intensity of 

shear occurs in sections inclined to the axis at 45° and is 
F 


equal to 


2A 


Although there is shearing stiess in a short block when it 
is compiessed, the compressive stiess is legaidcd as tlie 
important one, and, although shoi t blocks of brittle rnatci lals, 
when compiessed sufficiently, actually fail by shearing, they 
are said to have an vltuyiatc comfiussivt wIhlIi is 

computed by dividing the bieaking compiessive load by the 
original area of the cross-section of the block 
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35. Constants for Materials in Compression. — 
Table IV contains average values of the constants for the 
principal structural mateiials used in compression These 
are average values from which there are wide variations 

TABLE IV 

CONSTANTS FOR MATERIALS IN COMPRESSION 


{Pou?icls pe} Squat e Inch) 


Matenal 

Modulus of 
Elasticity Ec 

Elastic 
Limit Lc 

Ultimate 

Strength 

Timber 

1 ,500,000 


8,000 

Brick 



2,500 

Stone 

6,000,000 


6,000 

Cast lion 

15,000,000 


90,000 

Wi ought iron 

25,000,000 

25,000 

50,000 

Steel 

30,000,000 

40,000 

65,000 


Example 1 -How great a steady load can a 12^' X 12" X 36" timber 
block safely stand? 


Solution — With a factor of safety of S (Table I), the working 
stiess IS, by the foiraula of Art 21, 

8.000 — 8 = 1,000 lb per sq m 

The aiea of the cross-section is 144 sq m , therefore, the total 
piessure that the piece can stand is 

1.000 X 144 = 144,000 lb Ans 


Ex\mple 2 — How much would the block of example 1 shorter 
under the load? 


Solution — From formula 2 of Art 18, K == To apply this 

equation, we ha\e /» = 144,000, I = 36, and E = 1,500,000 (Table IV) 
Therefore, 


_244,OOOX_3^ 
144 X'"l, 500,000 


024 in Aqs 


FXAMPTES FOR PRACTICE 

1 With a factor of safety of 10, what load can a cast-iron cylm- 

diical block 10 niches in diametei withstand? Ans 706,860 lb 

2 A steel lectaiigulai block 8 in X 14 in , and 2 feet long, supports 

a weight of 1,017,300 pounds Determine (^z) the factoi of safety 7, 
{b) the shortening K caused by the weight // = 4 5 

\K = 012 m 
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3 With a factor of safety of 8, what must be the diameter of a 
cylindrical cast-iion block to suppoit a weight of 75 tons^ Ans 4 1m 

4 If the block m example 3 is made square and of timbei, what 

length must the side of the squaie be^ Ans 12 25 m , nearly 


SHEAR 

36. Occuirence of Sliearing; Sties':^ — As explained 
m Arts 23 and 34, shearing stress occurs m most sections 
of membeis under tension and of short blocks undei com- 
pression, and, as will be explained further on, there aie 
important shearing sti esses m loaded beams and twisted 
shafts Usually, the sheaimg stresses at sections of stiuc- 
tural members are accompanied by normal stresses, as m the 
tension piece and shoit block represented in Figs 6 and 11 


TABLE V 

CONSTANTS FOR MVrrRI\ES IN SHEAR 
{Pou7id'i po Squaie Inch) 


Material 

Modulus of 
Elasticity Ar 

1 

Ultimate 
Stiength Vr 

Timber (across giain) 


3,000 

Timber (with grain) 

400,000 

600 

Cast iron 

6,000,000 

20,000 

Wrought iron 

10,000,000 

50,000 

Steel 

T 1 ,000,000 

70,000 


Beams can be supported and loaded so that theie is only 
shearing stiess at some given ci oss-section On the cioss- 
section of a shaft suppoited so that there is no bending, 
there is shearing stress onl}’' In punching rivet holes, the 
piincipal resistance is a shearing stiess distributed all diound 
the surface of the metal that is being punched out In none 
of these cases is the sheanng stress unifoimly distiibuted 
Theie aie no oidinaiy occuiiences of uncombmed uniform 
shear from which to obtain values of the constants for 
materials in shear The elastic limit and modulus of elas- 
ticity (called also iig:iclity modulus.) are obtained from 
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toision tests The ultimate stiength is obtained from tests 
in which an attempt is made to ruptuie the material by shear 
alone Such tests on metals lesemble a punching: operation, 
but the metal sheared is stayed down to a bedplate to pre- 
v^ent bending at the sheaiing surfaces 


37. Constants foi Materials in Shear, — Table V 
gives constants for materials in sheai Like those given tor 
tension and compiession, they aie rough average values 
Constants foi shear, being genei ally difficult to ascertain and 
of less practical value than the others, have not been so 
accLuately determined 


Example 1 — How great a foice P, Fig 12, can the end A of a 
timbei safely stand if its width is 0 inches^ 


Solution —»The area to be sheai ed is 6 X 8 = 48 sq 
since the ultimate sitrength la 000 lb per sq in , the greatest 
safe \alLie for P, using a factor ot safet3 of 10, is 
4S X 000 - 10 = 2,880 lb Ans 

Example 2 — To test the shearing strength of a certain 
kind of wood, a moitise was made m a piece of it 2 in X 2 in 
in cioss-seclion, as shown m Fig 13, then a close-fitting steel 



Pig 12 


ID , and, 


I \U 


a b 

Fig 13 


pin inserted in the mortise was pulled downwards until the pieceadcd 
was shorn out The pull requiied was 4,220 pounds What was the 
ultimate shearing stiength of the wood^ 

Solution — Theie are tw^o sheai ed aieas, represented by a d and b c 
Each IS 4 sq in in aiea, hence, the total sheaied area is 8 sq in The 
shearing stress caused at ruptuie m the tw'O surfaces equals the load, 
hence, the shearing stress per unit area — that is, the ultimate shearing 
strength — is 

4,220 — 8 = 527 lb per sq m Ans 


i 


6IQ) 
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BEAMS 

38, A beam is Rny bai lesting on supports and sub- 
jected to foices whose lines of action do not coincide with, 
but inteisect, the axis of the bar A simple beam, or a 
beam simply suppoitcd, is a beam lestino^ on two supports 
v^eiy near its ends, the beam not being iigidly fastened to 
the suppoits A cantile’ver is a beam with an ovei hanging 
free or unsuppoited end A lestiained beam is a beam 
that has both ends fixied, as a plate riveted to its supports 
at both ends A eoiitinuoub beam is a beam that lests on 
more than two supports 

Beams aie usually honzontal, and the foices acting on 
them are generally veitical foiccs, including weights oi loads 
and the reactions ot the supports These conditions will be 
assumed in what follows 


EXTERNAL feHEAR 

39. Eefiiiition — The external shear at any section 
of a loaded beam is the algebiaic sum of all the foices (loads 
and leactions) to the right or left of the section The 
^=^xteinal shear is sometimes called, foi bievity, shea?, but it 
must not be confused with the shearing stiess at the section 
As will be shown fuithei on, the external shear at any section 
IS equal to the shearing stiess at the section hence the name 

In computing the external shear, it is customaiy to gi\e 
the positive sign to foices acting upwards, and the negative 
to those acting downwards The values of the external 
shear at any section, as computed, respectively, from the 
forces on the light and fiom the foices on the lett of tlie 
section aie equal m magnitude, but of opposite signs This 
follows fiom the fact that the external forces on the two 
sides of the section form a balanced system, and, since they 
are parallel, their algebraic sum must be equal to zero 
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Foi example, suppose that a beam whose weight pei unit 
of length IS la is loaded and supported as shown in Fig 14, 
R.y and 7?-, being the reactions of the supports The 
external foices to the left of the section ^ ate Wiy 7?,, and 
the weight of the pait of the beam to the left of A 

Hence, the external sheat Kat the section Ay computed from 
the foices on the left, is 7?, — — wstx The forces to the 

right aie IH, IK, 7?«, T^a, and the weight zej.x of the part of 
the beam to the light of A Hence, the external shear 
computed fiom the foices on the right, is 7?3 + 7?3 ^ IFo 
— — ca X 3 Since H and form a system of parallel 

forces in equilibimm, it follows that K+ JA = 0, and, theie- 
fore, 



Fig 11 


It IS customaiy to compute the external shear at any 
section from the foices on the left If there are fewer forces 
on the right, it may be computed fiom the forces on the 
right, changing the sign of the lesult so as to obtain the sheai 
as computed from the loices on the left 

40. Notation — The lettei Fwill be used to denote the 
external sheai at any section of a beam, and the same lettei 
with a snbsci ipt to denote the shear at a particular section, 
the subscript indicating how far the section is fiom the left 
end of the beam Thus, la denotes the external shear at a 
section 2 feet fiom the left end of the beam under considera- 
tion The accented letters and will be used to denote 
the shears just to the left and right of a section, thus, 

and F7' denote, respectively, the external shears at sec- 
tions just to the left and right ot a section 2 feet from the 
left end 

41. Shear Diagfram aucl Shear Line — Foi solving 
,ome problems on loaded beams, it is convenient in each 
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case to have a diagram lepiesentmg the external sheais at 
all sections of the beam Such a diagram is called a slieai 
diagram. It consists of a base line oi axis, equal by scale 
to the length of the beam, on which aie maiked the points 
ot application of the loads and reactions, and anothei line, 
called the bliear line, so diawn that the oidinate to it from 


500 lb 800 lb 300 lb 



any point of the base represents, to an^;^ convenient scale, 
the external shear at the conesponding section of the beam 
Upward ordinates conespond to positive, and downward 
ordinates to negative, external shears Thus, Fig 15 {b) is 
the shear diagram foi the loaded beam shown in Fig 15 {a), 
the line A' E' being the base line, and the broken line 
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4^ ac d d b b' € n the sheai line The ordinate A^Lr lepre- 
sents the external sheai at the section X The ordinate 
being upwards, the shear is positive At F, the external 
sheai IS negative, as indicated by the ordinate Y' y 

42. Construction of Sliear Diagram — To draw the 
shear line for a loaded beam, the external shears must be 
computed foi several sections, the number of sections depend- 
ing on how many points are necessaiy to locate or determine 
the shear line As explained in Art 39, the external shear 
is customarily computed from, or referied to, forces on the 
left of the section 

Example 1 — To construct the shear diagram for a beam supported 
at A and B, Fig 15 (a ) , and carrying loads of 500, 800, and 300 pounds 
at C, D, and E, respectively, as shown, the weight of the beam being 
neglected 

Solution — First, the leactions and aie computed by 

equating to zeio the moments about B and A, respectively (see 
Analyhc S/afics, Part 1) Thus, 

R, X 10 *- 500 X 8 - 800 X 5 + 300 X 4 = 0, 7?, = 680 lb 
500 X 2 + 800 X 5 - y?. X 10 + 300 X 11 = 0, R.. = 920 lb 

For any section between A and C the slieai is V?,, since Ri is the 
only force on the left of C, that is, 

= 680 lb 

For any section between C and E, the shear is the algebraic sum 
of Ri and — 500 lb , that is, 

I = ()80 - 500 = 180 lb 

Foi any section between D and B, 

V = 680 - 500 - 800 = - 620 lb 

For any section between B and A, 

V = 680 ~ 500 - 800 + 920 = -f 300 lb , 

01 , consideiing the forces to the right of B, 

V ^ -(- 300) = + 300 lb 

To draw the sheai line, a convenient scale, such as 1 in to 1,000 lb , 
IS used to represent shears The base line E , parallel and equal 
to AE, lb draun at anj convenient distance below AE Project C 
on A' E at C, and at O eiect an oidmate C c to lepieseut the external 
shear between A and C the sheai beinv 680 pounds, the ordinate 
must be 680 - 1,000 = 68 in , if a scale of 1,000 lb to the inch is 
used Then erect a perpendicular A^ a at a, and draw ca parallel 
to A^ E^ Then ac i?, the shear line tor the pait A C of the beam 
Next, project Don A' E^ at D', and erect an ordinate Ed to represent 
the external shear between C and D, which is ISO lb , the ordinate 


I LT 399-4 
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must be 180 - 1,000 = 18 m The hoii/ontal line i' d is the slieai 
line for CD Ne^t proiect-5 on A’ B , and eiect the ordinate JR^ b 
'■o represent —620 lb , this oidinate is cl i awn downwaids, because 
’■he shear between D and B is negative Finm b, diau a hoii^^ontal 
line meeting d produced at Then, d^ h the sheai line foi /) /^> 
The shear line e for BE is similarly cliawn The broken line 
acddd'bb’e is the shear line for the whole beam 

Note -Fig: 15 (c) is referred to later 

Example 2 —It is required to diaw the shear diagram foi \ be im 
10 feet long, weighing 100 pounds per foot, supported at the ends 





Fig 1G 

TLtllT°^ ^ chstulnuecl nvc 

3 feet of the beam, situated as shown in Fig If, 

Solution -T o compute the leactions, the wui-lU of tlic I w m, 

o' L'arrj 

»"i*« “cr i'";f ”■ t 

twn londcs fv. piiiKiples C)f moments to tlicst* 

7 . .“ffl “• 
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Draw the base line A' , as in the preceding- example The exter- 
nal shear at an> section between and C, distant r* feet from A, \sRy 
ramus the weight of the beam between that section and A, that is, 
- 100 1 - We have, then, between A and C, 
r = y?, - 100 T' (1) 

In the sheai line, the shears are oidinates, and the distances .r 
are abscissas As the equation (1) between f/' and is of the first 
degree, it lepresents a straight line (see Riidimerits of Analytic 
Gtomthy) To diaw this line, we have for ;t == 0, K = Biy and for 
.r - 2. (section C ) , 

V = - 100 X 2 = 1,2S0 - 200 = 1,0S0 

Pioject A and C on A^ B' at A^ and C\ respectively Draw the 
ordinates A' a and C' c, representing, to scale, 1,280 and 1,080 lb , 
lespectively Diaw^ a c, which is the shear line for A C The shear 
at any section 6 is lepiesented by the corresponding oidinate (7'^ 
The sheai at any point between C and D, distant jv feet from C, is 
equal to V?, minus the w^eight 100f2-(-x) of the pait of the beam 
betw^eeii A and that section, minus the weight of the distributed 
load between C and that section, which is r, oi 400 jr Therefore, 
between Cand 77, 

B, - 100 (2 + jr) - 400jr = B, - 200 - 500^' = 1,080 ~ 500 .r 
As this IS tin equation of the first degree, it represents a straight 
line At C, .V = 0, and 1,080 = C' c At Z?, ar = 3, and 

r = 1,080 - fiOO X 3 = - 420 Project Z? on A ^ at lay ofif the 

ordinate D' d to represent — 420 Ib (that is, diaw it downwards), and 
draw cd, which is the shear line for CD 

Similaily, the sheai line betw'een D and is a straight line passing 
thiough d, and, as the shear at B is the othei extiemitv t> of 

the line is determined by drawing B'd to represent —B^, oi —920 lb 

Notf — Fisr 1L> (t) will be referred to further on 


EXAMPLES FOR PRACTICE 

1 Draw the sheai line for a beam loaded as in Pig 17, neglecting 
the W'eight of the beam 

100 200 300 ^00 100 


- 3 - 






- 5 - 




- 3 — 


C 


1 ) 


E 

Fig 17 


2 Solve example 1, tahing into account the weight of beam, 
assuming it to be 50 pounds per foot 
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BENDING MOMENT 

43. Definition. — The bending moment at any section 
of a loaded beam is the algebraic sum of the moments of all 
the external forces (loads and reactions) to the right or lett 
ot the section about that section 

As explained m Analytic Stahcs, Part 1, the moment of a 
force IS considered positive or negative according as the 
force tends to produce clockwise or counter-clockwise rota- 
tion, respectively, about the origin of moments The value 
of the bending moment at any section, as computed from the 
forces on the right, is numerically equal to that obtained 
from the forces on the left, but has the opposite sign This 
follows from the fact that the forces acting on the beam are 
in equilibrium, and therefore the algebraic sum of their 
moments about any point is zero Therefore, if Mr is the 
bending moment at any section as computed from the forces 
on the right, and Mi is the moment as computed from the 

forces on the left, Mr + Mi ~ 0, and Mi = ~- Mr 

As in the case of shears, it is customary to express the 
bending moment as computed from the forces on the left 
If, for convenience, the bending moment is computed from 
the forces on the right, its sign is changed, so that it will 
represent the moment of the forces on the left 

As an illustration, the bending moment at the section A, 
Fig 14, is found as follows The foices on the left of A 
are and the weight w of the pait of the beam 

lying on the left of A The lever arms of IF,, and 7 v 

are, respectively, .r, - a and the last ol winch is the 

distance of the center of gravity ot A B from A The 

moment of is positive, while the other two moments are 
negative Therefore, the bending moment is 

- wx,X~ = {x, - a)- W,x, - 


44. Notation — The letter M will be ubcd to denote the 
bending moment at any section of a loaded beam, and the 
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letter with a subscript to denote the bending- moment at a 
particular section, the subscript indicating the distance of 
the section fiom the left end of the beam Thus, denotes 
the bending moment at a section 2 feet from the left end 
Example 1 — To find the bending moment Jl/ at the section K, 
Fig 15 (a), of the beam A the loads and reactions being as shown 
Solution — Taking moments about F, 

„ = 680 X 8 75 - 500 X 6 75 - 800 X 3 75 = - 425 ft -lb Ans 
Example 2 — A simple beam A Fig 18, 15 feet long, and weigh- 



Fig is 


mg 250 pounds per foot, supports a single load of 10,000 pounds, and 
a uniform load of 4,000 pounds distributed over a length of 4 feet The 
loads being situated as shown, it is required to find the bending 
moments y?/* and at the sections C and D, respectively 

Solution — The forces acting at the left of the section C are y?, , /F, 
and the weight of the pait A C ot the beam is found by taking 

moments about the point B 

R, X 15 - 10,000 X 12 - 4,000 X 5 - ^ - = 0. 

whence Ri = 11,208 lb 

9sn V 4^ 

Then, = 11,208 X 4 - 10,000 X 1 - " = 32,832 ft -lb 

Ads 

The forces acting at the left of D are y?i, the weight of the part 
v*/ /I of the beam, and the weight of 3,000 lb , which is consideied lou- 
centrated at its centei of gravity, or 1^ ft to the left of J) Theiefore, 

JA, = 11,208 X 11 - 10,000 X 8 - „ .^^qOO X U 

= 23,663 tt -Ib Ans 

EXAMPLES FOR PRACTICE 

1 A simple beam 24 feet long carries four concentrated loctds of 
160, 180, 240, and 120 pounds, at distances from the left support of 4, 
10, 16, and 21 feet, respectively {a) What are the values of the 
reactions? (5) What is the bending moment, in inch-pounds, at the 

J80-pound load? a f {a) = 333 33 lb , >?, = 366 67 lb 

Ans I 28,480 in -lb 
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2 A simple beam caines a uniform load of 40 pounds per toot and 
supports two concentrated loads of 500 and 400 pounds at distances 
from the left support of 6 and 12 feet, respectively The length of the 
beam is 18 feet What are {a) the reactions, and (5) the bending 
moment at a section 8 feet from the left support? 

■ (a) 2?. = 854 44 lb , 2?= = 765 56 lb 
(5) 4,055 fa ft -lb 


Ans 


3 A beam that overhangs both supports equally canies a unifonn 
load of SO pounds per foot and has a load of 1,000 poimds in the 
middle the length of the beam being 15 feet and the distance between 
the supports 8 feet What is the bending moment at a section b 5 feet 
from the left end of the beam? Ans 1,010 ft -11) 


45. Moment Dia^iani and Moment Ijiuc — For 
solving some problems on beams, it is convenient to have a 
diagi'am representing the bending moments foi all sections 
of the beam Such a diagram is called a moment dia^i am. 
It consists of (^?) a base line oi axis, equal by scale to the 
length of the beam on this axis aie maiked the points of 
application of the loads and reactions, and (d) anothci line, 
called the moment line, whose oidinates, measuietl fiom 
the base, represent the bending moments at the coiicspond- 
ing sections The moment diagiam is constiiictcd in the 
same geneial way as the sheai diagiam, except that the 
ordinates represent bending moments instead of external 
shears A purely graphic method of detei mining bending 
moment is given in Gjaphit Siaiics 

Example 1 — To constinct the moment diagiTm foi the beam 
described m the first es^araple of Ait 42, and shown in Fig 15 {a) 

Solution — In the solution of the example in Ait 42, it w.r 
shown that = 6S0 lb and = OJO lb Fust, the liase./, 

Fig 15 (c), IS laid ofif, as foi tlie sheai diagiain Foi any sectif)!! 
between^ aud C, distant i feet finm./, the bending nniment i*. A\ i , 
that lb, 

3 / ^ A \ i (1) 

In the moment diagiam, a lepiebenls abscissas and J/ oidinalLs 
Since equation (1) is of the hist degree between i7/ and i, it ic[)ic- 
sents a stiaight line, and, since A/ — 0 when i — (), that hue passes 
through the origin At C, ar = 2, and equation (1) gives 
= 2?i X 2 = 680 X 2 = 1,360 ft -lb 
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Piojectmg C onAiEi at Ci, drawing the ordinate CiC^ equal, to 
any con\enient scale, to 1,360 ft -lb , and joining^, and is 

obtained as the moment line foi A C The bending moment at any 
section between A and C, is repiesented by the corresponding 
Old mate A"'! t , 

For any section between C and D, distant x feet from C, the 
bending moment is Xi{2-^x) — 500a, that is, 

M ^ A\ X2-\- iE, - 500) A = 1,860 -j- 180 a* 

This equation, also, lepresents a straight line When x: — 0 (sec- 
tion C), J/ = 1,360 ~ Ci Cl When = 3 (section £>), M ^ 1,900 
Projecting D at Z?i, making = 1,900, and drawing Cid^, the 

moment line for C D is obtained The lines di and bi Ei are similarly 
detei mined The lower oidmates indicate negative bending moments 

Exvimple 2 — To construct the moment diagiam foi the beam 
showm m Fig 16 {a], whose \veight is 100 pounds pei foot 

Solution — The leactions weie found in example 2 of Art 42 to 
be El = 1,2S0 lb , and /va = 920 lb The base line^i Bi, Fig 16 (^r), 
IS diawn as in pievious examples Foi any section between A and C, 
distant A” from A, the bending moment ib 2 ?, r minus the moment of 
the weight of the beam between A and that section That weight is 

100 a, and its lever aim is y, its moment is, then, 100 a X ^ = 50 a” 
Therefore, 

A/ = E, A- - 50 a" = 1,280 A- - 50 A-= ( 1 ) 

When A = 0 (section A), AI = 0, which shows that the moment 
line passes through Ai^ when a = 2 (section C), AI — 2,360 Pro 
jecting C at fTu and making the oulmate <^161 = 2,360 ft -lb , to any 
convenient scale, another point in the moment line is determined 
Giving to 1 inteimediate values, such as 5, 1, 1 5, projecting the corre- 
sponding points fiom A C on C,, and electing ordinates to represent 
the conesponding values of AI as computed from equation (1), other 
points in the moment line aie determined Connecting these points 
by a smooth curve, the moment line for ^ C is obtained 

The lemamder of the moment line is similarly constructed An 
equation 1*5 hist written for the moment at an> section between C and D, 
distant A' feet fioni C From this equation, the curve c^dy is plotted 
To plot the part dyBi, an equation similar to (1) is used, us>mg the 
light reaction, taking a as tlie distance fiom B, and changing the sign 
of the lesLilt, so that it will lepiesent the moment computed from the 
fences on the left Since, heie, the moment of Ej is negative, and that 
of 1 ])ositi\e, the lesultant equation is 

A/ = - (50 1 - A. A'} = E, i - 50 = 920 a - 50 a" (2) 

The distances n. are laid oft flora B, the conesponding points are 
piojected on By Ay, and the ordinates are computed by equation (2) 
The details of the construction are left as an exercise for the student 
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IMPORTANT SPECIAT CASES 

46. Cantilevei Sapportine: Load at End — Let AB^ 
Fig; 19, be a cantilever of length /, suppoiting a load PV at 
Its end Let X be any section at distance jc from B, and 
let be the bending moment at X The reaction at A is 

not leadily determin- 
able, it does not con- 
sist of a single foice, 
since no single f o i ce 
passing through . / can 
balance PV, which docs 
not pass through that point The reaction consists of a single 
force and a couple, as will be explained later In this case, 
therefore, it is simpler to deteimine the bending moment fiom 
the forces on the light of The only foice on the right 
of X IS PVj whose lever arm is a Therefoie, 

= PVx . (1) 

It IS evident that M,, oi \Vx,\^ greatest when i = /, that 
IS, the greatest bending moment occurs at ^/, and its value is 
given by the formula, 

max M = Ml — Wl (2) 

A moment diagiam could be drawn by plotting foinmla 1, 
which IS the equation of a straight line It should be noted, 
however, that, m 
ge7ie7'al^ shea 7 and 
7ft077ie7it diagrams of 
value 0 71 1 y 171 some 
special cases, and, as a 
riile^ sh€a7s and betidtiig 
77io7n€7its aie 77inch more 
fapidly and accuiately deter 7nined by analytic methods, that n, 
by gerieral formulas, 6uch as equation {j) 

47 . Caunlever Unifoimly T.oadert — Let the c.iiUi- 
lexer Fig 20, cairy a distributed load of pounds pci 
foot (lengths are supposed to be in feet) The notifion 
being as m the preceding article, the moment at A” is 
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determined from the forces on the right, which consist of 
the weight 7^' on XB This weight may be treated as one 
force wx acting through the middle of XB, or at a dis- 
tance ix from B The moment of this force about X is 

luxXix = Theiefore, 

M. = ( 1 ) 

It is evident that ylAr, or is greatest when x = I vsec- 
tion A), in which case 

^ ( 2 ) 

The total weight on the beam is / If this weight is 
denoted by IV, formula 2 may be written 

M: = ^ ( 3 ) 


48 . Simple Beam Siippoiting One Concentrated 
Load — Lei .'he beam A B, Fig 21, simply supported at A 
and B, carry a load W, , 

X > 


OC 

I 


Pig 21 


at distance ^ from A 
Let / be the length of 
the beam, and X any 
section, distant jb,| 
from A, X being less 
than s As usual, the bending moment at X will be denoted 
by AA 

Taking moments about B, 

BA - = 0 , 


whence 


R, = IV 


i 


( 1 ) 


Since the only force on the left of X is R^, we have 

( 2 ) 

It IS evident, from the last member of this formula, that, 
between A and W, 14 is greatest when x is greatest, that 
IS, when x = z Therefore, when a simple beam carries 
one concentrated load, the greatest bending moment occur? 
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under the load The maximum bending moment is, then, 

(3) 

Suppose now, that, the load IV being given, it is requiied 
to determine the distance ^ for which the moment is greatest 
Since the moment computed from is numerically equal to 
that computed from that is, ( / — ^), the value 

Df 2 that makes i?, < 2 - gieatest must be the same as the value 
of / — 5' that makes (/ — ^) gieatest Theiefore, in this case, 

I z — z, whence ^ ^ 

A 

This shows that the gieatest bending moment that a given 
load can produce in a simple beam occurs when the load 

IS at the centei of the beam Writing ^ foi z in foimula 3, 

A 

max M — Ml = (4) 

^ 4 


49. Simple Beam Unifoiinly 



Jjoadod — Let the 
bedim A B, Fig 22, 
simply supported at *4 
andi?, cany a un if 01 m 
load of 7u pounds pei 
foot The total load IV 
IS w /, and, evidently, 

( 1 ) 


The bending moment at A'' is the moment of minus the 
moment of the weight on AX The latter moment is 

2ejx X ^ Therefoie, 

A A 


ry iU A, CU L Jt 


kl-x) 


Since the moment of the foices on the left is numerically 
equal to that of the forces on the light, the value of i that 
makes the former greatest is the same as the value oi I — x 
that makes the latter greatest, that is, when 

X = I -- Xi ov X — ^ 
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This shows that the greatest moment occuis at the center 
of the beam Writing ^ for x in formula 2, we obtain, 


max M = M, = -- = 

’ 8 8 


(3) 


50. Beam Fixed at One Fnd, Snx^ported at the 
Otliei — The foimulas foi fixed or restiained beams will be 
g-iven without their deiivation, as they cannot be readily 
deiived without the use of advanced mathematics 

Let AB^ Fio 23, be a beam of length /, fixed at A, rest- 
ing on a suppoit at B, 
and cairying a single 
load Rt Its center 
The leactions are as 
follows 

= ll W (1) 

7v\ = tV W (2) 

Heie, and in the following article, leally represents 
the shear at A, there being a couple acting at that section, 
in addition to Ri 

The gieatest bending moment occurs at Ay and is given 
by the foimula 

AI = A W! (3) 

The bending moment at any other section can be com- 
puted fiom the leaction R;, and the load 



51. If, instead of a single load, the beam carries a uni- 
formly distiibuted load of 2 V pei unit of length, the reactions 
are as follows 

( 1 ) 

R = iw! (2) 

The gieatest bending moment occurs at Ay and is given 
by the foimula 

(3) 

The bending moment at any other section can be com- 
jiuted tiom the reaction and the load 
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52. Beam Fixed at Both Ends —Let the beam A B, 
Fig 24, be fixed at both ends and carry a load W m the 

IV 

middle The reactions aie evidently each equal to y, that is, 


R, = R. 



(t) 


Here, and m the following article, R, and R. really repre- 
sent the shears at ^ and B, there being, in addition, a couple 

at each of these sec- 
tions The gieatest 
bending moment oc- 
cui s at 4, B, and 
undei the load, and is 
given by the formula 

Fig 24 ' 8 



( 2 ) 


53. If, instead of a single load, the beam cairies a 
uniform load of iv per unit of length, then, 

R, = R, = ( 1 ) 

The greatest moment occuis at A and By and is given by 
the formula 

yU=-- ( 2 ) 

12 

Example 1 —A cantilever 25 feet long carries a load of 4 o tons at 
its free end What is (a) the bending moment at a distance of 12 fee 
from the free eiuP {d) the maximum bending moment in the beam 
Solution —(^z) To applj the foimulTs in Ait 40, we have 
JV 45 T = 9,000 lb , jv = 12, / = 25 Formula 1 of that article 

gives Jl/i 2 = 9,000 X 12 = 108,000 ft -lb Ans 

{d) Applying formula 2 of Art 40, 

A/.s = 9,000 X 25 = 22’), 000 ft -lb Ans 
Example 2 — Where must a loTd of 12,000 pounds be placed on a 
simple beam 20 feet long, that its bending moment shall be equal to 
the greatest bending moment that a weight of 0,000 pounds can 
produce in the beam? 

Solution — Let the loads of 6,000 and 12 000 pounds be denoted 
by JVy and respectiveh , and let ~ be tlie distance fiom the left (or 

right) support, at which causes the same bending moment as the 

maximum moment caused by IFi This maximum moment occurs 
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wlien JVi IS placed at the ceiitei of the beam, and its value is by 
formula 4 of Ait 48, 

4 

The maximum raoinent caused by If '' , when this load is at distance:? 
fiom the left suppoit, is, by formula 3 ot Art 48, 

(20 — 2 *) ^ 


12,000 X 


20 


Equating this to the moment ot H\, 


12,000 X — = 30,000 


whence, tiansformmg, i educing, and solving for r, 

2 ^ — 17 1 01 2 9 ft Ans 

Therefore, ff^j, may be at a distance of either 17 1 or 2 9 ft from the 
left support, or, what amounts to the same thing, at a distance of 
2 9 ft horn either suppoit This is otherwise evident, since the bend- 
ing moment is the same for any two positions of the load equidistant 
from the supports 


Example 3 — {a) What weight, uniformly distributed, will produce 
a maximum bending moment of 40,000 foot-pounds in a beam fixed at 
one end, simply supported at the other, and having a length of 20 feet^ 
(<^) What will be the reactions Jdi and 2?*, Fig 23, for this load? 
Solution — {a) From formula 3 of Art 51, 


8M 


Substituting the given values, 

8 X 40,000 
" 20 " 


= SOO lb 


That is, the load is SOO lb per lineai ft 
KOO X 20 = 16,000 lb Ans 

(d) Formulas 1 and 2 of Ait 51 give 

V?. = ^ X 16,000 = 10,000 lb 

P 

J?, = 5 X 16,000 = 6,000 lb 

o 


and the total load is 


Ans 

Ans 


EXAMPLES FOR PRACTICE 

1 What lb the maximum bending moment m a cantilever carrying 
a unifoimly distiibuted load of 180 pounds per foot, the length of the 
beam being 20 feet^ Ans 36,000 ft -lb 


2 A simple beam 24 feet long caines a load of 15,000 pounds at a 
distance of 8 feet fiom the left support What is the value of (a) the 
lett reaction^ (d) the maximum bending moment^ 


Ans 


r (a) 10,000 lb 
{ (d) 80,000 ft -lb 
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3 A beam 30 feet long and fixed at both ends caiiies a unitonnly 
distributed load of 400 pounds per foot Calculate (a) the leactions, 
(^) the maximum bending moment . J {«) 6,000 lb 

1 (d) 30,000 ft -lb 

MAXIMUM SHEAR AND BENDING MOMENT 

54. Fundamental Principles — The two following" 
principles, which are established by the use of advanced 
mathematics, aie of great impoitance 

1 The ex f cental shea? in a bcani is gieatesi at a section of 
the beam adjacent to one of the snppoiis 

2 The bending moment is gieaiest at a section of the beam 
zvhere the ^hcar changes sign 

In some cases, the sheai changes sign at more than one 
section [see Fig 15 (Z>)], corresponding to each of these 
sections, there is a ‘‘peak” in the bending-moment line, as 
shown in Fig 15 [c) The greatest of the bending moments 
at these sections is the gieatest bending moment in the 
beam These piinciples should be caiefull}^ tested in all the 
shear and bending-moment cuives given in the foregoing 
articles 

The dangeioiis section of a beam is iisudlly where either 
the sheai or the bending moment is gieatest In many 
problems lelatmg to beams, it is necessary to find those 
sections, and for that purpose the pimciples just stated are a 
great help 

Example — To deteimme the greatest shear and bending moment 
in the beam A Fig 25, simply supported at A and B and carrying 


2000 lb 



Fig 25 


a single load of 2 000 pounds and a uniform load of 10,000 pounds 
distributed over a length of 5 feet, besides its own weight, wh’ch is 
75 pounds per foot, the dimensions being as shown 
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Solution — This pioblera inay be solved by drawing the shear 
diagiaai, detei mining the sections at which the shear passes fiom 
positive to negati\e, computing the bending moments at those sections, 
and taking the gieatest The analytic solution, however, is usually 
shoitei 

The w'eight of tlie beam is To X 20 = 1,500 lb , the level arm of this 
weight lb 20 — 2 = 10 ft The center of the distributed load is 
4 + 6 = 85 ft fiom B Taking moments about 

R, X 20 = 2,000 X 16 + 1,500 X 10 + 10,000 X 8 5, 
whence R^ = 6,600 lb 

Also, = 2,000 + 1,500 + 10,000 ~ 4?, = 6,900 lb 

The gieatest shear occurs just on the left of and is equal to A-*-,, 
or 6,900 lb Immediately on the left of G, the sheai is 
F/ = A, - 75 X 4 = 6,300 lb 
Immediately on the light of the shear is 

= VJ - 2,000 = 4,300 lb 

At C, 

\\ = /V' - 75 X 5 = 4,300 - 375 = 3,925 lb 
It IS seen, bj" a simple inspection of the \alue of Ko and the load 
between C and D, that the sheai at D is negative Therefoie, the 
shear changes sign at some point between C and and, as between 
these limits the shear deci eases gradually from plus to minus, theie 
must be a section at which it is equal to zeio Let the distance of 
that section from C be denoted by a The expression for the shear 
at that section is 

F. - 75 X r - X r = 3,925 - 2,075 ;ir 

0 


Making this expiession equal to zero, and sohmg for x, 
3,925 


2,075 


= 1 89 ft , nearly 


This determines the section A'' at which the bending moment is a 
maMinum The value of the moment is more readily deteimined from 
the foices on the light of X, and changing the sign, so that the 
moment will be expressed m terms of the forces on the left (see 
Alt 4t3) The value of the moment is, then, 

- A, X A A"+ (75 X A Vj X -f- + X X 


= 6,900 X 9 11 - 


= A, X BX- 
75 X 9 IV 


75 X A A'' 


- 1,000 X nx 


- 1,000 X 3 IP = 50.075 ft -lb Ans 


55. Impoitant Rule — When, as in the preceding 
example, the shear changes sign between two sections 
including a uniformly distiibuted load, there must be a sec- 
tion, between those two, at which the shear must be zero. 
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The locaUon of that section is determined as in the example 
]ust referred to When, however, the shear has one sign 
immediately on one side of a single concentrated load, and 
the opposite sign immediately on the othei side, that load 
marks the section at which the sheai changes sign, and for 
which the bending moment may be greatest (It is gieatest, 
if there is only one such change, thus, it in Fig 25, I// and 
VJ' had different signs, the section ot maximum bending 
moment would be at G, where the single load is applied ) 
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BEAM 8 — ( Con tin ued ) 


MOMENT OF INERTIA AND RADIUS OF GYRATION 


INTROD trCTOBY 

1. The strength and stiffness of a beam, column, or shaft 
depend on various factors For instance, the load that a beam 
can beat depends on the mateiial of the beam, on the manner 
in which the load is applied, and on the length and cross-sec- 
tion of the beam As to the aiea of the cioss-section, the 
strength does not depend on that aiea itself, for, as every- 
day experience shows, a plank used as a beam will sustain a 
greater load when placed edgewise than when placed on its 
broad side It will be shown later that the stiength of a 
beam depends on the manner in which the area is distributed 
or disposed with respect to a ceitain line of the cross-section 
The effect of the cross-section is measuied by a quantity that 
depends on such disposition or distribution of area, and is 
called the moment of loeitia of the cross-section with 
respect to the line mentioned above It should be undei stood 
at the outset that the moment of inertia of a plane figure has 
really nothing to do wuth inertia There is a certain quantity 
that appeals in foimulas relating to the rotation of a body and 
is called the moment of ineitia of the body There is, likewise, 
a certain quantity that appeals in the formulas for strength 
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and stiffness of beams, columns, and shafts, and whose mathe- 
matical expression is very similar m foim to that of the 
moment of inertia of a rotating solid hence the name 


MOMENa OF INERTIA 

2. Definitions.— Let B C, Fig 1, be any plane aiea, and 
X a line or axis in its plane Let the atea be divided into 

small areas etc , dis- 

f tant r,, etc from-V''.V 

/ ' \ small aiea is miilti- 

/ j \ plied by the square of its 

/ j j distance fioni the axis, a sum 

( 1^' I / of the f 01 m 

V J L T X + ^ I J't' will 

\y / be obtained Using the 

\ / sigma notation, explained in 

Plane T) igojionietry, Pai t 2, 
Frr 1 this sum luaj’’ be lepiesenied 

by lay" When the whole aiea is thus divided, giving to 
the small areas any values whatever, a ceitain value is found 
for -1 ay‘' If, now, the small aieas aie subdivided into smallei 
areas, a different value will be found foi If the small 

areas are again subdivided, a new value will be found for 
la y'' As the aieas are made smaller 
and smaller, the values ot lay' ap- b/ ' — 

proach neater and neaiei a fixed value / \ 

depending on the foim of the 

hgure B C and on the location of the / I 

axis X' X This fixed value is called 1 ] 

the lectaiigulai moment of \ / j 

ineitia ot the aiea B C with respect Ny 
to the axis X^ X ^ 

3. If the distances ot the small - 


areas a^^a. etc , Fig 2, from a line (lepiesented m the figiue 
by its plan O) peipendicular to the plane ot the aiea BC 
are used, and the same operations as vveie desenbed beffue 
are performed, it will be found that, as the small aieas are 
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decreased in size, the sum 1' ay approaches nearer and nearer 
a fixed quantity, which is called the polar moment of iner- 
tia of the area B C with lespect to the axis O 

When the teim 7}ioment of iiicjiia is used with reference to 
a plane area, the rectangular moment is generally meant 

4. Formulas foi the moments of inertia of plane areas 
cannot be derived without the use of advanced mathematics 
A clear idea of the charactei of this quantity, however, may 
be obtained fiom the following illustration 

Let B C, Fig 3, be a square whose side is ci^ and let X, 
coinciding with one of the sides of the square, be an axis 

about wdiich the moment of l a H 

meitia is requited Let the ■ — 

squat e be divided into ^ * 

tw’enty-five equal squaies, | "■ 

as shown The side and 1 t 

area of each of these small ] | 

sqi^aies are, lespectively, 1 j ] 

2 i and 04 For each | ^ | 

small square, the value of j/ i | | f 

wull be taken as the distance \ | I | ^ 

of the centei of the square I** Id 

yS- y - t I , V i I y I . 

fiom the axis This dis- 

tance is 1 (/ foi the squares ^ 

in the lower tiei, od foi those m the next tier, etc The 

product, aiea X squaie ot distance, foi each little square in 

the lower tier is 

04 X ( 1 = 0004 d^ 

For each of the squares in the successive tiers, the 
pioductb are, respectively, 

04^' X ( = 0036«^^ 

04^r X ( 5^/)" = 0100 (2^* 

04 X ( 7^/)“ = 0196 
04^/= X ( 9^)^ = 0324^/^ 

Since there aie five squaies in each tier, the sum of the 
pioducts for all the little squaies is, 

1' ay = b{ 0004 4 0036 + 0100 + 0196 + 0324)^/* = 33 
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Now, 33^* IS not the exact value of the moment of inertia 
sought, but IS an approximate value A closer value will 
be obtained by dividing the large square into a greater 
numbei of smaller squares If computations like the above 
aie made foi other divisions ot the large squaie, the follow- 
ing results are obtained 

When the side of the small squares is* 

3300 ^* 

idy:^ay = SSlOd^ 

^d,l'ar= 3316 ^* 
kd,l'ay^= SS20d* 

\d, = 3323 

3325 ^* 


etc 

From this series of results, it is seen that the differences 
between successive values of Aaj/"* become continually 
smaller down the column, and, although the value of 
inci eases, the inciements become smaller and smaller It is 
shown by means of the calculus that, however gieat the 
numbei of small squares may be, 1! a y"" can nevei become 
d* 

as great as — , although, by making the number of squares 

u 

sufficiently large, the value of ^ ay‘ can be made to differ 

d*- 

from by as little as desired This is expiessed m mathe- 
o 


matical language by saying that, as the number of small 

d*‘ 

squares increases, lay'^ app7oachcs --- as a limit This 

o 

d* 

limit -- IS the moment of inertia of the square with respect 
o 

to the axis X' X 


5, Moment of Inei*tia of Common Areas — Table I 
contains, in the column marked /«, the lectangular moments 
of inertia of the figuies commonly used in practice The 
axis in each case passes through the center of giavity, and 
IS designated neutral axis m the table for reasons that will 
be explained further on The square may be regarded as a 
particular case of a rectangle whose base b and altitude d 
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are equal The value of the area A is g'lven in the third 
column The distance c, given in the fifth column, is the 
distance of the most remote part of the figure from the 
neutial axis The radius of gyiation, the character of which 
will be explained in a subsequent article, is given in the 
last column For convenience, a line passing thiough the 
centei of gravil}" of a figure will be here called a cential 
line or ceuticil axis 


6. Redaction Foi inula — Let A denote the area of any 
figure, /o its moment of ineitia with respect to an axis 
through Us centei of giavity, / its moment of inertia with 
respect to any othei axis paiallel to the former, and p the 
distance between the axes It can be pioved that 

/ = 4 AAp-^ 

That is, the iiwDieiit of i7ie?iia of a figiue with lespect to any 
axis cquah the moment of inertia of the figure with lespect to a 
pai'allel cential axis plus the piodiict of the aiea and the sguaie 
of the distance bchvecn the two axes 

Example 1 — To determine the momeut of meitiaof a triangle with 
respect to its base See No 6 ui Table I 

Solution — The distance between the base and the central line 
parallel to the base is r 4 the area \%hb d^ and 4 == Te ^ Then, by 
the preceding pimciple or formula, 

/ = -Wti b d -i- I b d X d) = Ans 


Example 2 — To find the moment of inertia of a rectangle about 
Its side d (No 1 in Table I) 


vSoLUTiON — From Table I, the moment of meitia 4 about a central 
axis parallel to d is iV d b^, the letters b and d being interchanged, as 


here the axis is paiallel to 4 not to b AI^o, A = bd, and p 
Therefore, 


/ = 


db-' 


“ TT 


db^ db 


+ ■ 


4 


db'^ 

3 


Ans 


b 

2 


J^.XAMPLr'^ FOR PRACTICE 

1 Find the moment of ineitia of a square about an axis through 

one coiner and parallel to the diagonal that does not pass through 
that coiner (see No 3 m Table I) Ans f = -^2 d* 

2 Find the moment of inertia of a circle about a tangent 

Ans / = ^ Tcd* 
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7. Least Moment of Inertia. — The vtoinent of i7ie7tia 
of a figitre with leshect to a cential axis is less than with 
lespect to any other line paiallcl to that axis Foi, accoiding 
to the piinciple oi formula of the preceding article, the 
moment of the figure ^Mth lespect to the parallel line is 
equal to the moment of ineitia with respect to the central 
line plus a positive quantity 

8. Piincipal Axes — The moments of inertia with 
respect to ditfeient cential axes aie, m general, different, 
and, m general, theie is one cential axis for which the 
moment of ineitia is less than that foi any othei, and one 
central axis for which the moment of inertia is greater than 
foi an\^ other central axis These two lines are at right 
angles to each other, and are called piincipal axes. 

The geneial method of finding the principal axes of a 
figure IS comparatively complicated ]\Iany plane figures 
used m engineering have one or more axes of symmetry, 
and it IS a general piinciple that eveiy axis of symiiietiy is a 
pi'inapal axn^ the other principal axis being a cential line 
peipendicitlar lO the axis of symmetry Thus, foi a lectangle, 
the principal axes pass thiough the center of the figure and 
are paiallel to the sides 

9. Moment of Inertia of Compountl Figures or 
Aieas — Many figuies may be regarded as consisting of 
simplei part'!., they aie called coinx)onntl figuies For 
example, a hollow sqiiaie consists of a large squaie and a 
smallei squaie, the angle and T shown under No 8 in 
Table I consist of two slender lectangles, one horizontal 
and one vertical 

The moment of iimtia of a compound figiiic iciih 7 aspect to 
any axUi may be found hy addings algebi anally ^ iJic moments of 
inei/iay with itspcii to iht same of the compontnt pails ol 

the figuit 

ExvMrrx: 1 — To deiive the \alue of 4 gnen foi the hollow 
squaie, No 4 in Table I 

SoLUTiov — The figuie mav be regarded as the difTeience between 
the large outside square and the small inside square In Table I, 
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the side of the squares are, respectivel}^ d and According to 
No 2 in Table I, the moments of inertia of the squares are 
and hence, the moment of inertia of the hollow squaie is 

4 = hd^ — -h 4^ = TT - dy) 

Ex\MrLE 2 — To derive the value of 4 given for the T in Table I 


-J 


Solution — The figuie may be legarded as consisting of two rect- 
angles, as shown m Fig 4 The axis 
passes through the center of gravity of 
each rectangle, and is parallel to the 
base of each Hence, according to 
No 1 in Table I, the moment of inertia 
of the v’-ertical rectangle is A> t d^ , and 
the moment of inertia of the othei rect- 
angle is TT The moment of 

inertia of the entire figure is the sum of 
these, that is, 

4 = + = 

Example 3 — To find the moment of inertia of the Z bar shown m 
Fig 5, about the principal axis X, the dimensions being as shown 

Solution — T he moment of inertia about A will be denoted 







H- 


X- 


?/ 




by 4 The figure may 
be divided into the three 
rectangles efgh, e' 
andy^z^' The moment 
of inertia of e f gh about 
an axis through its center 
of gravity and parallel 
to X' X is -A- that 

of d f g’ h' about an axis 
through Its center of 
gravity and paiallel to 
X^ X IS also A- The 

distance between this 
axis and the axib X' X 
is\{d — 0 The moment 
of inertia of the rect- 
angle efgh and also 
of the rectangle P g’ h' about the axis X^ X is then, At cd P td i 
[- moment of inertia of the rectangle j g ig' is Ar 

The moment of ineiLia of the entiie figure is, therefore, 

2{-J: <?'/’ + a' -/)] = }+ 

Expanding and reducing this expression, 
f ^ ab^ - €d(b-2tY 




a' 


r' 

Fig 5 




12 


Ans 
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EXAMPLE FOR PR^CIICI 

Find an expression foi the moment of inertii ly of the Z h u shnu ii 
m Fis: 5, about the other principal axis V Y 

Alls I, - f, d 


10. Units Used —As will be seen from the foinmlas in 

Table I, the value ot the moment of ineitia always iinolvcs 
the product of foui quantities (some of winch may he c(iiial) 
representing- lengths Thus, the moment ot ineitia of a 
rectang-le involves the product b oi X X X d lien 

the value of a moment of inertia is given, it is neccss uy to 
specify the unit of length used, since such cxpiessioiis as 

etc evidently have diffeient values accouling to 
whethei b and d are expiessed in inches, feet, metus, etc 
Generally, the dimensions of figiiies toi which moments of 
inertia are computed aie given ni inches Some \vi itci s sttitc 
the corresponding moment of meitia as so many bhp(ad)atic 
inches, for which they use the abbicviation ni * I'hus, if, 
when the dimensions of a figure are expiessed in inches, the 
moment of inertia is 54, these wi iters call this moment 
54 biquadratic inches, and wiite it 7/ ni ^ This notation is 
convenient, and will often be used in this Course Another 
way of expressing the same thing is to state the moment 
thus lefened io the inch 

11. Polar Moment of Ineitia — Foi the definition ot 
the polar moment of inertia, see Ait 3. The axis with 
respect to which a polar moment is taken wall heic be called 
a polar axis. The polai moment of ineitia is computed by 
means of the following general pnnciple 

The polai' moment of ineitia of any plane f/q'nic /? iqual to 
the Slim of the icctangiilai' momoit^ of inoiia of tJu fii^ux about 
two axes peipendicnlai to each of he? at the point whtn iJu polai 
axis meets the plane of the fig me 

Thus, the polai moment of inertia of a rectangle about an 
axis througn its center of giavily is 

^ibd' + -rid b’ = - ‘Ub"" + </’) 
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The polar moment of ineitia of a circle about an axis 
thiough Its center is 


TT , 71 __ n d "' 

64 64 ~ 32 


RAIllUS OF GYRATION 

12. Definition. — The ladiiis of gyration of a plane 
figme with respect to an axis is a quantity whose square 
multiplied by the aiea of the fig-uie is equal to the moment of 
inertia of the figuie with lespect to the same axis If ? and 
/ denote, respectuely, the ladius of gyration and moment of 
meitia of a figure, and A the aiea, then, 

A,^ = I ( 1 ) 


whence 




( 2 ) 


The Ust column of Table I gives radii of gyration lot re- 
sponding to the moments of ineitia given in the fourth column 


13. Computation of Radius of Gyration — Usuallj^ 
the ladius of gyration of a figure is found directly from its 
moment of inertia by means of formula 2 of the preceding 
aiticle Foi example, the radii of gyiation for Nos 1 and 4, 
Table I, are found thus 

Fot No 1, ; = 4\hbd'' — b d 

o 

For No 4, r = = iVsU^T) 


14. Reduction Formula — Dividing both sides of the 
foimula in Art 6 by A, there lesults, 


/ 

A 



Now, ~ IS the square of the tadius of gyiation of the figure 
A 

n -VI L. or\n 


wnth respect to a central 


radius of gyration with respect to an axis parallel to and 
distant /> fiom that axis Denoting these radii by r and ror 
respectively, the preceding equation becomes 
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That IS, the sgtiaie of the ladins of gviati 07 i of a figiue zuitfi 
zespect to any axis equals the square of the ladui^ of gyiation of 
the figiue with f expect to a paiallel ceniial axis plus the squaic 
of the didance between the fzoo axes 

Ex\mple — What is the ladius of gyration of a square with lespect 
to an axis coinciding with a side^ 

Solution — Call the desiied radius of gyration > From Table I, 
d" d 

, also, P — ^ Then, b} the above foimula, 

- 5 ^ 


STRESSES IN A BEAM 


15, Stresses at Any Cross-Section. — Let B D, 
Fig. 6 {a)j be a pait of a beam cut by a plane PQ 




(c) 
Fig 6 


According to the principles of statics, the part B D may be 
treated as a free body kept in equilibrium by the external 
forces actually applied to the beam on the left of P Q, 
and by forces acting in the section p q, equal to the forces 
exerted on B D b^^ the part of the beam on the right of PQ 
These last forces are the stresses existing in the beam at 
the section PQ Let V be the external sheai at pq^ that is, 
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the resultant of the vertical forces acting on the left oipg 
It IS obvious that the external forces have a tendency to 
bend the beam, which will assume such a form as is repre- 
sented, very much exaggerdted, in Fig 6 (r) By this bend- 
ing, the fibers (see Ait 21) near q will be stretched, and 
those near p will be compressed Evidently, there will be a 
line between q and p where the fibers aie neither stretched 
nor compressed This line, represented m Fig 6 (a) and 
(^) by and in (d) by is called the neutral axis of 
the section pq, or p^ q^ and a plane through it and the 

axis of the beam is called the neutral surface of the beam 
The neutral surface is lepresented m Fig 6 (a) by no 

In the piesent case, the fibeis below the neiitial surface 
are in tension, those above the neutral surface aie in com- 
pression Let the resultants of these tensions and compres- 
sions be denoted bv T and C, respectively, as shown m 
Fig 6 (a) These foices, representing normal stresses, are 
parallel to the axis ?i o of the beam 

IG. If the end B, Fig 6 (a), is simply supported, the 
reaction at that end is vei tical, and [/represents the resultant 
of all the forces, including that reaction, acting on the left 
of the section pq This is tiue whether the other end of 
the beam is fi'ced or is simply supported If the end B is 
the free end of a cantilever, V is likewise the lesultant of 
all the veitical forces on the left oi pq In either case, the 
part n D oi the beam is held m equilibiiiim by the vertical 
force [" and the forces acting in the section pq Accoiding 
to the piinciples of statics, the algebraic sum of all the 
vertical forces acting ovv B D must be equal to zero, there- 
fore, theie must be at a vertical force Vr numerically 
equal to V\ but acting in the opposite direction This force, 
being a tangential force excited on B D by the part of the 
beam on the light of PQ, repiesents a shearing stress 
is thus seen that there is, at everv section of the beam, a 
sheaiing stiess numerically equal to the external shear on 
the left" of that section This shearing stress is called the 
I'eslstluj^ siiear. 
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17. Since the only horizontal forces acting- on the body 
B D are T and C, their algebraic sum must be equal to zero 
That IS, the resultant tension in any section is equal to 
the resultant compression The tension T and the com- 
pression C form a couple, sometimes called the stiess 
couple. It should be understood that T and C aie resultant 
forces the tension and the compression are not umfoimly 
distributed over op and oq, respectively, that is, their 
intensities are not the same at all points of the areas in 
which they act How they are distributed will be explained 
further on 

18. Flnall 3 ^ the conditions of equilibrium require that 
the algebraic sum of the moments, about an^^ axis, of all the 
forces acting on the bod^^- B D shall be zero If moments 

aie taken about the neutral 
axis 0 , the moment of the 
forces on the left oi pq will 
(a) be the bending moment M 

at the section pq, the 
moment of the foices acting 
in the section p q simply 
the moment of the stress 
couple, since the moment 
of Vr IS zero The moment of the stiess couple is called 
the resisting moment at the section pg Therefoie, the 
resisting moment at any section is numerically equal to the 
bending moment at that section 

It IS evident that, if the bending moment at a section, as 
computed from the foices on the left, is positive, the beam 
at that section bends downwaids, or is concave upwaids, as 
shown in Fig 7 (a) It the bending moment is negative, 
the beam bends upwards, or is concave downwards, as shown 
in Fig 7 id) In each of these figures, the numerical value 
of the bending moment is Vx 

19. The foiegomg conditions, which follow diiectly 
trom the fundamental principles of statics, are made to 
apply, by the use of certain assumptions that are very nearly 


X 



Fif 7 
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true, to beams fixed at both ends A complete theory of 
such beams is, howevei, bej'ond the scope of this woik 


20, Position of the Neutral Axis — It can be shown 
by the use of advanced mathematics that the nciiifal axis of 
any SLciion of a beam pai^ses thiongh the ceiitei of giavity of the 
section Thus, in Fig- 6 {b) , the neutral axis o' o^^ passes 
through the centei of gravity o'" of the cross-section 
p' (]'q"p", m Fig 6 {a), the cioss-section p' g' q" p" , and its 
center of giavity o'" ^ aie represented by their projections 
Pq and o, lespectively 


21. I)isti ibutiou of the Noimal Forces — Let pq^ 
Fig 8 (a), be a cioss-section of a beam, a side view is 
shown at p' o' q' o" ^ Fig 8 (/;) The neutral axis is o-o' o" 
The mateiial of a beam is imagined as consisting of threads, 
01 ribeis, parallel to the axis The fiber passing through py 
which IS the farthest 
point fi om the neutral 
axis, IS called the ex- 
1 1 c m c fiber, or 
most 1 emote fiber. 

The distance of this 
fibei from the neutral 
axis IS denoted by c, 
as shown in Fig 
Values of c foi differ- 
ent foims of cioss- 
section are given in the fifth column of Table I The inten- 
sity of stiess in any fiber is called fiber stress. 

As already explained, the tension T and the compiession C, 
which are the normal stresses at the section pq^ are the 
resultants of non-uniform stresses From the results ot 
experiments, it is assumed that the intensity of tension oi 
compi ession at any point of the c? oss-section is pi opoitionat to 
the distance of that point fiom the neutral axis, and that the 
intensity of tension and compiession at pointis equidistant fioni 
tilt ntiiiial axis aie equal It follows that the greatest 
intensity of stress occurs in the most remote fiber Let that 
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mtensny be denoted by / Then, since the distance of that 
fiber from the neutral axis is c, the intensity at unit’s distance 

from the neutral axis is and the intensity at any distance y 

c 

/ 

from the neutral axis is ~y 

c 

22. Moment of Stiess Couple, or Resisting 
Moment — The resisting moment, or the algebraic sum of 
the moments of T and C, Fig 8, about the neutral axis, will 
be denoted by Mr, and is detei mined as follows 

Let be anv small area distant y, from the axis, as shown 
in Fig 8 {b) According to the piinciple of the pieceding 
article, the intensity of stiess at the distance from the 

neutral axis is Therefore, the total stress m a, is 

/ ^ 

X - The moment of this stress about is 
c 

X X = ^X 

Similarly, the moments of such other small areas as 
and are 

“ X a^y:\ - X ^ 3 ^ 3 % etc 
c c 

The sum of these moments is 

+ . . . 

denoting by ^ a y'' the sum in the parenthesis It has been 
explained that, by mci easing the number of small areas 
and making them smaller and smaller, the value of l'ay'‘ 
finally becomes the moment of ineitia / of the cross-section 
about the neutral axis Therefore, finally, 

M, = il ( 1 ) 

c 

As explained m Ait IS, the resisting moment is numeri- 
cally equal to the bending moment M, therefore, 

-I=M (2) 

23. Section Modulus — The section mod ulus ot a 
cross-section of a beam is the quotient obtained by dividing 
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the moment of inertia of the cross-section with respect to 
Its neutral axis by the distance of the most remote fiber of 
the section from that axis It will be denoted by Q Then, 

Q=- ( 1 ) 

C 

Since / IS expressed in biquadratic units and c m length 
units, Q IS in cubic units By this is meant that Q is expressed 
in terms of the product of three lengths, although the value 
of this quantity has nothing to do with volume Thus, if the 
dimensions of the cross-section are expressed in inches, and 
the numeiical value of the section modulus is 28, it will be 
referred to as 28 cubic inches, and expressed as 28 m * 

Formula 2 of the preceding article may now be written 
fQ = M (2) 

This formula is useful when a table of values of Q is avail- 
able Such tables aie given in many structural handbooks 

Example — What is the section modulus of a beam m which the 
cross-section is a rectangle, whose breadth is <5 and depth is 

Solution — From No 1 m Table I, I and, since the 

neutral axis passes thiough the center of gravity of the cross-section, 

hence, by formula 1, 

^ d 6 

2 

If ^ *= 2 in and ■= 12 in , 

2 X 12" 

Q = -- -= 48 in Ans 

t) 

24. Problem — The loading 07i a beain being give?iy tt is 
lequn'ed to deieinnine the viaxiviuvi fibei siiess in the beam. 

The fiber stress is a maximum at the most remote fibei of 
some section If the beam is of constant cross-section, 
then / and c are constant for all sections Formula 2 of 
Art 22 gives 

It follows from this formula that / is greatest m the 
outermost fiber of the cross-section at which the bending 
moment is greatest Hence, to compute the maximum fiber 

I L T 399-6 
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stress, the maximum bending moment must be determined 
first Substituting the value of this moment and the values 
of c and I m the preceding tormula, the value of / is found 
In the application of this formula, the same unit of length 
should be used for the different quantities Thus, if c is in 
27ic/ie6, / should be in biquadratic uichcs, M in ;y/d/“pounds, 
2;^d:/2-tons, etc , and / in pounds, tons, etc per squaie inch 


Example 1 —To deteimme the maxirauiu fiber stress in a beam in 
which the maximum bending moment is 50,000 foot-pounds, assuming 
the beam to have a lectangulai cioss section 0 inches deep (vertical 
dimension) and 4 inches wide 


Solution 


— In this case, b 
r _ 4 XT 
12 


= 4, d/ = 9, and, from Table 
= 243, f = 5 = 4 6 


I. 


The maximum bending moment in the beam is 60,000 ft -lb 
600,000 in -lb Theiefore, by the formula, 

^ 600,000 X 4 5 

/ = 943 = 11,110 lb per sq in Ans 


Since the bending moment is positive, the beam bends downwards 

at the point of maximum bending 
30 moment The lowest extieme hbei is 

OOsqifL in tension, and the highest m com- 
pression 

Example 2 — Assuming the section 
of a beam to be as lepiesented in Fig 9, 
it is lequiied to deteimme the maximum 
tensile and compiessive fiber stresses, 
when the maximum bending moment is 30,000 inch-pounds 

Solution —When it is required to determine separatel} the greatest 
compression and the greatest tension m the section, as m this case, two 
values of c must be used, one for the most remote hber in tension and 
one for the most remote fiber in compiessiou In the piesent case, the 
lower fibeis are intension, and the upper m compression Denoting 
by fi and 4 the maximum fiber stresses for tension and compression, 
respectively, and substituting known values m the formula of this 
article, vve have. 



. 30,000 X 1 2 „ „ 

= 8,3/0 lb per sq in 

. 30,000 X 2 8 

4 — = 19,530 lb pei sq 

Or. more siraplj , 

2 8 

^ ^ J ~2 ^ ^ “ 3 ^ 8,370 = 19,530 Ib per sq 


Ans 

m 


in Ans. 
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EXAMPIvES rOR PRACTICE 

1 What IS the raaxiinuin hber stiess m au S-jnch simple I beam 
20 feet long, whose moment of inertia is 68, if the total load, including 
the weight of the beam, is 9,000 pounds, uiiifoimly distributed? 

Ans 15,900 lb per sq in 

2 A simple T beam 10 feet long and 4 inches deep suppoits a load of 
168 pounds pei foot If the moment of ineitia of the section is 
4 54 in ^ and the neutral axis is 1 12 inches from the compression 
flange, what is the hbei stiess (n) in tension? {d) in compression? 

A,,„ / («) 16,000 lb per sq in 
{ {d) 6,200 lb per sq m 


STRENGTH OE BEAMS 

25, Modulus of Rui)tiiie — The modulus of rupture 
of a mateiial is the greatest fiber stiess that a piece made 
of the material can stand when subjected to bending The 

TABEE II 

MODULI OF RUPTURE 


Material 

1 

Modulus of 
Rupture si, 
Pounds per 
Squaie Inch 

Material 

Modulus of 
Rupture 
Pounds per 
Square Inch 

Ash 

8,000 

Chestnut 

4,500 

Hemlock 

3,500 

Spruce 

1 3,000 

White oak 

6,000 

Stone 

! 1,200 

Buck 

Soo 

Cast iron 

! 30,000 

White pine 

4,000 

Wrought iron 

45.000 

Yellow pine 

7,000 

Steel 

65,000 


modulus of rupture is also called the ultimate strength 
of flexuie. It might be inferred from the foregoing 
articles that the ultimate stiength of a beam depends simply 
on the compressive and the tensile stiength of the material, 
and that eveiy mateiial has two moduli of lupture, corre 
spending to the ultimate strengths of tension and compres 
Sion Experience, however, shows that this is not the case 
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beam breaks when the greatest fiber stress, whethei com- 
ression or tension, has a value intermediate between the 
Itimate tensile and compiessive strengths of the material 
'able II gives aveiage values of the modulus ot luiDtuie si, 
Dr diffeient mateuals The siibsciipt d is used as it is the 
ntial lettei of “bending ” The values given express pounds 
er squaie inch 

26, Ultimate Resisting Moment. — Let be themodu- 
is of rupture of the mateiial of a beam Then, the gieatest 
^ending moment that the beam can resist at any section is 
•btained by wilting Si foi / m foimula 2 of Art 22. This 
Lioment is called the ultimate lesistiug moment of the 
ection consideied, or of the beam, if the beam is of uniform 
ross-section By making the substitution just indicated, we 
lave, 

jW, = ( 1 ) 

c 

In terms of the section modulus (see Art 23), 

Mr-=s,Q ( 2 ) 

When the beam is loaded to its utmost capacity, the bend- 
ng moment of the external forces is equal to the ultimate 
esisting moment, that is, 

Af = M, = ( 3 ) 

c 

In terms of the section modulus, 

M=s,Q (4) 

This IS the formula used foi the design of beams, but, in 
he application of the formula, is taken as the working 
.trength of flexuie, which is the modulus of lupture divided 
ly a suitable factor of safety 

Example 1 — A simple beam 20 feet long and ha\ing tlie cross- 
ection shown in Fig 0 is to suppoit a weight U'^ fpouncls) placed in 
he middle of the beam How heavj can the load be, the weight of 
he beam being neglected assuming the working flexure stiess of the 
naterial to be 20,000 pounds per square mch^ 

Solution —Foi the maximum bending moment we have 
'f A/atenals, Part 1;, 
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jy y 20 

J/ = == (5 (r) ft -lb = (60 jy) in -lb 

Here si, == 20,000, /=4 3,anclc = 28 Substituting these values in 
formula 3, 

, 20,000 x4 3 iu A 

whence W = ^ ^ 8 — ” ^ 


Example 2 — What must be the section modulus of the cross-section 
of a simple beam 10 feet long, that the beam carry a uniform load 
of 250 pounds per foot, distributed over the whole length of the beam, 
in addition to a central load of 2,000 pounds, the woiking flexure 
stiength being 15,000 pounds per square inch? 


Solution — The maximum bending moment evidently occurs at the 
middle of the beam, and is equal to the sum of the bending moments 
due to the unifoim load and the central load, that is (Shength oi 
J\faie7ials, Pait 1), expiessing moments in inch-pounds, 

^ 2_.0Q0_X1^12 ^ 250 X 10 _X (102112) ^ 

4 8 

Fiom formula 4, Q — , 

Sb 

or, since here I\r — 07,500, and Sb = 15,000, 

O == 97,500 - 15,000 = 6 5 m = Ans 


Ex\MPrE 3 — A timber cantilever 5 feet long and of square cross- 
S‘=‘ction is to carry a weight of 1 ton at its end What must be the side 
of the cioss-section, a-^suming the working flexure stress to be 800 pounds 
per square iiich^ 

SoTUTiON — 9'he maximum bending moment is 

M = 2,000 X (5 X 12) = 120,000 in -lb 
Let be the lequned side of the squat e cioss-section From Table I, 

^ ~ U' ^ ^ 2' 

I 

whence Q — — = ~ 

Substituting in formula 4, 

t ■’ 400 -y^ 

120,000 = 800 X 

0 d 

whence x = = 9 65 in Ans 


BXAMPTES FOR PRACTICE 

1 If, m example 3, the cantilever is made 12 inches w ide (hoi izontal 
dimension), what should be its depth (vertical dimension)? 

Ans 8 66 in 
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2 A simple beam of steel 30 feet long has the foim and dimensions 
shown in Fig 10 What load, tiniformly distributed, can the beam 
carr> , taking the working fiber stiess as 15,000 pounds persquaie inch? 

Ans 628 lb per ft 

3 A white-pine cantilever is 8 feet long and its cross-section is as 
shown in Fig 11 Find the factor of safety of the cantilever if it is 
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loaded with (^) a load of 10,000 pounds at the end, (6) a uniform 
load of 5,000 pounds pei foot . \ (a) 5 

1 (/;) 21 


27. Shea rill prStreii "til — In what precedes, the strength 
of a beam is consideied wnth regard to bending alone As 
explained in Ait 16, theie is at every section a shearing 
stiess numerically equal to the external shear If the 
external shear is denoted by V, and the area of the cross- 
section by A, the average intensity of sheaiing stiess in the 


section IS 


V 

4 


This sheaiing stress is not uniformly distiib- 


uted, and it can be shown that, in beams of lectangiilai 
cioss-section, the maximum intensity of shearing stress is 


3F 
2 A 


Hence, a lectangular beam must be so designed that 


this value will not exceed the woiking sheaiing strength of 
the mateual In metallic beams with thin webs (plate 
gilders), the sheaiing stress may be consideied as uniformly 
distributed over the cross-section of the web There is, 
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also, at every horizontal oi longitudinal section of the beam, 
a horizontal sheaiing stress the intensity of which at any 
point IS equal to the intensity of the vertical shearing stress 
at that point 

Although the maximum intensity ot sheaiing stress, both 

honzontal and vertical, in wooden beams is usually small, 

the sheaiing strength of wood along the grain is also small 

As the honzontal external shear usually acts along the gram, 

the safe load for a wooden beam may depend on its shearing 

stiength and not on its bending strength For instance, the 

safe load for a beam 4 in X 12 in and 4 feet long is 11,200 

pounds, uniformly distributed, when based on a fiber strength 

of 700 pounds per square inch Such a load will produce a 

, ^ w 3 X fi,600 , 

shearing stress pei unit area equal to— -- = 1/5 pounds 

2 X 48 

pel square inch, which exceeds the working shearing stress for 
the wood along the grain by about 100 pounds per square inch 

bTXFFNFSS OF BEAMS 

28. Derinition — The stiffness of a beam is the resist- 
ance of the beam to deflection m the direction of the external 
forces acting on the beam This property is of importance 
in certain kinds of construction Thus, most machine parts 
must be stiff, as then excessive '^giving” or yielding may 
destroy their adjustment Floor joists and ceilings sustain- 
ing a floor with a plastered ceiling below must not deflect too 
much, 01 they will crack the plastering 

29. Deflection Foinnulas — The theory of the deflec- 
tion of beams is rather complicated, and the formulas for 
deflection cannot be readily derived without the use of the 
calculus Formulas for the most usual cases are given here 
In all these formulas, the length of the beam, in inches, is 
denoted by /, the moment of inertia of the cross-section, 
in biquadratic inches, by /, Yoirng’s modulus of elasticity of 
the material, in pounds per square inch, by E, and the maxi- 
mum deflection, m inches, by v A single load at the middle 
of the beam is denoted by (pounds), and a load uniformly 
distributed over the whole beam, by / (pounds) , zt/ denoting 
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the load per inch The form assumed by the beam when 
loaded is very much exaggerated in the figuies 


1 Simple beam^ -I By Figf 
Single load W m the middle 

wr 


y 


48 £/ 


12, supported at A and B 


( 1 ) 





Fro 12 


Uniformly distributed load 


5 r 
384 El 


2 

end B 


Cantilever A B y Fig 13, fixed at 

wr 

^ ZEI 


( 2 ) 

Single load W 

( 3 ) 



Uniformly distributed load 
wB 
^ 8 El 


( 4 ) 


3 Beam fixed at one end Ay Fig 14, and simply suppo>ted 
at theothc} Foi single load fFin the middle^^ C = ~ 


. = y J = y V5 

^ 48 El ^ ^ 


( 5 ) 



Fig U 


Uniformly distributed load 
w B 
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4 Beam hxcd at both ends A and B, Fig 15 Singl(3 
load IV in the middle 

(7) 

192 A"/ ' ’ 

Uniformly distiibuted load 

/Qv 

^■" 384 £'/ 
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Example 1 —A timber simple beam 10 feet lonj^, and having a 
\vidth of 4 inches and a depth of 12 inches, caiiies a uniform load of 
400 pounds per foot What is the deflection^ 

SoruiiON — To apply foimula 2, we have 7U = / = 10 X 12 

= 120, E = 1,^)00,000, and / = * X 4 X 12= = 576 Substituting m 
the formula, 

5 X 400 X 120‘ 

084 X li X 1,500,000 X 576 

Ex\mple 2 —To determine the deflection of the beam considered m 
No 2 of the Examples foi Practice following Art 26, when the beam 
IS loaded to its utmost (woikingl capacity 

SoLunoN —Here zu = / = 30 X 12 = 360, E = 30,000,000, and 

/ = 424 Substituting in formula 2, 

5 X 628 X 360" 

^ 384 X 12 X 30,000,000 X 424 


BEAMS UNDER INCLINED FORCES 
30. Extended Meaning of tlie Term Beam, — 
Although the term 
bcayn usually denotes 
a horizontal piece 
acted on by vertical 
forces, it IS often ex- 
tended to mean any 

elongated piece _ 

having a stiaight axis Pm lu b 

containing the centers of gravity of all cioss-sections (a cross- 
section being a section cut by a plane perpendicular to the 
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axis) and acted on by any system of coplanai foices con- 
taining the axis In Fig 16 , CD is a part of a beam of 
which pq IS a cross-section cut by the plane P Q 071 , which 
contains the centers of giavity of all sections perpendicular 
to it, is the axis of the beam, and any force intersecting 
the axis at an angle IP 


31 * General Metliod of Tieatnient, — The force F^ 
may be resolved into two components A", and lA, the former 
along the axis, the latter peipendiculai to the axis The 
same method of resolution may be applied to all othei foices 
acting on the beam The beam may then be considered as 
acted on by two independent systems ot foices The forces 
perpendicular to the axis, which will be called the system V, 
cause shearing and bending stresses m the section pg, these 
stresses can be computed exactly as foi any ordinal y beam 
The forces acting along the axis, which will be called the 
system X, cause direct tension 01 compression, aiid have no 
effect on the shearing stress 2 i\. p g peipendiculai to the axis 
Both the compiessive and the tensile fibei sti esses are com- 
puted from the foices V by the methods already explained, 


10000 


1/^0 I 


Ftg 17 


|P and aie thencom- 
,p billed by algebraic 
|j addition with the 
1^ stress produced by 
the system X, to ob- 
1^ tain the total tensile 
9 and compressi\^e 
' stresses 


CX\MPTE—- FotCCS of 

3,000 and 10,000 pounds, respectneb, act on a beam CD, Fig 17, on 
the left of the section p q, the mclinanoiis and distances being as shown 
The moment of meitia of the section is 12 in and the area is 4 5 
square inches lo hiid the sti esses m the section pg 


Solution —Let the components of tlie foices along the axis Ije V, 
and .Vo, and those pei pendiciilar to tlie axis md V , as shown’ 
Then, considering; forces to the nght and upuaid foices as positue, 
A' = 3,000 cos 45° = + 2 120 lb V„ = lO.ODO lo^ 30° ~ -f S <j(j()lb 

Vi = — 3,000 sill 45° = - 2,120 lb } =10 000 sin 30° = + 000 lb 
^ A^a = -f- 10,780 lb ] = ) , -p 4 , = q- 2,880 lb 
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Since } IS the external sheai on the left of p g, the shearing stress in 
the section is 2,880 lb The foice -V, being directed totvard the right, 
pioduces a compressive stress whose intensity is 
X 10,780 

4~5 ~ 2,400 lb per sq in 

The bending moment about is, m inch-pounds (here the sign of Yi 
IS disiegai ded) , 

X (4 X 12) ~ ] 1 X (5 X 12) = -f 112,800 in -lb 
Since this moment is positive, the beam bends dou nwards, Iheie- 
fore, the upper fibeis of the section pq are in compression, and the 
lov er in tension The maximum intensity of stress in the upper fiber 
IS (see formula in Ait 24, and example 2 of that article) 


112,800 X 2 5 


— = 23,500 Ib per sq in 


and that in the lowei fiber, 


__ 112,800X1 5 

h = j-y — 14,100 lb per sq m 

X 

Combining with these stresses the direct compression found 
above, we have, finally 

Total compiessive stiess = 23,500 + 2,400 = 25,000 lb per sq in 

Ans 

Total tensile stress = 14,100 - 2,400 = 11,700 lb per sq in Ans 


COLUMNS 

32. Definition — As stated m St7e7i^th of Afate?ialSy 
Part 1, the strength of a compression piece oi member 
depends on its length, and a 
piece so long that it bends 
pei ceptibl y betoie failure is 
called d column 

33. C 1 «i s s i r 1 c*a t i on of 
Columns — Columns are ejas- 
sified as follows, accoiding to 
the conditions of the ends 

1 Colu})nis loiih fixed ends^ (^) 

Fig 18 [a) The fixing of the 

ends lb so iigid that bending does not change the direction 
of the column at its ends 

2 Cohaini:^ luiih pivoi ends (also called -) ormd-ended col- 
umns), Fig IS (^), in which the ends can slide freely 
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a which £ = Young’b modiilub of elasticity of the matenal, 
m pounds pei square inch, 

A = area of cross-section ot column, in sqiiaie inches, 
/^ = maximum load, m pounds, that the column 
can suppoit 

71 IS a numbei depending on the end condition, and has 
he tollowing values 

w = 1 for columns with both ends pivoted, 

71 == 2i for columns with one end pi\ otecl and one fixed, 

71 = 4: tor columns with both ends fixed 

Fig 19 shows the graph of Eulei’s foimula plotted by 


taking \ allies of ~ as ab- 

7 

scissas and the coiie- 

P 

spondmg \ allies ot — ^ as 

oidmates The Littei 
should not exceed the 
j bending woiking stiess 
Yia 19 of the mateiial 

37. Euler’s foimula is deiived fiom the assumption that 
le column will tail by bending due to the moment pioduced 
y lateral deflection ot the column This deflection will occur 

nly when the value of ~ exceeds a certain limit below which 
le column will fail by crushing Foi the mimmuin value 



/ P 

f -> “IS maximum Assuming this maximum to be the 

7 A 

p 

lastic limit ot the matenal A, and substituting it for- in 


71 rr" £ 

)uler’s formula, L = “ 0 “, whence 


(;)■ 




^7ih 

77 


In Fig Vd O b repiesents the elastic limit A, and Oa the 
orresponding \alue of - The pait of the cin\e to tlie lett 

i ac does not apply, as for values of - less than Oa the 

7 

Dlumn would fail by direct compression 
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38. Straiglit-Lime and Parabola Foi luulas — ^These 
are not rational formulas, but lOugh geneiahzations from 
expel iments on the failure of columns, and weie devised foi 
convenience of piactical application They aie as follows 
St7aighi-lme foimula^ 

^ - yfe. X - (1) 

A 7' 

m which = ultimate compressive strength of mateiial, 

— constant depending on mateiial and on con- 
ditions ot ends of column 
Paiabola ioiinula^ 



m which L = elastic limit of material, 

k„ = constant depending on mateiial and on con- 
dition of ends 

The values of and are given m Table III. 

Each of these formulas is used only within the limits of the 
value of / r theie given Beyond these limits Eulei’s toi- 
mula 01 RankmeS toimula, to be tieated latei, should be 
applied The values E given in Table III are foi use 

in connection with Eulei’s foimula Thej weie computed 
for = 16 and 25, i espectively, the xalue*^ of n given in 
Alt 36 being only theoietical and holding good for ideal 
columns, where the ends aie either perfectly fixed or per- 
fectly free to turn The lettei m the table means millionb 

39. In formulas for wooden columns it is convenient 
to introduce the least width instead of the ladms of gyration 
of the cioss-section The following are parabola formulas^ 
foi columns with flat ends when I — d less than 60 


White pine 

— = 2,500 - 
A 


(1) 

Short-leaved yellow pine 

1 

o 

o 

co' 

11 

’O' 

(2) 

Long-leaved yellow pine 

- = 4,000 - 
A 


(3) 

White oak 

^ = 3,500 - 
A 


(4) 
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Example 1 — What is the safe load for a white-pme column 
in X 12 in 111 cross-section and 16 feet long;^ 

Solution — Since ^ = lb, foimula 1 may be used, 

therefore, P = 144 {2,500 - 6 X 16=) = 338,000 lb 

This IS the probable breaking load, the safe load depends on the 
factor of safety, which, for a steady load, may be taken as 6, making 
the safe load 66,300 lb Ans 


Example 2 — What is the safe load for a hollow circular cast-iron 
column 11 feet long, with flat ends, 8 inches outside diameter, and 
f inch thick? Use a factor of safety of 8 

Solution — Fust, ^ should be computed to ascertain whether to 
use Euler’s formula oi one of the others Fiom No 10 in Table I, 

^ = A = 2 58 m , 


hence. 


/ 

r 


14 X 12 
2 58 ■ 


65 1 


This being less than the limiting values of — for cast iron given m 

Table III, either the stiaight-luie or the paiabola formula may be used 
The formei gives, A being 17 08 sq in , 

/> = 17 08 (80,000 - 438 X 65 1) = 879,400 lb , 
which is the piobable bieakmg load The safe load, with a factor of 
safety of 8, is 

879,400 - 8 = 109,900 lb Ans 
The parabola foi inula gives the piobable breaking load as 
17 08 (60,000 - 2 25 X 65 1'*) = 861,900 lb 


40. Raukiue’s Foi‘miila — The following formula, 
known as Rankiiie’s formula, oi the Gordon- Rank! ne 
foimula, was derived partly fiom theoretical considerations 
and paitly fiom the lestilts of actual tests It covers a wide 

range of conditions, is applicable to all values of and 


seems to agree vith the results of experiments better than 
any other formula so far proposed It is as follows 

1 ■+- 


in which Sn = ultimate strength, 

kj, == constant depending on material and class of 
column 


TIT 399—7 
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Many values of and are in use, in a larg^e steel com- 
pany’s handbook, these are given ^ 

For mild steel, flat ends, Sh = 50,000, — n»ooo 

For cast non, flat ends, = 80,000, k^ = Trtoo 
In many specifications, especially in those foi budges, 

IS taken as the working stiess of the material, in which case 
the value of P obtained by Rankine’s foiinula (and the same 
applies to other formulas in which a similar notation is used) 
IS the safe load that the column can support, no factor of 
safety being necessaiy 

Example 1 — To compute the bieaknig load, by Rankiiie’s Eotnuiki, 
for a hollow circulai cast-iiou column with flat ends, the Lolumn 
being 14 feet long, 8 inches outside diameter, and -f inch thick 

Note — Ihis the sime as the second example of Ait .Ml 


Solution — From the solution in Ait 39, = 1 and A — \ OS 

7 

Making s„ = 80,000, /{•, = rAiii, and substituting in Rankiue’s loi 
mula, we ha\e 


17 08 X 80,000 
^ 6,400 


= 822,140 lb 


Ans 


Example 2 — To compute by Rankine’s foi mula the hictoi of satety 
of a mild-steel column with flat ends, 40 feet long, area of cioss-secLion 
11 3 square inches, and leatit ladius of gyration of the cross-sectiou 
2 47 inches, when the column sustains a load of 70,000 pounds 

Solution — Here - = J"" = 194, .4 = 113 IMakingjr,, = 60,000, 

= TeEooj and substituting in the formula, 

p = ^ ^ = 270,200 lb 

l + ra 

This is the breaking load When the Lolumn -.ustains a load of 
70,000 pounds, the factor of safety is 

276,200 - 70,000 = 4 nearU Ans 


EWMPI.I ^ I OR PRACIICF 

1 What IS the bieaking load foi a steel column wnth flat ends, the 
length of the column bemq 30 feet, area of cross section 41 sijii iie 
inches, and the least ladius of gyration 2 6 inches? Use the iis^liL 
line formula Ans 1,006,700 10 
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2 Wliat IS the bieaking load for a pm -end steel coluiuQ 40 feet 
aiea o£ cross-section 41 squaie inches, and ladius of e;"} ration 
3 4 inches^ Use the paiabola formula Aiis 929,350 lb 

S Deteimine by Rankiue’s formula the safe load for a flat-end 
steel column 18 feet longf, area of cross-section 8 square inches, and 
melius of g-yiation 3 inches Use a factor of safety of 4 

Ans 87,400 lb 

4 A hollow cast -11 on column 10 inches outside diameter, 1 inch 
thick, and 20 feet long, sustains a load of lb4,000 pounds Consider- 
injg; that the column has flat ends, determine the factor of safety by 
1"^ an ]vi lie’s formula Ans 7 3 


41. Design of Columns — By the design of columns 
IS not meant the selection of form of cross-section, spacing 
ot iivets in built-up metal columns, etc , but simply the 
deteimination of the dimensions ot the cross-section The 
choice ot foim depends on conditions a discussion of which 
does not fall within the scope of this Section 

The dimensions of the cioss-section can be determined by 
means of the pieceding foimulas, but the determination, 
except in special cases, cannot be made dnectly, because 
theie aie two unknown quantities in each formula, namely, 
/, and 1 01 d Usually, it is easiest to solve by the “tnal 
method,” as will be illustrated m connection with bridge 
design The special cases in which a direct solution is pos- 
->ible aie those wheie a i elation between A and r oi d is 
known, as in squaie, ciiculai, and a tew othei sections Such 
-uses aie illiistiated in the following two examples 

KxvMPrp 1 — A squaie uhite-oak column 10 feet long is to sustain 
L load of 70,000 p(niiKls with a factoi of safet> of 6 What must be 
he side of the cross-section^ 

SoLUjroN — With a factoi of safety of b, the bieaking load would be 
"0,000 X b = 420, ()(){) lb Also, W = d-, and I = 120 in , hence, from 
ormula 4 of Ait 30, 

vhence 3,500 = 420,000+ S X 14,400 

in cl, solvmjr for rf, c/ = 11 1 in Ans 

/ 1 ’() 

vSince . = ” =11, which is below the limit gnen m Art .30, 

a 111 

lie of the paiaboli foimuki is lustified 
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Example 2 — \Yhat size of lound urought-iron column with flat 
ends IS needed to sustain a load of 30,000 pounds, the length of the 
column being R feet? Use a factor of safet> of 4 


Solution —With a factor of safety of 4, the breaking load is 
120,000 Ib , W = \Ttr, ) = ^, and 2 = 8 X 12 = 96 m Hence, sub- 
stituting m the parabola formula, 

= 34,000 - 

dealing o[ fi actions, and sohmg foi fl'", 

, 480,000 + 199,197 , ,,, . 

= -d4i^3<3W’ ^ 

I 9b 4 

Now - = " - --- = 152 This value is less than the limit given in 
r 2 .52 

Table III, hence, it was proper to use the paiabola formula 


TORSION 

42. Twistiujg Moment. — A shaft, when in use, is sub- 
jected to forces that twist and bend it, and it is also some- 
times compressed Foi the piesent, only the twisting effect 
IS consideied 

By twisting moment at a section of a shaft is meant the 
algebraic sum of the moments, about the axis of the shaft, 
ot all the forces applied to the shaft on either side of the 
section No particular lule foi signs is used, except that 
moments in opposite diiections are given opposite signs 
It can be pioved that the twisting moment at any section ot 
a shaft at rest or rotating at constant speed, whethei com- 
puted fiom the forces on the light or from those on the lett, 
is the same numerically 

It is customaiy to express twisting moments in inch- 
pounds It may be convenient to compute the moments 
of the forces in foot-pounds, and then reduce then sum to 
inch-pounds The lettei T will be used to denote twisting 
moment 

ExvMPir — Suppose that the moments of the belt tensions repie- 
hcnted in Pig about the shaft axis aie, respect ivclv, 4,000, —500, 
-bOO, — b.SUO, —1,000, —700, aud —400 foot pounds, beginning fiom 
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the left Each ruoment is obtained by multiplying the conesponding 
force by the distance of its hue of action from the axis It is assumed 
that all forces, although acting at the suiface of the shaft or pulleys, 



are perpendicular to the axis What is the value of the twisting 
moment at any section of the shaft? 

SorurroN — The forces on either side of a section consist of the 
belt pulls, the weight of the shafting and pLille 3 s on that side, and 
tlie reactions of the beatings The weights have no moment about 
the ixisof the shaft If the shaft is tmmng, the frictional paits of the 
leactions have moments, but these are small and negligible Hence, 
the pulls only aic coiisideied in computing twisting moment At any 
section lictween the hist and second pulle>s, T~ 4,000 ft -lb , between 
the second iiul thud pulleys, T = 4,000 - 500 = 3,500 ft -lb , between 
the third and fourth pullej^s, T — 4,000 - 500 — 600 = 2,900 ft -lb , etc 

43 . Torsional Sri ess — When two cylindeis placed end 
to end aie piessed togethei, and then subjected to twisting 
foices in opposite directions, there is a tendency to slip, 
which, if the piessme is large enough, is prevented by the 
fi iction between the cylinders Just so in a solid cylinder 
when It IS twisted, there is a ten 
dency foi the paits on each side of 
a cioss-scction to slip oi slide on 
each othei, and the slipping is 
prevented by the sti esses at the 
section 

If tlic cylindei is circular in 
cross'SCLtion, solid or hollow, and 
the applied foices tend only to 
twist it, the stress in each cross- 
sec,tion IS a shear This shear, 
which IS culled loisional or twistnig* stress, is not uni- 
foimly distnbuted, but its intensity vanes as the distance horn 
the axis of the shaft. 
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44 . Twisting Resisting Moment — By the twisting 
lesisting moment at a section is meant the sum of the 
moments of the sheaiing sti esses on all the small paits of 
the section about the axis ot the shaft 

Let a , fTa, etc , Figf 21, be small aieis m the section of 
a shatt, s-i, -c'a, etc , the distances of these aieas fioin the 
axis, 5,, i , ^ 3 , etc , the intensities of stiess at these distances, 
6*,, etc , the total stresses at the small areas, and /, the 

intensity of stiess in the outeimost fibei, whose distance 

fiom the center is denoting- the diameter of the shaft by d 

Then, accoiding to the principle stated m the last article, 
the intensity of stiess at unites distance from the axis is 

2/^ 2/,^ 

= — X ^ 1 , = — X 5 'a, 5 , = — X OtC 

d d d 

Also, 

c 2/^ e 2/,, 

d d 

The moments of these stre't.ses about the axis aie, 
respectively, 

2 / « 2 / 
hS 1 -S' 1 “ X I 1 ) ■ 5 ' a 5 * 3 — X ill 2n ) 0 tc • 

d d 


and their sum is 
2 / 


+ <7o 2'j* -j- <73 


+ 


) 


- V- y 


2. a z 


d ■ ■ ‘ ^ d 

As the ateas a are made smaller and smallei, oi their num- 
ber mci eased, ^ a z" finally becomes the polar moment of 
inertia of the section about the axis (see Ait 11), and 

2/ V 

d 

section Denoting the polai moment by 7", the lesisting 
9 / 

moment is "" X 7, and, siiioe this is equal to the twisting 
d 

moment T of the external toices, the fc llowing fundamental 
foimula IS obtained 


2 / 
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J? 3.-) 


If fni / IS substituted the ultimate shearing stress r, of the 
ni.ifLiicil, foimul.i 1 gives the toisioniU sti-enprtli of the 
‘‘hcitt:, namely, 



( 2 ) 


J == 


and r = - 

16 


‘ 15 , For a solid i inula) ^s/iafi, 

nr 

I'^)! a liolloto iinulai i^hiUt, in which iL and d-, denote, 
icspcLlively, the outndc and the in^^ide diameter, 

ind 7 = 

16^/. 


J •- 


( 1 ) 


(2) 


10 , h'or d M/uait \hafi, the law of vaiiation of the shear- 
sticss IS not so simple as toi ciicnlai shafts 'Fhe 
^^icatcst viliic <)l the intensity ot sheaiing: stress occuts at 
the niiddlc of the sides of the square The stienoth of the 
sliaft is j^iven hy the tollowingf foimula, in which d denotes 
one side ot the (.loss-seelion 

T ^ 

5 


I^WMTiF — A hollow shift whose innei and ontei diameters are 
I Old 10 im Irs, 1 1 spec ti\Ll\ , is subjected to a twnstmja^ moment of 
J )(),00() foot-pounds \Vliat is tlie value of the maximum sheaini^ 

tits,'* 


SoitiiroN hioni foi mill i li (if Art 45, 

16 7^,^ 

T (S’.* - rf/) 

Hlic, / = r>0.(Ki() IJ =- .t,(X)0,000 in -lb , rf. = 10, i/, = 4 Sub 
stitulin;.^ m the l<iii (.‘oiiiiLi ttination, 

K) X 5,h(K) ()()() X 10 


\ llli)ll()‘ ~ 4‘j 


= I'), 680 lb pel sq in Ans 


17 . 'roislonni ^stirfiie^s. Aiij^le of Toi sion. — When 
a sluitt IS ti insinittin^^ powei, it is twisted, and the pulleys 
on It tiiin slij^lnh witli icspect to each other The amount 
of tins iwistinj^ dt.peiKls on the stiftness or rioidity, and not 
on the slien^th ot tlic material Large amounts of twist in 
cl shaft die tihicelionablc, hence, stiffness i ather than stiength 
may determine the size of the shaft Rules foi desionnig 
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are based on experience rather than on theory, and do not 
fall within the scope of this Course 

48. In any shaft m which the twisting moment is con- 
stant, a line on its suiface, as Fig 22, which is parallel 
to the axis befoie twisting, takes a foim such as n 
after twisting The line n is a helix if the stress does 
not exceed the elastic limit If a piece of tracing paper 
were wrapped about the cylinder, and the lines vi7i and vi^ n 
traced on it, they would be found to be straight wh^n the 
paper is laid out flat The angle between the two lines is 
called the helix and that between the two lines 

and om^ is called the aii^le of toision For a solid circular 
shaft, the angle of torsion a (degiees), Fig 22, for any section 



distant I from the end n of the shaft is given by the formula 

5,760_7;/ 

m which E is the shearing modulus of elasticity 

Noie — The last foimula is the basis of the method for determining 
the shearing modulus of elasticity of au^ material A specimen of 
the material is twisted, and the angle of torsion and the twisting 
moment are measured These values and those of I and d are ne'^t 
substituted 111 the formula, which is then solved foi E 

Ex\MpnE — What is the angle of toision foi a 20-foot length of a 
wi ought-iron shaft wdiose diameter is 8 inches, when it is subjected 
to a twisting moment of 17,500 inch-pounds^ 

Solution — Heie T ~ 17,500, /= 20 X 12 — 240, E = 10,000,000 
{Shettgih of Afate?iah, Part 1), and d = ?> Substituting in the 
formula, 

^ 5, 7()OX 17,500X 240 ^ 

8 141()‘ X 10.000.000 X 8‘ 

49. Beudinjr of Shafts — The foregoing foimulas do 
not take into account the bending of the shaft, hence, for 
long shafts can yin g loads, such as pulleys between sup- 
ports, thev should not he used Where shafts aie subjected 
to bending only, they are treated as beams, although they 
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may rotate The formulas for beams apply directly to such 
cases, but not to cases in which there is combined bendmgf and 
torsion In the lattei case, an equivalent twisting moment 
may be tound, by the use of advanced mathematics, that will 
take the place of the twisting and bending moments combined 
Let /)/ = bending moment for any section, 

T = twisting moment for same section, 

71 = equivalent twisting moment 
Then, T,=M+ V/I/’ + f' 


EXAMPLES FOR PRACTICE 

1 If the twisting moment in a solid circulai ^\rought-lron shaft 

IS 2,500 foot-pounds, what should be its diameter^ Use a factor of 
safet> of 10 Ans 8^ in 

2 What IS the angle of torsion for a 12-foot length of wrought-iron 

shaft whose cliametei is 6 mches, when it is subjected to a tuisting 
moment of 18,000 foot-pounds? Ans 1 4° 

8 A hollow cast -11 on shaft has an outside diameter of 8 inches 
and a thickness of 1 inch If the twisting moment that the shaft can 
safely sustain is 80,000 inch-pounds, what is the factor of safety? 

Ans 17 


STRENGTtI OF ROPES AND CHAINS 


HOPES 

50. Ilemii aiul Manila Rope‘s — The stiength of liemp 
and manila ropes vanes greatlv, depending not so much 
on the mateiial and aiea of cross-section as on the method of 
manufactuie and the amount of twisting 

Hemp ropes aie about 25 to 30 per cent stronger than 
manila lOpes or taried hemp ropes Ropes laid with tai 
weai better than those laid without tar, but their strength 
and flexibility aie gieatlv reduced For most purposes, the 
following formula may be used for the safe working load of 
any of the thiee ropes mentioned above 
P = lOOC^ (1) 
in which P = working load, in pounds, 

C — circumference of the rope, in inches 
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This lormula gives a factoi of safety of ftom 7i for nianila 
or tarred hemp rope to about 11 toi the best thioe-stiand 
hemp rope 

When the load P is given, the circumference is obtained 


by the formula 


When excesbive wear is likely to occur, it is better to 
make the circumference of the lope consideiably larger 
than that given by formula 2. 


51. Wire Ropes — Wire lope is made by twisting a 
number of wires (usually nineteen) together into a stiand, 
and then twisting seveial stiands (usually seven) together 
to form the lope Wire lope is very much stiong-ei than 
hemp rope, and may be much smallei in size to cany the 
same load 

For iron-wiie lope of seven strands, nineteen wiies to the 
strand, the following formula may be used, the letters having 
the same meaning as in the foimnla in the piecedmg aiticle 
P = 600 r ( 1 ) 

Steel-wire ropes should be made of the best quality of 
steel wire, when so made, they aie supeiioi to the best iion- 
wire ropes If made from an infeiior quality ot steel wire, 
the ropes aie not so good as the better class of iron-wire 
lopes When substituting steel for iron lopes, the object in 
view should be to gam an inciease of wear lathei than to 
reduce the size The following formula may be used in 
computing the size or woiking stiength of the best steel- 
wire rope, seven strands, nineteen wires to the strand 

P= 1,000 r (2) 

Formulas 1 and 2 are based on a factoi of safety of 6 


52. Long^ Ropc'^ — When using lopes foi the put pose ot 
raising loads to a considerable height, the weight of the lope 
itself must also be considered and added to the load The 
\\"eight of the lOpe pei running foot, foi different sizes, may 
be obtained from the manufacturers catalog 
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Ex\MPrr 1 — Wliat should be the allowable working load of an 
non-wire rope whose circumference is 6 t inches^ The weight of the 
rope IS not to be considered 

Solution — Using formula 1 of Ait 51, 

P = 600 X (b|}= = 27,337 5 lb Ans 

Example 2 — The woiking load, including the weight, of a hemp 
lope IS to be 900 pounds What should be its ciicumference^ 


Solution — Using formula 2 of Art 
10 


C = 


= 3 m 


50, 

Ans 


53. Size of Ropes — In measuring ropes, the circum- 
ference IS used instead of the diametei, because the ropes are 
not round and the circnmfeience is not equal to 3 1416 times 
the diametei Foi thiee stiands the circumfeience is about 
2 86 d, foi seven strands, it is about 3 d, d being the diameter 


CHAINS 

54. The size of a chain is always specified by giving 
the diametei of the iron liom which the links are made 
The two kinds of chain most 
geneially used aie the open- 
linlc chain and the stiul-lmk 
chain The foimei is shown in 
Fig 23 (a), and the lattei in 
Fig 23 id) The stud prevents 
the two bides of a link from 
coming together when under a 
heavy pull, and thus stiengthens 
the chain 

It IS good piactice to anneal 
old chains that have become 
buttle by ovei sti aming This 
lendeis them le^s liable to snap 
f I om sudden jeiks The annealing process i educes their 
tensile stiength, but increases then toughness and ductility 
— two qualities that aie sometime? more important than 
mere strength 


o 




V V 





u 



(a) 

Fig 23 

(6) 
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Let P = safe load, in pounds, 

d = diametei of link, in inches 

Then, for open-link chains, made from a yood quality of 
wrought iron, 

7 ^= 12,000 ( 1 ) 

and, for stud-link chains, 

/>= 18,000 a ''- ( 2 ) 

Example 1 — What load will be safely siisUuned by a I-mch open- 
link chain ^ 

Solution —Using formula 1, 

P = 13,000«’“ = ]2,(X)0 X ’= lb Ans 

Example 2 — What must be the diameter of a stud-link chain to 
cairy a load of 28,125 pouiidb? 

Solution — Solving formula 2 foi d, 

~P 128,125 



HYDRAULICS 

(PART 1) 


FLOW OF WATER THROUGH ORIFICES 
AND TUBES 


FUNDAMENTAL FACTS AND PBINCIPLES 

1. In ti od tic tioii — In hydi ostatics, the principles 
deduce(d foi pertect liquids apply with very little eiror to 
liquids that aie more or less imperfect Thus, the laws 
1 elating: to pressure on surfaces are scaicely affected by the 
viscosity of the liquid, and, so long: as the liquid is at lest or 
moving veiy slowly, internal fiiction, or viscosity, ina> be 
neglected But in dealing with the flow of liquids, which 
is the piovince of hydiaulics, the viscosity becomes of great 
impoitance Foimulas derived for the flow of ideally per- 
fect liquids must be modified to take account of the internal 
friction due to eddies, cioss-currents, friction between the 
liquid and the walls of the enclosing pipe or conduit, etc 
In the study of hydiaulics, therefoie, the following method 
IS adopted (1) Formulas foi flow are deduced on the 
assumption that the liquid is peifect These formulas are 
called lational foiiniiliis (2) In order to obtain results 
that will apply to imperfect liquids, and take into account all 
the conditions of actual flow, lational formulas are modified 
by introducing into them ceitam numbers determined by 
experiment Such mimbeis are called Cinpiiieal constants, 
and the lesulting modified foimulab aie called einpiiical 
foi mil 
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As hydiaulics is thus largely a matter of empirical con- 
stants, it IS not to be expected that problems on the flow of 
water can be solved with the same accuracy as problems in 
inteiest or mensuration The calculated result of the flow 
through an orifice or over a weir is likely to be in eiior by 
from 1 to 3 per cent , that toi the flow in a long pipe, b 3 ’’ 
0 per cent , and that for the flow m a channel or conduit, 
pet haps by 5 to 10 per cent 

2. Discliaige, Velocity, and Ci oss-Section 
Assume water to flow through a pipe, and the pipe to be 
tull Let F denote the area of a cioss-section of the pipe, 
and Q the volume of water flowing past this cioss-sectioii 
in a second The volume oi quantity Q is called the dis- 
cliaige of the pipe If all the pai tides move past the sec- 
tion A' with the same velocity v, it is evident that the quantity 
passing in 1 second is equal to the volume of a pi ism oi 
cylinder whose base is A' and whose length is v, hence, 

Q = Fv 

In this and subsequent foimulas given m this Section, 
A' will expiess the aiea, in square feet, v, the velocity, in 
feet per second, d, the dischaige, in cubic feet pei second, 
and //, the height, or head, in feet 

Actually, the particles of watei passing thiough any sec- 
tion will have different velocities, those near the walls 



of the pipe moving more slowly than those near the centei 
The fortuula just given may, however, be used, with the 
understanding that v signifies the mean velocity of the flow 
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I( the iiCiL nt the pipe wines, as shown in Fijr I, the 
rut an xelnLine^ il dittucnt sections will vaiy Since watei 
piattualh iiKtunpi c ssilile the Stinie (pi nitity must How 
tlnnii^h taeh sietion ])ei unit of time, hence, dcnotinj^ the 
ail IS cd the I ’ oss-sLct ions tit * /, />’, and C hv /\r^ A, and A, 
i c spt etiM.l\ , ws must have 

(J 1 , Q ” /VTV, Q “ rv, 
w Ik Use I , " lu c/ I , v 


*\.lso 


^ A a. f a, ^ 

// a A’ 7c A 

d'lu SI list (.(jiiatinns shov\ tlnit vthH{fu\aia)ivi7i\yi)a\\- 
\n iio}i\ iUt ti\ lilt ft/ftis (>/ ///(Mr t ff*\s-'sn hofis This is 

I iuiidanitiil il junu ipli , and shmild In incinoii/ed 


I I n<‘r«^\ (>r Wiitio As (‘splaincd in Kniniialu s and 
I\in ih\, a lind\ lias tneipy whin it is tiijiahle of cloinj^ 
null III ipv in ly he t itliei kim tic oi jiutcnti.d 
\ iii.iss nt luiuid iiiaN possess ti store ol ciiei} 4 y due eilhci 
to Its niiition. Us jxjsition, Ol ilu iucssuic to uhali it is siih- 
jcitul It It is in motion, as ni .i stuain m nvci, it has 
kiiiclu it It IS in motion and tit the sanit time iiiulci 

picssiiu, as in a waltiwoiks pipe line, it has, in addition lo 
tliL kmclK iiKip> line to its vt locity, a (citaiii potential 
inir'’\ dm to iho pussiiii and called pic^ssnre 
I'lnalh, it Ilu Iniiiid is at a ciitam t IcVtitioii ai)o\(. a Icvi 1 
th It It (\(nuiallv iiaihes, it has anothei foini of potential 
t lit i e\ , t ilh d eiui;Ljr> of [xisitloii, watt i in a staiul pipe 
IS in i vampit 


5. 'I ill* Il 1 itiun lit twt en the ddlei ent kinds of c neiyy may 
lu‘ i vpl uiit d w ith tilt nil ol hm Tlu tank /;/ is tilled with 
w ill I to the It \ 1 . 1 a, whuh is h lett abow the itleieiKc 
]t*vel /' lit any intei mcdiatt Uvcl, as r, lit thostn at laii- 

(loni W ith till 11 !.»■// tu o I ylmdci s ii e t oiukc ted, om. .it the 
lc\c] b and tlu (Ului at ( Assume the w itei to ht cntncly 
at lest \ wtiplit tonsistnm' ol I! pounds ot uatci hin^ at 
the ujijiti h\el a h.is cncif^y ol position, the amount 
\v liu h Is i asil\ found In tie st endin'; to tlu* i ctci cut t ]c\ cl //, 
the uciuht U u ts thitmpfh a distant c //, hciice, its capacity 
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for work, referred to the level b, is W li This weight IF at 
the upper level has no ptessuie eiieigy, since the gauge 
pressure at the surface is zero (the atmospheiic piessure is 
neglected), and it has no kinetic eneigj', since it is at rest 
Consider, now, a mass of watei of weight (F at the refer- 
ence level b in the leg n This watei has no eneigy of posi- 
tion, for It IS already at the lowei level, and can fall no 
farther It is, however, subjected to a piessuie due to the 
head /i, and, because of that pressme, may be made to do 
work Suppose a valve to be opened into the cylmdei l, 

then, the water will enter the cyhndei, and, because of its 



pressure, will overcome a lesistance A and push the piston i 
to the right When the weight U' has enteicd the cvhndei, 
let the valve be closed and let a second \alve oiiening to 
the atmosphere be opened The gauge piessnie m the 
cylinder is now zero, the velocity is /eiu, and tlic disLince 
of the mass ot water above the level b is /eio, honee, iis 
total eneigy is zeto, and the encigv it had befoic entering 
the cylinder is pieciselv equal to the woik done on the piston 
This work is calculated as follows '['be volume of the 

weight W that enters the cylinder is Ij ^ euhie feet, taking 
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the weight of 1 cubic foot of water as 62 5 pounds Let A 
denote the piston aiea, in squaie inches, and L the distance, 
in feet traveled by the piston, then, the volume swept 

throug'h by the piston is X cubic feet, and, since 

this IS also the volume of the entering water, 

AL ^ 

144 62 5’ 

whence AL = WX ~~ = » since = 434 

62 5 434 144 

The pressure p at the level b is 434 h pounds per square 
inch (see Hydrostatics) The total pressure on the piston 
IS pA, and the work done by this torce pA pounds acting 
through the distance L feet is 

pAL= 434 X == \V Ji foot-pounds 

4o4 

It appears, therefore, that the energy of ]V pounds at the 
level b due to the pressure is the same as that of [/^pounds 
at the level a due to position 

It is moie convenient in subsequent foimiilas to express 
the piessuie eneigy in terms of the intensity ot piessure 
As shown m Hydrostatics, the intensity of pressure p due to 
a head of h feet is equal to wh pounds per square incii, 
where ( = 434 pound) is the weight of 12 cubic inches of 
water Theiefore, 



U) 

and Wh = W-^X^ 

70 

Hence, to find the iDiessure eneig\, in foot-pounds, of a 
given weight ot liquid, multiply the weight, in pounds, bv 
the piessure, m pounds per squaie inch, and divide the 
result by the w^eight ot 12 cubic inches of the lujuid 
Take, now% a mass of wmtei at the intei mediate le\el c 
If the liquid is allowed to enter the cylinder /, it wnll do work 
on the piston because of its piessure, and, as just shown, the 
amount of this piessuie energy is Wh, foot-pounds But, 
on leaving the cylinder /, the winter can still do the w’-ork 
W in falling to the level b, that is, it has energy of 
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position equal to \Vh. foot-pounds The bum of the two 
IS Wh^ -f- 01 //^(/^ that is, W k toot-pounds 

It appeals, then, that it tlie watei is at lest, the eneigy of 
a g^iven mass with lefeience to the level b is the same at 
all levels At the iippei level a, the eneigy iv, ^11 due to 
position, passing downwaids fiom a to the eneigy Qt 
position decieases and the pressuie eneigy inci eases, until 
at the level b the entiie energy is piessuie energy 

6. The change from one foim of eneigy to anothei may 
be represented giaphically as m Fig 2 (/;) The lectangle 
A BCD IS drawn with 'i B in the level a and CD m the 
level b The constant width lepiesents the constant eneigy 
W h The diagonal B D diawn, then, the honzontal intei- 

cepts between AD and BD repiesent the eneigy of position 
at different levels, while those between B D and BC repie- 
sent the corresponding pressure eneigy Thus, foi the level r, 
E F ■=■ eneigy of position = WJi 
EG — piessure eneigy - Wh, 

Similarly, for the level d, H K and AV. lepiescnt, respect- 
ively, the energy of position and the piessure eneigy 

7. In case of a stieam of freely falling vvatci, theie is a 
similar change fiom energy of position to kinetic eneigy 
In Fig 2, MJV shows such a stream At yl/, the weight IF 
of a mass of liquid about to fall has a potential energy of 
IV/i foot-pounds, with reference to the level b The same 
mass at jV has no longei any eneigy of position, but has 
acquired kinetic energy, due to the velocity ot its fall 
Now, It was shown in Kinematics and Knuius tliat a body 
weighing W pounds and moving with a veh)city of v feet 

per second has a kinetic eneigy ^ , also, that the velocity v 

o f a b ody falling fieely thiough a distance // is equal to 
V2^/z, and, theiefore, »= = 2§-// Let K lepiesent the 
kinetic energy of the body after it has fallen through the 
distance h Then, 

K = = k:>l1ea 

2^ 2r 


Wh 
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At the intermediate level c, the velocity of the falling: 
vater is and the kinetic energ-y is Wh^ The energ-y 

>1 position IS \Vh^ The total cnei gy IS Wh, -h Ju — W h 
"ho 2 (/;) lepresents also this changfe from eneigy of posi- 
*on to kinetic energy The deci easing intercepts between 
/ and B D give the deci easing eneigies due to position, 
/hile the mci easing mteicepts between and i^Uiepie- 
ent the increasing kinetic energy 

BERNOULLI’S LAW FOR FUlCTlONLKSS FLOW 

8* Stiuciuent or liornounus Law — The energy 
assessed by a mass of liguid mav be expended in two ways 
1 ) useful work maybe done by the liquid, as exemplified in 
atei wheels and hydiaulic engines, (2) woik nicU be done 
ovei coming vaiious fiictional lesistances In eithei case, 
nj loss of energy is 
jui valent to the 
ork done 
In the case of a 
juid merely flowing 
a pipe oi channel, 
ere IS no woik done 
i othei bodies — no 
heels tu i n e d, no 
>>tc>ns moved — and, 

It is assumed that 
^ liquid is tiictiun- 
•, s , no e n c 1 g y is 
pended in friction ^ 
icdlows that dating 
i flow the amount of encigy icmains constant, and at eveiy^ 
)ss-scction the encigy of a given mass ot liquid is the 
ue 'rius statement is P zmlhoiti (}iLiwn 

[n Fig watci flows fiom a tank thiough a pipe of 
'ying cioss-section The level b thiough the end ot the 
»e IS taken as the lefeience level or datum plane Consider 
^ section A of the pipe, and assume the velocity at that 
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section to be t'l, denote the mean height of this section above 
the leference level by and let indicate the gauge 
pressure At this section, a mass of watei ot weight IF has 
energies as follows 

Energy of position = JF//, 


Wv . 


P. 


Kinetic eneigy 
Pleasure eneigy = JFX 
The total eneigy R at this section is, theiefoie, 

E = IF//. + f'FX s'- + = wih. + 

2^ 7t' \ 2^ ujJ 

Smiilaily, at section B, 

E = Jf(/i,+^^ + R, 

\ 2g 20 ) 

Accoidiiig to Beinoulli’s law, the eneigy at B is the same 
as at Ay hence, 

rri/j. + 1' + f 


2i' 


70 


2? 


whence 


2£ 7U 2j> fi' 


9. Velocity Head and Piessuic Head — In the fore- 
going equation, //, and aie heads oi distances, //^ is the 
distance of section A above the level and //a that of sec' 
tion B above the same level It is convenient to give to a 
height above the lefeience level, as //, oi //j, the name 


potential liead The teim lepiesents the height that a 

2? 

body must tall fiom lest in oidei to attain the velocity zq, 


this height IS called the velocity head The teim repre- 

70 

sents the head necessaiy to piodnce the picssuie of />, pounds 
per square inch (see Ait 5), hence, this teim is known as 
the piessjurc licad 

Beinoiilli’s law now he stated as follows 
Bi the flozv of a ronshuft quantity oi 7oati} tfnongh a pipe oi 
channel, iviih fi iction dnifgaided, the ^lon of the potential head, 
velocity head, and piessiiie head n> the hanie at all stt lions 
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It will 1 h‘ (»l)stM\etl tlKit each of the heads hcie defined, 
wlun niiiltiplud Iw the weij^ht JT, eneigy in one foim 

()l innlllLl 3 'Ihis, 

II '' potintial head - cnei ot position 

II \i]oi.it\ liead = kineliL enei "y 
ir \ pu'ssine head == inessiiie enei<;y 
ddu Lonstant sum oi tlu tlnee heads is i cadily detoi mine<l 
toi a uist, Ida til it ^li( » w II in 3, in wliieh tlu luiuid sin tac t 
Ills aiui Miilati At the level rr, 7 > — 0, and -- o, heiKc, 
tlu \(loin\ and pu^Miie heads ai e both ecpial to/eio, and 
tlu sum t»l tin iliKi lusids is iiuicly the hctid //, the hcij^ht 
of tin hwid f/ ahn\t* th(‘ udeuiue le\el This head // is 
lalUdtln 1 m <1 1 O'-*! n t H lusid, oi , moi e eonimoiily, tlu stjitlc 
h( nd In in t t*a anv stitioii tlu sum of the tlnee he ids is 
equal to tin siiin lu ad, with leUienee to the datum level 
I \ \Mi M lull I, // 10 ftt i, //, " ij fttt, ind //j s hi i 

'I In IK I III tli« titmn t tlnoti'di uliuh tin w ilci is (list li n is 

>0 sijii in lui ii( iinl tin luasiif ilic‘ st t tioiis / and// iit.n split 

i\ ( K , iiO pi n ( iin In tnd lS()s(|iiiu iiulus 0 lu How isiniifoini 
uni I* tssimn d Ki In fintionUs-- Ivitjuind tlu (pinitiU disiliiund 
uni tin \il«nU\ iiid i>K MiH lu id* U s(.( tioiis / tiiid // 

Soil NON Iin t ink IS ai 1 n ';e, ( onip u t d With tin pipi , th it i1 
in i\ in i unn d uilhoiit ni\ ipiiiciKibh iikm th it tlu uaUi ill tin 
h \ I I </ li IS no ' t h .i U \ , In III c , it iMlu \ t Im ll^ hc id is /t i o, tin j>k - 
nit In If! I il M /f 1 o ind t lu ] nit t ni i il Ina d, \v ith 1 1 ft u in i to tlu 

h \t I < 1 /' i , dn jmssiiii In id is /iio, snu l tlu n ilti flis- 

iliuio tiiiK into tin itnn»q)luii, tin j n»ti nt lal lu ul , with 1 1 fi ic in t 

7» , 

to t In If \ I I f ' d f t /( lo Liifl I lu \ i l(i( lt^ lu id IS ^ Ai I o! (Ini'* to 

— S 

rtinowlld liu. tin Mini of tlu licads at a must he etjii.il to the siiin 
< »l tin In id n f th it n , 

\\ h< in ( 

. \ ’ / \'- 
h I nin tin loi inn! i in Xi 1 !li, 

f' ' / , ^ -)() / IJ 7 cu fl pci see , neady Ans 

'tin \(loiitn ihniv tin ]npo vai> inveisi-lv as the aitas of the 
‘ I I t n Ills I Ai 1 'I In in r 

7 ‘, ^ fl) 7 y ,S|, = ■}() 111 ft per sec 

and rs r, \ ">n 7 X ,Y„ — H) 1 1 ft pei sec 




'JJ 1(» X 10 = 7)0 7 ft pci sec 
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and 


The coriesponding velocity heads aie 

2^ - iTx H2 Ih 
^ 10 14 = 

2^' 2 X ‘12 h) 

The sura of the tlnee heads for all sections is 40 ft 


= 14 4 ft Ans 


= 1 G ft Ans 


section A, the piessuie head is 

40 _ = 40 - 12 ~ 14 4 = 13 6 ft Ans 

and at section B it is 

40 - 8 - 1 0 = dO 4 ft Ans 


Hence, at 


10. Pie^ometric Mecisiiroineiit*:; — In Fig: 4, which 
IS a lepioduction ot Fig 1, is shown a hotizontal pipe 



discharging into the atmospheie Taking the axis of 
the pipe as the lefeience level, the potential heads at that 
level are all zero, and, theietoie, the last equation of 
Art 8 becomes 

2q 7u 2i> 7i> 

That IS, the sum of the velocitj^ head and picssuie head is 
equal to the static head at the level of the axis of the pipe 
At the sections 7?, and C tubes and r aie inseited in 
the pipe If the end of the pipe is stopped so that theie is 
no flow, the watei will use in the lubes until it reaches the 
level of the watei in the tank As soon, however, as the 
pipe is opened and llow begins, the watei falls in the tubes 
Let /z/ be the height of the watei in the tube a above 
the reference level This is evidently the pressure head at 
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section A If the velocity at this section is denoted by Va^ 
the last equation of Art 8 gives 

h = -f hj, 

whence - J^J = hjf 

denoting by the velocity head at A 

The same reasoning applies to the other tubes In each 
case, the height of the watei in the tube measures the p?'es- 
^lue head for the section, and the difference between the 
level ill the tube and the level in the reservoir or tank 
measures the velocity htad 

Wheie the cioss-section has the greatest aiea the velocity 
of flow is least, and in consequence the velocity head is least 
and the pressure head is greatest, and, vice versa, at the 
sinallest section the velocity and velocity head are greatest 
and the piessuie head is therefore least 

11. A gauge oi tube inserted in a pipe to show the pres- 
sure of the water is called a piezometer When a piez- 
ometer is to be placed in a pipe through which water is 
flowing, the tube should always be so mseited as to be at 
right angles to the cuirent in the pipe, as shown at a, Fig 5 



Fig 5 

For, if the tube is so inclined that the current flows against 
the end, as shown at the action of the current will force 
the watei into the tube, and cause it to rise higher than the 
head due to the piessure, and, if inclined in the opposite 
direction, as at r, the action of the curient will reduce the 
indicated piessure The end of the tube should be made 
smooth and flush with the inner suiface of the pipe While 
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It IS usual to tap the tube nto the top of the pipe, it is 
advisable foi accurate measiiiements to connect tubes with 
the sides and bottom also Results obtained from piez- 
ometer measiuements aie liable to some unceitaint}^ 

Ex^.mple — The velocitie'', zs, Vi„ and zv. Fig 4, bein-g, lespectively, 
80, 5, and 10 feet pei second, and tlie static head //, JO feet, required 
tlie velocity head and height of watei in the tube at each section 


Solution —The thiee \elociLy he ids aic 


In tube 
In tube by 
In tube Cy 


, „ _ _ , , 

2^,' 1 X U> 

ft Aus 

!i 

X 

11 

Ans 

](T 

Ans 

II 

1 

II 

Ans 

V = 20 - V) = P) ()l ft 

Ans 

//c' = 20 - ‘IS = ](» 02 ft 

Ans 


12. Reinailvs on 15einoulh‘’s T^aw - Beinoulli’s law 
without tnction is the basis of all the foi miilas foi the flow 
of watei thiough oiificcs, wens, and shoit lubes In these 
cases, the tiiction belweeii the liciiiid and ihc enclosing 
sill faces IS veiy small m comiLiiison with the othei quan- 
tities that entei the calculation 

111 the case of flow in long pipes, channels, sti earns, etc , 
the friction becomes a veiy impoitant factoi, and Beinonlli’s 
law must be modified accoiclingly This modified form will 
be taken up with the flow of watci in long pipes, channels, 
and streams 


PLOW OF WATER THROUGH ORIFICES 


^ THEOREIICAL VICLOCIIY VNl) DISCIIARGE 

'^'13. Flow Till Oil gfli a SniJill Oi Iflcc Into the Atnios- 
pheie. — In Fig 6 , it is assumed that the vessel is kept full 
to the level a Openings, oi oi ifiees, are made at the 
levels by and c These onbees aie supposed to be so 
small, compaied with then distances below the sntface, that 
their dimensions may be neglected The head on any of 
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them may, therefoie, be taken as the distance of any part of 
It from the suiface 

If the level ot any oiifice whose head is h is taken as a 
plane of lefeience, and the water is assumed to discharge 
fieelv into the atmosphere with a velocity both the poten 
tial and the piessure head aie 
equal to zeio, and, therefore, 

the velocity head must be 
2 ^ 

equal to the static head h 
(Art J)), that is, 
v"" _ , 

whence 

V = (1) 

This value ot z- is called the 
t heox otic al a eloc 1 1\ ot efflux 
thiongh the onfice Owing to 
fi iction and olhei resistances, 
the actual velocit}^ is a little 
less than the theoretical, as will be explained in another place 
It mil be observed that the theoretical velocity of efflux 
till on gh a small oiifice is the same as the velocity of a body 
falling tieely in a vacuum through a distance equal to the 
head on the oiifice 

Using the \alue 32 16 for or 8 02 for V2^, formula 1 
may be wiittcn 

2' = 8 02V^ (2) 

Also, the head h necessary to produce a velocity z/ is given 
by the foi inula 


Pig b 


h 



^ 

2 X 32 16 


01555 v- 


(3) 


f' 

14. Flc)^^ iriulei I'lessnie — In Fig 7, the water at 
the uppei level a is loaded with a weight R/, which produces 
a pressute on the suiface of the liquid The water flows 
through the onfice o into a second vessel, in which the liquid 
level c IS //a feet above the orifice To determine the 
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theoretical velocity of dischai ge thiough the oiifice, the level d 
IS taken as the leference level, and, applying Bernoulli’s law, 
It IS found that, at the level the potential head is //i, the 

velocity head is zero, and the pressiiie head is ^ where 


denotes the pressure pet square inch on the watei surface 
due to the weight W If F is the aiea of the liquid sui- 



face, is equal to 


rr 

r 


For 


the jet emeiging tiom the 
oiifice, the potential head is 
zero, the velocity head is 
v"" 

^ , and the piessure head 

lb //j Fiom the last equa- 
tion ot Ai t S, 

/,, + 0 + ^' = 0 + f + //„ 

70 2 O' 

whence 






Let h' denote the head that gives the piessuie 


- //, 
then, 


/F + //, -- //, = /F + //„ 

_2ir 

and t; = V2 {/? + //„ ) = 8 02 \7/' + /;„ ( 1 ) 

If the jet dischaiges into the atmosphere, as in Fig 6, 

//. = 0, //„ = //,, 

and, therefore, v = 8 02 V/F -{- /c (2) 

On the othei hand, if theie is no extra pressure on the 
suiface at and the jet still dischaiges into the atmosphere, 
/F = 0, //_ = 0, //„ = /i^ 

and 7' = 8 02 V//,, 

wnich is the same as foimula 2, Ait 13. 


Exempli: — L et the aiei <jf the liquul suiface at a, Fig 7, be 
5 squue feet, ind let equal 2 tons 'rhe oiihce o ’s 20 feet below 
the level a and S feet below the level i ia) Find the \elocit\ of How 
through the onhee (/>) Find the velocity of fiow' at the level the 
dischaige beuis; into the atmosphere 
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SoiunoN — (a) The external pressuie is 

2,000 X2 ,,, ,, 

5~X~144“ sq m 

and from the equation in Hyd}osfatics, k ~ 2 304 p, the corresponding; 
head //' is J ">04 X 5 5fi = 12 S ft , h, = 20, //. = 8, and //„ = 20 - 8 = 12 
F 1 om foi mnU 1 , 

V = S 02 V// H- //(, = S 02 Vl2 8 “}- 12 = 39 94 ft pei sec Ans 
{b) Fiom foi mulct 2, 

z> ~ S 02 V/' + //i = S 02 Vl2 8 + 20 = 45 93 ft pei sec Ans 

15, Laiae Oiifice in Bottom of Vessel — If the 
dimensions ot the oiifice are laige compaied with those ot 
the enclosing: vessel, the formula foi the theoietical velocity 
of efflux IS obtained as follows Let a denote the aiea of the 
cnifiLC, and the aiea of the liquid surface at the upper 
Rw cl (see Fig 8) Fiiither, let r' denote the velocity 
Lluoiig:h the oiifice, and z'o the velocitv wnth 

*1 

which the watei at the iippei surface i i- 

descends According- to Ait 3, the veloci- 
ties aie inversel}^ as the a^eas, that is, 


whence 



The \elocity head at the upper level is, 
thei etoi e, 

‘2 f ' 2 2^ XF ^ 

As in the example in Ait 9, the piessure heads are both 
7610, and the potential head at the oiifice is zero, while at 
the suifacc it IS /i The last equation of Ait 8 becomes 
thei efoic, 

^ + 0 = 0 + /- + 0 , 


\\ lienee 
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If A IS moie than twenty times a, the factor in the 


formula just given may be neglected, and the formula 
V 2 g /i may be used 

Example — A vessel has a rectangular cross-section, 11 m XH in, 
and the upper surface of the water is 14 feet above the bottom If an 
orifice 4 mches square is made in the bottom of the vet^sel, what is the 
velocity of efflu\^ 

Solution — T he area of the cross-section ib liXll = iri4 sq m The 
area of the orifice is 4X4 = 16 sq in Since 154“16 = nj, the area of 
the base is less than twenty times the area of the onfiLC, hence, using the 
formula 

v = 8 02-U- — =30 17 ft per sec An^ 

^ 1 "" us'd 

16. Large Orifice in Side of Vessel — Wlicn the 
dimensions of the oiifice arc large, and the oriQcc is in the 
side of the vessel, as shown in Fig 9, the head is diflcrent 

^ Vi=^-^2slh, while at 

\^ ' theboUom,%= 

' ' 1 , If the mean head h is 

I 

9 moic than about four 

times the vcitictil 
dimension c, formula 1, Ait 13, gives the mean velocity 
with sufficient exactness, and the chscliaigc is given by the 
combination of the foi inula in Art 2 and foiiniila I , Ai I 1 3; 
thus, 

Q = Fv=F^^i = S 02 F-^Il ( 1 ) 

For a circulai orifice, } tt c\ and foi a 1 eetangulat nnfiee, 

F = he, denoting the width ot the oiiUce by b 

When h is less than 4^?, a niuie exact foimula for a rect- 
angular orifice is the following 

Q = lb^'2g{hn}~h,^) (2) 
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17. Let the top of the orifice be at or above the liquid 
level, and let the head on the lowei edge be denoted by //, 
ab shown in Fig 10 Then, = 0, /^ = H, and formula 2, 
Art 16, becomes 

o = 

= ... 

or, since bH = area 
A' of orifice, 




_ 

i ^ 

n 


\ 




Q = ^F<2g// - ' 

Example 1 —Com- 
pute tlie theoietical dib- _ 

charge fiom a veitical 
circulai oiihce 0 niches 
m diameter whose center is 9 feet below the watei level 

SoLUUON — /' = J T^/ = 7854 X (-ft)’ = I9b35 sq ft , /z = 9 

Substituting in foimula 1, Ait IG, 

^ = S OJ X 19695 X V9 = 4 72 cu ft per sec Ans 


Fig 10 


Examplp 2 — What is the theoretical discbaige foi a rectangular 
orihce whose length is 4 5 feet and whose height is 9 inches, the top 
edge being at the level of the watei ^ 

Solution — To apply the formula, we have A = 4 5 X ftr = 3 375 sq 
ft , // = ft = "I ft Substituting m the formula, 

} X 3 375 X V2^~3Tiy>r5 = 15 63 cu ft per sec Ans 


EXAMPLES FOR PRACTICE 

1 The velocities in thiee paits of a horizontal pipe with varying 
cross-section aie 3, 8, and 11 feet pei second, respectively If pie/o- 
metne tubes aie placed at these thiee points, deteimine the height 
of the watei in the tubes, assuming that the static head is 25 feet 

(24 86 ft 
Ans { 24 00 f f 
[23 12 ft 

2 A weight of 12 2 tons is placed on the suiface oE the water con- 

tained lu a lectangulai box whose cross-section is 10 2 squaie feet 
Calculate the velocity of flow' through an oiificeOfeet below' the suiface 
and 1 squaie inch in ci oss-section Aus 55 15 ft per sec 

3 The aiea of an oiifice in the bottom of a lectangular tank is 

2 5 inches squaie The suiface of the water is 12 5 feet above the 
orihce and the area of the cross-section of the tank is 125 squaie inches 
Calculate the velocity of efflux Ans 28 39 ft per sec 
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4 A 2-inch circulai hole is tapped in the side of a stand pipe 
20 feet m diameter and 100 feet high If the water le\el is 81 5 feet 
above the oiihce, deteimuie tlie velocity of efflux 

Aus 72 4 ft pei sec 

ACTUAL DISCHARGE THROUGH sTAJ^DAUl) ORIIIClS^ 

--IS. Standard Oiifices — An oiifice is called a ^tand- 
aid oiifice when the flow throiig^h it takes place in siicli a 

manner that the jet touches the 
opening on the inside edge (jnly 
A hole m a thin plate, as shown in 
Fig Jl, is such an oiilico, as is also 
a sciuare-eclged hole ui the side of 
the vessel, as in Fig 12, wdicn the 
side IS so thin that the jet does 
not touch it beyond the innei edge 
If the sides ot the vessel aie veiy 
thick, a standard oiifice can be made by beveling the outei 
edges, as shown in Fig Id 

Small cjuantities of wmter can be 
measured compaiatively accuiatcly 
by means of standaid orifices These 
are usually placed in the veitical 
sides of the tank oi lesei voir, though 
an orifice may be placed jn the 
bottom The head on the orifice 
should prefeiably be greatei than 
foui times the veitical dimension of the oiifice If mcasiiie' 

ments aie made caiefnlly, the calcu- 
lated discliaige should not vaiy fioin 
the actual dischaige by intiie than 
1 oi 2 pei cent 

19. Coiit ra< l Ion of tlu' Jot. 

When a jet issues fiom a standaid 
oiifice, xiconffiuls, s(j that the diaiU' 
etei IS least at a distance fiom the 
edge equal to about onc-half the 
diameter of the orifice Beyond this point the jet giadiully 





Fig 11 
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enlarges and becomes broken by the effect of the resistance 
of the an 

The latio of the area of the smallest section of the jet to 
the aiea of the orifice is called the coefficient of contiac- 
tiojii. Let Fo and A' denote, lespectively, the area of the 
contracted section and the aiea of the orifice, and let Cx 
denote the coefficient ot conti action, then. 



and, therefore, Fo = c^F 

The value of is almost the same for all forms of orifice 
ana for all heads The most reliable expeiiments indicate 
that this value lies between 60 and 64 A piobable mean 
valne is 62 

20. Coefficient of Velocity — Because of the slight 
fiiction at the edge of the oiifice, and also because of the 
internal friction of the watei due to contraction, the actual 
velocity of the jet at the smallest cross-section is slightly 
less than the theoretical velocity as calculated by tormulas 1 
and f2 ot Art 13. The latio of the actual velocity to the 
theoretical velocity is called the coefficient of velocity. 
Let this coefficient be denoted by c., then, it denotes the 
actual and v the theoietical velocity, 



and, theiefoie, z'o = 

It IS found that is gieatei toi high heads than for low, 
and values langing fiom 975 to nearly 1 have been obtained 
by dif¥eient expei imentets An average value usually taken 
IS t)8, which means that the actual velocity is but 98 percent 
of the theoretical velocity 

21. Coofficiont of Discharge —The actual discharge 
throng-h an onfice is much less than the theoietical discharge, 
because of the conti action of the jet and also because of 
the diininution of the theoietical velocity The ratio of the 
actual to the theoietical dischaige is called the coefficient 
of (lisc.-lniige 
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Let 0 — theoretical discharge, in cubic feet pei second, 
j2o == actual dischaige, 

— coefficient ot dischaioe 

'Then, = -j'.and 0„ = c^Q 

The coefficient of dischaigc equal to the piodnet of the 
coefficient of velocity ami the coelf icitut ot coni} action Foi we 
have (Alt 2) 

7 ’o 

oi, substituting the values of /L and (Aits 19 and 20), 
= ( xFx c.v = (,c X Fi' 

or, since Fv is equal to the theoietical dischaigc O, 

CK = X 0 , 

whence ^ = c^c , that it., 

Using foi r, and c^ the mean values G2 and OcS, lespectively, 
the last equation becomes 

^3 = b2 X 08 = Gl, neaily 

22. foi Actual Disiluu^c — The foinnilas 

of Alts 16 and 17 give the thLoieiiLal discliaigL O loi 
veitical oiifices Foi the actual discli iigc D.,, u is in ccssaiy 
to introduce the coefficient , in the second nu'mlci Iho- 
vided the head is at least fom times tlie \eitKal dimension 


of the oiifice, we have 

e. == 8 02 (1) 

Foi a circLilai oiifice of diametei d feet, F ~ 78^4 d\ 
and, theiefoie, 

= 8 02 X 7.854 d’ t/j = (! 2')<) ^ , <r 4/t ( 2 ) 

If the onfice is a squaie whose side is d tcit, A ~ cf\ and 
C\ = S()2^,d‘ \'// (3) 

Foi a lectanguhu oiifice of width f and depth d, F == bd^ 
and >= 8 02 f . /> // \h ( 1 J 


If the head on the lectangulai oiilicc is less than fi>iii 
tunes the dimension d, the dischaigc is foinid liy intioducing 
Ly in the moie exact fotmula 2, Ait !(>; that is, 

Q„ == i be. \2c - //,') 

e. = 5 "'ehbt. [h} -h}) 


OI 


(5) 





hydraulics 


21 


1 he head h in formulas 1, 2, 3, and 4 is raessiiied to the 
centei of the oi ifice, and h and all orifice dimensions are to 
be taken in feet The quantity will then be given in 
cubic feet pei second The values of ate to be taken fron? 
tables I, ir, and III Experiments show that vanes with 
the head //, with the kind ot orifice, and with the veitical 


TABUE 1 

VOKinm IIlNIS Ol'^ disliiauge for circular veriical. 

ORIFICES 


Held /i 

Diameter of Onbee, in Feet 

I'cet 

02 

04 

07 

I 

2 

6 

I 

4 


637 

624 

618 




() 

65 5 

630 

618 

613 

60 1 

593 


8 

648 

626 

615 

610 

601 

594 

590 

I 0 

f )44 

62 3 

612 

608 

600 

595 

591 

I S 


618 

608 

605 

600 

596 

593 

J o 

0^2 

O14 j 

607 

604 

599 

59 / 

595 

2 S 

6*>q 

6 1 2 

’ 605 

603 

599 

598 1 

596 


6 j 7 

6 1 [ 

604 

603 

599 

598 

597 

4 

()j 3 

Gog 

603 

602 

599 

597 

596 

() 0 

618 

607 

602 

600 

59S 

597 

596 

8 0 

614 

60s 

601 

600 

598 

596 

S 9 h 

10 0 

() r I 

603 

599 

598 

597 

596 

595 

-20 0 

Oor 

599 

597 

596 

59 f) 

59G 

594 

50 0 

S96 

595 

594 

594 

594 

594 

593 

J 00 u 

593 

59-2 

592 

592 

592 

592 

592 


dnncnsK.n of the oiifice The tables, which are taken fiom 
high authoiities on hydiaiihcs, apply only to standaid oiifices 
In the table of coefficients for lectanoular orifices, it will 
be obsei ved that values apply only to an orifice 1 foot wide 
Expel linen ts show^ that C:, increases somewhat with the 
breadth, so that toi a bieadth much in excess of 1 foot it is 
advisable to inciease the tabulai value 


I L 1 3‘^j— t; 
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For approximate calculations, the value of T:, in formulas 2, 
3, and 4 may be taken as 615 The calculated discharge 
will not vary by more than 3 oi 4 per cent from the actual 
discharge, provided the oiifice has a height of not moie than 
18 inches nor less than 1 inch, and that the head lies between 
1 foot and 30 feet 

In the solution of problems, it is entiiely permissible to use 
the value of that most neaily fits the given conditions 


TABLK II 

COliFFICIENTS OF DISCII VIlOF FOR SQUARE VFRTiCAr 
OiUFJC s 


Head h 



Side of Sfjua] c 

, in Feet 



Feet 

02 

j 04 

07 

I 

2 

6 

I 

4 


643 

62S 

C) 2 { 




6 

66o 

636 

52 s 

617 

605 

=;g8 


8 

652 

63 [ 

f)20 

5 iq 

j ('OS 

5()0 

W 

I 0 

648 

628 

1 

61 ^ 

i 

ho i 

555 

I 5 

64 I 

(122 

1 <'>'4 1 

() 1 f> 

1 ('O'; 1 

()02 

5 o I 

2 0 

637 

I 5 rtj 

Ol J 

(>oS 

(JOS j 

{>04 

f)02 

2 5 

6^4 

hi7 

610 

f)C )7 

("IS i 

50 } 

()(}2 

3 0 

6^2 

Olh 

hog 

507 * 

()uS 

h (>4 

5 o ^ 

4 0 

62S 

614 

CioS 

5 o 5 

605 j 

(u »3 

502 

6 0 


612 

6 f >7 1 

(>nq 

f»gf ‘ 

ho ^ 

602 

8 0 

6fy 

()in 

606 ' 

1 

(lOc; 

5 ( 1 } 1 

f)0 ^ 

()02 

10 0 

616 

O08 

hoc; 

5 o [ 

5 ()^ 

f)02 

()C) 1 

20 0 

606 

604 

hoJ 1 

502 I 

()OJ 

1)0 l 

5 oo 

50 0 

602 1 

hoi 

5(1 ( 1 

1 

(lOfl j 

( 40(1 , 

5 gg 

555 

100 0 

'iQO j 


j 

; 

55.8 ' 

■fjH 

558 


It IS useless rehnemciU to keep nunc than Ihice significant 
figures m expressing its value, and no more than foui figures 
of the final result should be used 


ExAMPr p 1 ■— What IS tlu disiliuju fmm niuiiUi oiificclj inches 
m diameter if the head is 7 
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TABLE III 

C orFFlCIENlS OF DISCHARGE FOR RECTANGULAK 
ORIFICES I FOOT lUL 


Head h 
on Ceiitci 



Depth of Orihce, 

in Feet 



of Oiihce 








Feet 

125 

25 

5 

75 

I 

I 5 

2 

4 

634 

633 

622 





6 

633 

633 

619 

614 




8 

633 

633 

618 

612 

608 



I 0 

632 

632 

618 

612 

606 

626 


I 5 , 

630 

631 

618 

6 1 1 1 

605 

626 

1 628 

2 0 

629 

630 

617 

61 1 

605 

624 

630 

2 5 

628 

628 

616 

6r I 

605 

616 

627 

0 

62/ 

627 

615 

6 ro 

60s 

6[4 

619 

4 0 

624 

624 

614 

609 

605 

612 

616 

6 0 

615 

i C15 

6og 

604 

602 

606 

610 

S 0 

609 

1 607 

603 

602 

601 

602 

604 

10 0 

606 

1 603 

601 

601 

60 r 

6or 

602 

20 0 


L_ 


601 

601 

6or 

602 


SoiujKJN — riie cliametei of tbeonhce is 125 ft , fiom Table I, the 


(.oLHiLicnJ: is foinitl to be ()00 foi an 
held of 0 ft , and the same foi a 
head <jf S ft In tlie same ua}, the 
coLlluicnt foi a diameter of 2 ft is 
5‘)h fiom (> ft to.Sft held Hence, 
t ikc i , =- f)0(), as the diameter is 

nciiLi ] ft than 2 ft From 
foi m id L 12 , 

n„ = (> _")>) X () X X -s/" 

~ r)h2 cu It pel sec Aiis 

F\ \Mi’r 1- 2 — A d im aci oss a 
sticam lias an openinc> closed b} a 
shmc i^ite (see Fis; 1-1) in such a 
\\a^ th It the c;ate when opened 
foims a St indaid oiihce of rect- 
imrnl.n cross-section The width of 
the opening is 1 foot, and it is fcmi: 
the top of the dam when the ^mte is 


onhee 1 ft in diametei under a 



Fig 14 

id that the water keeps flush with 
opened 9 inches What is the rate 
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of flow of the stream, if the center of the opening is 6 feet below 
the surface of the water in the dam^ 


Solution —Fiom Table HI, the value of for an onfice 1 ft wide 
and 75 ft deep is found to be 604 when the head is b ft Since the 
head is more than fom times the depth, formula 4 should be used 
The substitution of known values m that formula gives 

0^ == .S 02 X b04 X 1 X 7') Vb = S 0 cu ft per sec Ans 

Example d — Calculate the dischatge thiough a rectangular oiihce 
2 feet deep and 3 feet wide wnth its uppei edge 5 feet below the liquid 
level Assume bln 

Solution — Since the mean head, 6 ft , is less than foimula 5 
should be used Here, //i = 5 ft , = //i + 2 ft == 7 ft Substi- 

tuting lu the formula, 

Qb = 5 35 X 3 X 61r5 (7^ — 5^) = 72 45 cu ft per sec Ans 


23. SuLii lei jgecl ()i if ice 

rectanoular onfice ib shown : 



Fig 15 

Q, = 615 X 8 02 


-An example of a submeiged 
Fig 15 Fiom foimula 2, 
Art 13, the theoietical 
velocity 2 / IS 8 02 V//.,, hence, 
foi the theoietical discliLiige 
we have 
£> = 8 02 F^h,, 

= 8 02 i ( 1 ) 

Using the mean value 615 
for (fa, the actual cliscliaige is 
given by the foimula 
= 4 932 (2) 


24, Reduced Coutiactioii Rounded Orifices — If 
the onfice is made at the side 
of the vessel, as shown at a, 

Fig 16, or at the bottom, as 
shown at the contraction 
of the stream is i educed and 
the dischaige is inci eased 
Experiments show the in- 
ciease to be about 3 5 per 
cent tor a, and from 6 to 
12 percent foi b These values have not been accuiately 
determined, and wheie accuiate measuiements are to be 
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made the orifice should always be arrang-ed as shown m 
Pigs 11, 12, and 13 

If the inner edge of the oiifice is rounded, as shown in 
Figs 17 and IS, the coefiicient of dischaige is inci eased, and 
may be made nearly 1, if the 
edge IS rounded as shown in 
Fig 18 

25. The Mineis’ Inch 
The iniiieis’ inch is an aibi- 
trary unit for mensuiing water 
by Its flow thiough an orifice 
This unit IS mainly used m 
measuiing watei foi litigation 
and mining pui poses It is the 
quantity of water flowing in a ceitain timo through an orifice 
of specified dimensions undei a specified head Both the 
dimensions ot the oiifice and the head vary in difteient 
localities, so that the mineis’ inch has not a fixed value 
The onfice is sometimes taken as 1 inch sqnaie, the head as 
6 5 inches, and the dischaige is expressed in cubic feet per 
minute oi in gallons per day For the dimensions just stated 
Table II gives G2i as the appioximate value of the coefficient 
of dischaige Theiefoie, b^formula 1, Ait 22, 

= 1 536 CLi ft per mm = 16,540 gal pei day, 
which IS the value of the mineis’ inch foi the specified 
conditions 



Fig 17 


JfXAMPT.ES FOR PRACTICE 

1 What IS the flischait^e, in cubic feet pei minute, fioni a standard 
cii culai orifice whose diameter is 2-^ inches, if the head is 20 feet^ 

Ans 4>72cu ft 


2 A scjuaie orifice in the side of a leseivoii 
each side, ind the he id on the center is 22 feet 
in cubic feet per second? 


nieasuies 2 foot on 
What IS the dischai ge 
Ans 9054 cu ft 


3 What IS the discharge from a lectangulai onfice 1 foot wide, if 
the head on the upper edge is 2} feet and the depth of the orihce is 
inches? Ans 7 309 cu ft per sec 
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4 What IS the approximate discharge fiom a rectangular gate in 

the side of a dam when the bieadth is IJi inches, the depth 6 inches, 
and the head on the upper edge 4} feet? Use the approximate 
coefficient of discharge 615 Aiis 0 714 cu ft pei sec 

5 What IS the dischaige flora a siibraeiged lectangular oiifice 
It feet wide and 1 toot deep, if the diffeience m the level of the water 
on the two sides of the orifice is d-j feet? Ans IS <S4 cii ft pei sec 


FLOW THROUGH SHORT TUBES 

26. Efflux El oni a Stantlai cl Tube — The mannei in 
which water flows through a shoit tube in the side of a reset - 

voir IS shown in Fig lb The jet 
at fiist contiacts to a section 
smallei than that ut the tube, but 
afterwaids expands again and fills 
the tube as it emeiges into the 
atinospheie That this i esull may 
be obtained, seveial conditions Lire 
requned (1) The tube must be 
siavdaid, that is, the innei coi net s 
must be shaip and the length nnisL 
not be less than about times 
thediamctei (2) 'J'he head must 
not be moie than about 40 oi 50 feet (b) The inteiioi of 
the tube must be vetted by 
the watei, that is, it must 
not be gieas}^ 

The piessure at the 
section n at the end of the 
tube is that of the atmos- 
phere Since the velocity at 
the contracted section m 
must be gieatei than at the 
section ?/, u follows that the 
pressuie at m must be less 
than that at Hence, the 20 

pressure at m is less than that of the atmospheie This 
fact may be shown expetimentally as in Rig 20 If a 
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small branch tube b is caiiied down into a cup of mercury 
It will be obseived that the mercury rises in the tube to a 
height h This shows that the pressure of the air on the 
meicuiy in the cup a is gi eater than the pressure in the 
tube and the excess of atmospheiic piessure over 
the piessure in the tube at the contracted jet is measured bv 
the height h 

If Beinoulli’s law is applied, the theoretical velocity, as m 
the case of an orifice, is given by the formula 
V = velocity at n = 

The actual velocity is given by the formula 

= cj '^2g/i 

in which r/ is the coefficient of velocity 

The values of vary slightly with the head, but a mean 
IS (SIT) 01 82 Foi low heads it uses to 83, and for high 
heads it diops to 80 

vSince the issuing jet has the same area as the tube, the 
coefficient of contraction is 1, and, therefore, the coefficient 
of dischaige is the same as the coefficient of velocity 


27. C’ouiciil Tubes and Nozzles — For a conical 
as shown in Fig 21, the coefficient of dischatge 



Fif 21 



I caches a maximum value of 946 when the angle a of the 
jonc IS about 13’.° The coefficient of velocity increases 
AUth the angle of the cone until it becomes about the same 
IS the coefficient toz a standard orifice It the inner edge of 
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the tube is well rounded, as shown in Fig 22, the coefficient 
of discharge is still further increased and may be made 
neatly 1 


28. A nozzle is a kind of conical tube with a cylindrical 
tip Nozzles are used when it is desiied to delivei watei 
with a high \elocity for any put pose Their most common 
application is in connection with hose foi file pui poses, etc 
By means of nozzles, a \ ery high coefficient ot velocity is 
obtained, and a large peicentage ot the eneigy of the jet is 
theieby utilized The theoietical height to which a stieam 
from a nozzle can be thiown is equal to the head that would 
produce the velocity with which the jet Hows fiom the nozzle 


If V IS this velocity, the theoietical height is The 

2 ;^ 

resistance of the air always reduces this height Undei low 
heads, the coefficient of velocity for a nozzle as ordinal ily 

constiucted is about 98 

29. With the aid of 
Beinoulli’s law, the 
velocity of the jet issuing 
fiom a nozzle can be 
found when the pressnie 
of the water enteiing the 
nozzle IS known In 
Fig 23, let p be the piessure at the section m as detei mined 
by a gauge, and let V be the velocity at this section At 
the end n the piessure is zero (on the gauge), and the 
velocity is denoted by v 



If 


Total head at w = 
Total head at n = 


P . 

■ o“ 

w 2^ 

v" 

2g 


friction IS neglected, Beinoulh’s law gives 

A': 

2^ w %g 



whence 
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This IS the theoietical \elocity For the actual velocity, 
we have (Art 26) 

t . = ,/^ 2.,(2 304 /+ g ) ( 1 ) 

Let D and d denote, respectively, the diameters at sections 
w and then, since the velocities V and v are inversely as 
the areas at m and n (Art 3), ve have 

r v, = \:zd‘' \tD\ 

whence r = v, x and X ~ 


From equation (1), 


Tiansposing", 


= 2 304/ + ^- = 2 304/ + -^ X - 


2^ 


from which 


V 

2 ^ 




/2i?x''2 304/ 12 17r.'V/ 

_ = - 








Example —The pressure on a nozzle is 70 pounds per square inch, 
the large diameter is H inches, and the diameter of the tip is 4 inch 
(<?) Find the veIoclt^ of the jet with ^ / = 9S (/;) To what height 
wull the jet rise, neglecting the lesistance of the air^ 


Solution — (n-) Fiora the above formula, 
12 17 X nsx VtT) 


\f^x(ry‘ 


= 100 4 ft per sec Ans 


{b) 


h = z- = 156 7 ft Ans 


30. JDivoifgin<^ and Comi^oiiiid Tubes — In Fig 24 is 
shown a conical diverging tube with shaip inner corners 
The tubes shown in Figs 25 and 26 aie compound, the tube 
beyond the smallest section a is divergent, while the part 
leading to the minimum section is either a rounded conver- 
ging entiance, as shown m Fig 25, or a conical converging 
tube, as shown in Fig 26 The tube shown in Fig 26 is 
called a Venturi tube. 
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It IS found by expenment that the dischairre d 

tube of the torm shown iii 2o is nuiLli in excess tit tlu 

dischai ge thiough *in tnifut. ni a 
straight tube ot the same miniiniiin 
diameter In fact, the discliaigj is 
greater than the Iheoieticai tlischaige 
due to the head, that is, the coefhcieiit 
of discharge ^3 exceeds 1 Kxpeiinients 
‘ by Eytelwein on a Ventnn tube H inches 
long and with maximum and minnuum 
diameteis of IS indies and 1 indi 
respectively, ga\c = 1 Tm Wjtii a 
compound tube of different torm, Fiancis obtained the hi;^h 
value = 2 43 

Let ~ velocity of jet at section 

o'b = velocity at section /?, 
p. = pressure at section ( 7 , 
pb = pressure at section b 




Evidently, ^ is the piessuie of the 
h head on axis of tube Apply 
sections a and b, 


atmosphci e 

mg Eeiiioulir 


Also, ]< i 
s law fr. 


using gauge pressures, j>, = 0, whence 

-- = 


w 

ff Fa and Fb denote the 
respectively, then 

Fb 


2^ 

aieas of the sections 
Since IS smallei 


ii md b 
than /^, 
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evidently is less than z\r^ and the fraction is negf- 

ative This indicates that ^ is negative, oi that the pressure 

eiJ 

at section a is less than atrnospheiic piessure 

It, nou, ncinoiilli’s law is applied to the suiface and to 
■^c^ction dj we have 

/i = ^ 4- 


whence 


2£- 


wheie // = h — As is negative, it is cleai that h' is 


7V 2U 


gUMtci than //, and theretoie Va is greater than the velocity 
(hu to llic head Ii It is this fact— that is, that the piessnie 
at tin minininm section is less than atrnospheiic piessure— 
til it accounts (oi the coefficients of velocity and dischaige 
being gicarci than 1 

A nuniciical example will make this point clear Let tlie 
.lUiis /\, and /'/; be 1 and 3 sqiiaie inches, i espectively, and 
let h ] feet 'J'he theoietical velocity at section b is 


Vi, = V2 £7 // = 1() 04 feet per second 
\ssuinc the coefficient of velocity to be 5 at this section, 
tin. n, the actual velocity !*:» 16 04 X 5 = 8 02 feet per second 
biiut 7', tV — we have v„ S 02 = 3 1, hence, the 

\(‘lout\ <iL section a is 8 02 X 3 = 24 06 feet per second 
riuncfoi c, 

_ 8 02'-24W_ 

70 2 X 32 16 

'rhe ern I esponding ptessme is — S X 434 = — 3 47 pounds 
pci sf|uaic inch The negative sign indicates that the pies- 
suie It section o is 3 47 pounds less than the atrnospheiic 
prtssnu», whuh is 14 7 ]ioLinds per sqiiaie inch Hence, the 
absointt picssuic at a is 14 7 — 3 47 = 11 23 pounds per 
seiuaic inch 'Phe eftccine head pioducing the flow is 

~ -r I — ( — 8) = 12 feet, hence, the theoietical 

tO 

veleKit^ at section a is Va = 8 02 >/l2 = 28 feet pei second, 
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nearly, whereas if the tube were cut oft at section a, the 
theoietical velocity would be only 8 02 ^4 = 16 04 feet pei 
second 

Using the same data, let us assume the flow to be entirely 
tiictionless We shall then have 

vt = 16 04, z’. = 16 04 X 0 = 48 12 

A = 16 - = - 32 feet 

w 2 X 32 16 

/^/ = 4 _ ( _ 32) = 36 feet, and v., = 8 02 V06 = 48 12 

Without the diverg-ing pait of the tube, v„ — 8 02 Vt 
= 16 04, hence, the coefficient of velocity foi the section a 
IS 48 12 - 16 04 == 3, which is the ratio /v, of the sectional 


31. Inward Projecting: Tubes — When a tube pi nice ts 
into a vessel, as shown in Fig 27 {a) and {b) , the coiuiac- 








tionjs increased and the discharge greatly reduced The 
coefficient of discharge for the arrangement shown at {a) is 
about 5, and foi the tube shown at (b) , about 72 
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FLOW OF WATER IN PIPES 


RESISTANCES TO EEOW IN PIPES 


BhRNOULT.rS IjAW FOR ANY FLOW 

1, felateineiit oJC tlie X^aw. — In the case of fiictionless 
flow, Beinoiilli’s law asserts that the total energy contained 
in a given mass of liquid at any section is the same as the 
eneigv of the same mass at any other section It has been 
shown, howevei, that peitectl}’^ fiictionless flow is never 
attained, and that, as the flow pioceeds, the eneigy ot the 
mass of liquid giadually deci eases The energy that is 
appaiently lost is merely tianstormed into heat, but it loses 
its availability foi doing mechanical work 

Let m and n be two sections anywhere in a system con- 
taining flowing w^atei, and suppose that the flow is from vi 
towaid n The w^eight of 1 cubic foot of w’’atei will, as 
usual, be denoted by 2 v If the height of the section above 
the lefeience level is and the velocity ot flow and the 
pressure at m aie v,,, and p,n, lespectively, the total energy 
ot \V pounds of watei at that section is 

Wh,n (energy of position) 

IV X (kinetic energy) 

-i- IV X ~ (pressure energy) 
w 

COi^YRiaHTED BY INTERNATIONAL TEJfTBOOK COMPANY ALL RIGHTS RESERVED 
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The same expressions, with the siibsciipt «, tlu thn t 
parts of the total energy at >t [f theic ii in, ciuig\ 
between the two sections, then, 

lV/i„ + IVX I- -h rUx = Wh., + U'x { II 

Suppose, howevei, that \toik is clone in m cu imiiii-' \ ui 
ous tnctional lesistances between w and u, .uni let ii,, 
energy expended in doing this wotk be deiiotMi 1,\ / 

This eneigy is taken fiom the stock ot enoig\ iln w.ui i 1, , , 
at section m, hence, when the w.itei io.kIics si<ti.,n n " ' 
energy is less by the amount F.,„„ Oi, to st ib ih. m.iiiM 
in anothei uay Tin cnci qy at m m v.put! to ih, „i „ 

plus the enagy that has bun cxpunlut b, an,i n , , 

comin^^ fiiciioual lestslanccs This st.ucnicnt is Ih m.,,,!!, 

aw, with friction, and may be expicssed algcbi.m ,)h In' 
the equation 

IV h„, + IF X J''"V JI’x /’"■ 

^ if 

= u^h„ + u/x + ll'x I / 

~‘i w 

except the last, is^the puKhLrorthc’ wugh^ ^ V'” 

It both members a, a dnnded by IF, the icsnlim, "p, 


h.„ + ^ J 




!>,. + 

2q 


i’’" I I I*. 

n- II 


^ 2q ' 7,, ' // 



« to, ,,te I j 

■ 

”?ha h ’‘•‘-■'to,"' "" ■ ' 

' ‘■'■to t,.o 

sections ??i and 7 j t , 

'jp of seveial parts, due lespLr^^l ”•“> 

.Clue, respectively, to skin fnui,.„ 
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water and pipe, sudden enlargements or contractions in the 
pipe, bends and elbows, and valves oi other obstructions 
in the pipe The magnitudes of the losses due to these 
various causes will now be discussed 


COEFFICIENTS OF HYDRAULIC RESISTANCE 

3. Fiiction in Pipes — When watei flows through a 
pipe, it meets with lesistances due to the tiiction of the 
particles on the sides ot the pipe and on each other These 
lesistances absoib eneigy, and cause a loss m head, which 
will be denoted Z/ This loss is called the friction lieatl 

Experiments have shown that the tnction of water flowing 
through a pipe follows, appioxmiatel}^ the following laws 

1 The Joss in fnction is pi opoi tiona! to the length of the pipe 

2 It vai ic^ neaily as the sqiuiic of the velocity 

3 It vanes tnvtisely as the diamctc} of the pipe 

4 It iniitasts icith the loughness ot the pipe 

5 It IS independent of the pi€i> 6 U 7 e in the pipe 


In accoidance with these laws, the friction head Z/ is 
expressed by the equation 


2-, = / X 4 X 
d 


V' 



in which / = length of pipe, 

d — diametei of pipe, 

V = mean velocity of flow, 

/ = a coefficient depending on the roughness of 
pipe 

It is customaty to express every loss of head as the 
product of a fractional factor, called a coefficient of 


liycliaiilic lesistance, and the velocitj^ head ~ 

It has been found that I vanes with the diametei of the 
pipe and the velocity ot flow Table I at the end of this 
Section gives values of I foi clean cast-iron pipes well laid 


Example — What is the loss of head due to fnction m a pipe 
10 inches ( = 8333 ft ) m diameter and 1,000 feet long, if the mean 
YeIocit> of flo^\ IS S feet pei second? 
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Solution — From Table I, the coefficient f for a pipe 10 in in 
diameter is found to be 021“!, when the velocity of flow is S ft per 
sec , therefore, substituting in the foimula, 

1,0Q0 




02n 

8d i » 2 X 


:52 lb 


= 2“) 484 ft Ans 


4. touclclen Eulai firemen t of Pipe — When the cioss- 
section of a pipe suddenly changes, as shown in Fig 1, and 

the flow lb fioin the smallei to 
the largei part, theie is a loss 
of energy due to the toima- 
tion ot eddies Consequently, 
theie IS a loss of head, the 
magnitude of which may be 
calculated by the following formula 

Let Za == loss of head due to change of cioss-section, 
/q = aiea of cioss-section of smallei patt, 

= aiea of cioss-section of laigei pait, 

F. 



7 = " = latio of two aieas, 

/q 


Then, 


velocity in laigei pait 

= (/ - l)”x 




Examplu — A pipe 1 foot in chamelei cliscliaiges into one 2 feet in 
diameter, and tbe velocity in the largei pipe is d feet pci second 
Calculate the loss of head dne to the enlaigemeut 

Solution — ? = V = ‘ — — — = -, □ = 1 


/q 


■} -x ^ 

1 T X'i- 


I" 


Hence, by the formula, 

= (4 - IJ^ X 7 


2 X'U 


— = 1 2fl ft 
(54 22 


Ans 


5. Sudden Conti act iou of Pipe — When the section 
of the pipe lb suddenly made smallei, as shown in Pig 2, 




Fir 3 

there is likewise a loss of liead, though this loss is small 
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ccmpaied with the loss due to an enlargement As in the 
case of the standard tube, the jet is contracted as it enters 
the smaller pipe, but at once expands and fills it 

Let F, = minimum area of contacted jet, 

F = area ot cross-section of smaller pipe, 

/r 

^ = coefficient of contraction, 

v = velocity in smaller pipe, 

Zi, = loss of head due to contiaction 

Then, Z* = (i - iV x — 

Vt / 2^ 

The loss of head due either to an enlargement oi to a con- 
traction may be made so small that it mav be neglected if 
the change in section is made giadiial, as shown in Figs 3 



Trc 4 Fig 6 


and 4 In practice, a change in section is made by a 
lediiccr, as shown in Fig 5 


G. Loss of Head at Entiance — When water flows 
from a reservoii into a pipe, it meets with lesistances, due 
to friction, contiaction, etc , that absorb part of its energy, 





Fig G Fig 7 

and this causes a loss of head similar to the loss when water 
flows through an orifice or a short tube Such resistances 


1 L 1 399—10 
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„•<- *.iii-v«uc*e, and the n'l u '’P'""* 

are called lesistance at entiauc , , 

hSd ?erenS - Ih: form ol' the end oi du p.p. 
wbir. rt enter, the rese.vo.i, »»d c«» '« «M»es-d In 

7'“ 


Ze = »l X 


2? 


in which Zn = head lost at enti ance 

The value of »i for different cases aie shown m h n 




m — O 




Fig S 


I I. • 


7 . Elbows and Bends. — Whcic llu pipi Im i 

bends, as shown in Figfs 10 and I 1, lluic ^Mll «>• i n» i I" 



of head due to shocks and eddies, conli .u lion, uid paMid 
increase in velocity Foi a shaip bend, tin Iosumi !u ad 

Zv = k. X t ( * ) 
lo, 

m which ks IS a coefficient dependin^^ on tiu inplt* a, I In 
and whose values aie griven in Table II I‘w; \ i ni rd 
bend, the loss of head is, accoidinj]: to \Veisl)ai.h, 
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where a is the angle of bend in degiees and is found from 
the empirical foimula 

/v, = i?,! + 1 (3) 

^^hele ? IS the ladius of the pipe and is the ladius of the 
bead, Fig H Accoiding to foimula 3, Lc decreases rapidly 
as the latio ot r to deci eases, until this latio becomes 1 10 

Mcae lecent experiments, howevei, tend to show that no 
advantage can be gained fiom making 7? gieatei than 5; 
table ni gives the \alues of toi diffeient values ot ; 
as calculated by toimiila 3. 

^’'alves and Obstructions — If a pipe is paitly 
closed by a valve, oi if it contains any othei obstruction, a 





loss ot head occuis at every obstruction The loss due to 
this cause may be denoted by Z,, and, as usual, 

The value ofy depends on the amount of opening and on the 
iiatuie of the obstruction For a gate valve (see Fig 12), 
the expel iments of Weisbach show values of / as follows for 
\aiying values of the latio d d 

0 I i I \ f \ I 

y = 0 0 07 26 SI 2 1 5 5 17 98 

In the case ot an obstruction, it may be assumed that the 
cioss-section of the pipe is leduced fiomits oiiginal area Ato 
some smallei aiea F' Then, as in Ait 5, the loss of head is 


XoY’ that IS, ; = 
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From this foimula it is seen that, when f^' is small ctmi- 
paied with F, the coefficient j becomes larjxe 

9. Total Loss of Head — The entiie loss ot hea<l / 
between two guen sections is made up of the vaiious losses 
enumerated in the preceding- articles, that is, 

Z ~ Zt Z ^ F Zf, Zc ~\- Zd -{- Z'd Zt 

With a pipe carefully designed and laid, some of these 
partial losses become negligible in cumpaiison wifh yC, the 
friction head It the pipe is ot unifoim si/c, A, and lu 
both zero, it it has few bends and these aic ol long uulius. 
Zd and Z small, it the valves aic open wide and llnii 
are no accidental obstructions, Z and A aic /en^ hu- 
quently, the losses lediice to Z,, the fiiction head, and Z, tlu 
loss at entrance, if the pipe is veiy long, the latfu is icn 
small compared with the foimei, and may be negleUtd 

Example ~A water mam of clean cast-non pipt is ftii 

and 6 inches m diameter, and is laid in piactically a hun/nni d r)| me 
It^as four 90° bends of 2^ feet ladnis, and two s!i nj) IhihIs vm(1, 

« - -to The entrance airangeraent is similar to that shonti iii I u. <i 
Calculate the total loss of head with a mean vdocitv <if Ihuv t.f *0 
per second “•* 

SoiDTloN -From Table I, the v.ilne of / fo, a 0,00 (, 
riamyer is 02b9 for v = 2 tt pei sec , and 02 1‘) foi . (ft t.n ,, 

The difference in the value of /fo: a diffeiencc ,n vehu Uy of •* -9 
= ^5 ft per sec is j 

( 0259 - 0249) X 23 = 0(Xn 

The value of / for a veloeitj of 2 25 tt per sec is, tlieicforc. 

0259 - 0003 = 025() 

Substituting in the formula of Ait 3, 

0256x^-X-"25’ _ 

From the formula m A,t C, the^loss it e.U.aiicc is found to hi 
^ ^ 2 X 32 ~ 

be'^ir mU/;£?ean“'to"‘l'°'' T” "■ 

Art 7, "" by for.iud i i 


= 2X 139x„-^?5“ _ 

2X32 J6 - '* 


For curved bends, 1 = ^ - t r- 

F W — -l From 

each curved bend is found to be 131 


Fable lU.tlinoifiHicnt for 
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The loss of head due to curved bends is 


= 4 X 




2 2 5= 

2 X 32 16 


021 ft 


The total lost head is, therefore, 

Z = 24 18 -j- 039 + 022 + 021 = 24 26 ft Ans 


Notf -This example shows the msigfnlficance of the losses due to entrance and 
bends compared with the loss due to friction 


GENERAIj formulas for the flow of water 

IN PIPES 

10. Application of Bernoulli’s Law. — In the con- 
sideiation of flow through pipes, it is assumed that there 
IS full flow, that IS, that the pipe is filled from end to end 



The pipe is fed from a leservoir, as shown in Figs 13 and 14, 
and the dischaige may be into the atmosphere, as m Fig 13, 
or into a second leservoir, as in Fig 14 The length of the 
pipe IS measiiied along its axis 

The fundamental formula for the velocity m the pipe is 
obtained with the aid of Bernoulli’s law In Fig 13, con- 
sidei a mass of water at m (the level in the reservoir) and 
an equal mass at The leservoir is so large that the 


velocity at vi 

ir X = 0 

2ir 


and theiefore the 


is inappreciable, hence, the kinetic energy 
The gauge pressure at the surface is zero. 


pressuie eneigy JV x — = 0 


If the 


level thiough the end of the tube is taken as a reference 
level, the enei gy of position of the mass at m is [/> //, wheie /i 
IS the potential head, or the height ot the level a above the 
level The mass emerges trom the end u with a velocity 


and has theietore the kinetic energy W X ^ The pressure 
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energ-y at b is zero, and the eneigy of position is likewise 
zero 

Let E denote the energy expended m oveiLommg fiie- 
tional resistances, the lesistarice at entrance, etc Then, by 
Bernoulli’s law, 

energy at 7}i — energy at 7i -}- E, 
that IS, IV A ^ fVX—~^E, 

w hence 


2 ^ 14 '^ 

The quotient^, as m Art 2, is the lost head between the 
sections 7?i and and is denoted by Z, hence, 

A = + Z 

that IS, the hydjostatic head 07i the end 71 is equal to Ua -a^loiitv 
head pins the loss of head 

11. When the dischaige is into a icscivon, as shown in 
Fig 14, the reference level is taken, as bcfoic, at ilu ]cv( i 



of the discharging end In this case the nf 1 

pressure ener^, WL. due ,o the heed 

the k,„e„c energj, Hepee, ll.e e<„,u,.,„ 


case IS 


" 5 + '''- + '2’ 


whence 
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and, by transposition, 

III — ^ — V Z 

The difference lu — Iu_ is clearly the distance between the 
levels a and b, and this is the effective head that produces 
the flow Denotino; this head by h, we have, as in the 
hrst case, 


12. Formula for Velocity — The head Z is made up of 

seveial terms, each of which is the product of — — and a 

coefficient of i esistance The leading term being the friction 
/ 

head Zf = f X --y, - , we may wi ite 
d 2 ^ 

Z = 

(I 2g 

in which c IS the sum of all the coefficients for losses due 
to entiance, bends, valves, sudden enlaig-ements, etc Sub- 
stitutino this value of Z, the value of h given in the last 
aiticle becomes 

h = yf-^fx-y^ + cx'^ 

''Ig d 1g 2g 

Solving for 


^gh_ 
I 


= 8 02 


h 


A + / X \ -he 
d 


'H- /X ^ ^ 

d 


( 1 ) 


Table I gives the mean values of / that may be used for 
clean non pipes, either smooth or coated with coal tar 
Since / depends on which is unknown, it is first necessary 
to take from the table a mean value of / depending on the 
diameter ot the pipe, and then solve foi v This gives an 
appioximate value toi z' trom which to find a new value of /, 
and solve again tor v It the last \alue of / is nearly the 
same as would be given in the table for the value of v last 
found, the lesult is satisfactory If not, the last value of v 
must be taken as an approximation from which a new value 
of / IS to be found, and the piocess lepeated 
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It m has the value 5 gfiven in Fig 9 for the common case 
ot a pipe with a bell end, and there are no shatp bends oi 
similar resistances, then c — and the formula foi v becomes 


I = 8 02 / — (2) 

^/l5 + /X^ yi5 + /X- 


Example — A pipe 12 inches m diameter, 900 feet long, with a bell 
end, enters the reservoir m such a way that the coefficient m ly lie 
taken as t The pipe has t\\o 45° bends, each with a radius of 2 feet 
If the head on the discharge end of the pipe is 35 feet, what will be the 
\ elocity of flow^ 


Solution — The loss of head from the bends depends on the ratio 
between the radius of the pipe and the radius of the bend This latio 

From Table III, the coefficient for a latio of 2 is T.kS, 

and for the latio 3, /t, = 158, therefoie, foi 25 the coeffiuent is 
Ms + 158 , 413 

= hence, = 5 + 2 X X = 574 Assuming 

0228 as an approximate \alue for f fot use in this case, and snlisti- 
tutmg the \alues of the coefficients in foimula 1, we ha\c 


v = 8Q2y]~ 


35 


— • = 30 20 ft pci see 


. + 0223 X 574 

From Table I, the \aiue of f for a \ elocity of 10 20 ft per sec is 
0203 Using this value of /, the \ elocity becomes 


Vr 


+ 0203 X -T 574 “ I”"' 

From Table I. the difference in the value o£ f lor a cliOeiencc m 
velocity o£ 10 do - 10 = 65 ft per sec is 
0203 - 0200 
2 ^ 

to t. = 10 65 ft per sec is, thcrcf.nc, 

1(1 fis ft neaily equal to 0203, thcufnic 

per sec is practically the required velocity Ans 

13. Long Pipes.— Pipes in which the length / is gi eater 
about 1,000 rf a.o called loug pl,a.a I,, tbe^, ,bc 
velocity head and loss of head at entrance become so sumll 
m comparison with the loss due to faction that they may be 
neglected, and the formul a for velom^y may be written 


- = V' 


^^ = 802 

/ ^ 


I Ad 

V// 


( 1 ) 
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For d 111 inches, formula 2, Art 12 

4 


V = 2315 . 


/id 


///+ 125 d 

and instead of formula 1 we have 

v=2 315 ^/^ 


, becomes 

( 2 ) 

(3) 


Examplk 1 — A pipe 10 inches m diameter and 8,000 feet long is so 
Kid that ^heie is practically no loss of head fiom bends or valves 
If the head is 150 feet, what is the mean \elocity of flow? 


Solution — Since the length is more than 1,000 times the diameter, 
formula 1 may be used Taking 0230 as a mean value of /, the 
appioximate \elocity of flow is 


^ = 8 02^ 


150 X 


= 6 61 ft per sec 


0230 X 8,000 

From Table I, the difference in the value of f coi responding to a 
difterence m velocity of 6 61 — 6 00 = 61 ft per sec is 

„,„3 


The value of f coi lesponding to a velocity of 6 61 ft per sec 
IS, therefore, 0219 — 0002 = 0217 Substituting this value in the 
FoimuUi foi V, 


I 150 


150 X if 


X 8,000 


= 6 81 ft 


per sec 


Interpolating fiom Table 1 as before, the value of f corresponding 
to a velocity of 6 81 ft pei sec is found to be 0217 Since this is the 
same as the assumed value of /, 6 81 ft per sec is the required 
velocity Alls 


Example 2 — What would have neen the value of z/ m example 1, 
if formula 2, Ait 12, had been used? 


Solution — Substituting in the formula, 


z/ = 8 02 


150 


1 5 4- 0217 X 


8,000 

JLo - 

1 j 


6 78 ft per sec 


Ans 


By comparing inese two examples, it is seen that for long pipes the 
elfect of resistances at entrance mav be neglected without affecting 
che practical accuracy of the lesult 


14. Head Required to Pioduce a Given Velocity. 
A formula for the head requiied to produce a given velocity 
o£ flow V can be found from the formulas given in Art 12 



HYDRAULICS 


b}. solving for h Thus, from foimula 1, Atr 12, the value 
ot the head is 


222 // , , 


ziM 1 + / X ^ f 

h = — ^ (1) 

64 32 ^ ’ 

For a straig-ht cylindrical pipe, in which the eHect of 

bends disappears and c is taken equal to ), the picccding 

formula becomes 

'■ “ mn + '■ = + '■) <“) 

Formulas 1 and 2 apply when d is in feet, foi d \\\ inches, 
formula 2 becomes 

Example —A pipe 8 inches m diameter and 2,500 feet has 

three 75° I^ends, the radius of each being the same as the diameter of 
the pipe If the coefficient for loss at entiance is in ~ 5, .infl 
/= 0220, uhat must be the head to piodnce i \elociti of ,,f 

7 feet per second? 

Solution —The ratio between the laclius ot the pijK' -ind the latlnis 
of the bend is ^ = 5, therefore, from Table 111, the coenKient /., is 

294, and f = 5 + 3 X 294 X = SOS 
Substituting in formula 1, 


7^ I-f 868 

// = — ^ - 

64 32 


- (H 27 ft Ans 


15. Formulas foi Discharge -The foinnilas mst 
fhir the quantity of w,uei 

S in h ad ‘r f 

where r th ^ - /'7- 

Vhere A is the aiea ot the cross-section of the pipo^nd - k 

m^r.h 7“'' “ ‘■y «■= Preced.„E 

** the diameter is o'lven ip/af- fu^ i i 

feet per second, is ’ ® cubic 

S — 7854 V ( 1 ) 

When t/ IS m inches, 

O = -Z§ 54r/“ri _ 

144 


00545 d' V 


( 2 ) 
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Since 1 cubic foot contains 7 48 g-allons, the dischargee, 
in g-allons per second, when d is in feet, is 

7854^rz/ X 7 48 = 5 875^2'='^/ (3) 

and when d is in inches, 

0 = OiOSd^v (4) 

Example 1 — What is the discharge, in gallons per minute, from a 
pipe 6 inches in diameter, if the mean v^elocity of efflux is 5 6 feet 
pel second? 


Solution — Substituting m foi inula 4, 

Q = 0408 X 36 X 5 6 == 8 225 gal per sec 
S 225 X 60 = 493 5 gal per mm Aus 


Example 2 —The length of a pipe is 0,270 feet, Us diameter is 
8 inches, and the total head at the point of dischaige is 215 feet 
How many gallons are discharged per minute? 

SoLUlIo^ —Fust hnd the appio\imate vdliie of v fiom foimnla 3, 
Alt 13, taking the value of / = 02^>5 Substituting m the formula, 

X B"' 




02, -iS X b,->70 ' 


per sec , iiearl> 

111 diameter and a 


Fiom Table I, the value of f foi a pipe 8 in 
velocity of 7 91 ft per sec is 

0,,,_L0007 XJJ)1) ^ 0218 

With this value for /"used m formula 3, Art 13, the velocity is 


= 2 U5 


I 215X8 c 1 r*. 

\Tnfixl.270 = ^ P®'"' 


From Table I, the value of / foi a velocity of 8 21 ft pei sec is found 
to be 0217 This is so near the assumed value foi f that z.' = 8 21 ft 
pel sec mav be consideied coirect Substituting in formula 4, 
Q = 0408 X 8" X 8 21 =214 >8 gal per sec 
21 4S8 X 60 = 1,286 28 gal per mm Ans 


16. Foinuilas Toi Uianietei — With //, /, and dm feet 
and the quantity 0 in cubic feet per second, the formula for 
the diametei of a pipe without sharp bends is 


d = 479 


(1 hd^ fl) 


Q"V 

h _ 


( 1 ) 


The denvation of this foimula is as follows 
formula 2, Art 12, 


From 


2 g 

15 + /X^ 
a 


2 gild 

1 h d f I 


V' 
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and from formula 1, Ajt 15, 

7854’ <7* 

Hence, equating the two values of t'’, 

2 ^hd ^ Q" 
15/+// '7854%/*’ 

and, therefore, d‘ = ~ 


7854' X 2 ij- // 


Extracting the fifth loot, 

^ "" ( 785 + 1 / 6 / 32 ] ^ -'>,/+//)- 

= 479j^(l 5 ./ + //)5’ 

In using this formula, take the appioxiinatc valiu i.t t 
as 0200 , and compute an apptoximate value fc.i ,/, m-ili i imp 
the term 1 5 d 111 the second membei of the fi.iiinil.i \\ uh 
this value of d, find the value of 7 . fioni tin imnmh 

^ ~ "7854 i/” coiiesponding \ahie of / tt .,,11 

Table I 

Repeat the computation foi d by placing the ai>pi..Min 
values of d and / just found m the second nn mhi i .,1 tin 
formula One or two lepetitioiis of this pnn. ss will pui .1 
close approximation to d from which to select the mp. h.mi 
the standard maiket sizes 

For pipes in which the length is moie than 1 , ()()() i,,nes tin 
diameter, the follownng formula may be used 

c/= 479^f!/5y (o) 

Solution -The discharge, ,n cubic feet pet sccoml is 
1,000,00 0 

86,400 X r4S “ ’ 

The approximate diametei of the pipe, by foimni.i 2, is 

aro / Q2X 1,260 X 1 S4-74W1 

75 -■ ) =- Tib ft 
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The velocity corresponding to this \ alue of d is formula 1, Art 15) 

1 

“ 7854 X 458= ~ ® 


Fiom Table 1, the value of f for a pipe 6 lu ( = 5 ft ) m diameter, 
and a velocit\ of flow of 10 ft per sec , is 0220 Substituting this 
value of f and the approximate value of d m formula 1 , 

- = 469 ft 

The next highei comraeicial size is a 6-m pipe, hence, that size 
may be taken Ans 

Example 2 — A water mam 17,320 feet long must supply a city 
with 10,000,000 gallons of water per 24 hours under a steady flow If 
the head is 120 feet, what must be the diameter of the pipe? 


d = 47<)|^(l 5 X 458 + 022 X 1,260) 


Solution • 


-The dischciige, m cubic feet pei second, is 

10,000,000 


= 80,«-r4-8 = 


The appioximate value of is, theiefore, 
/^2(^ X 17,320 X 15 


d = 479 


\ 


120 




1 771 ft 


The velocity of flow coi responding to this diameter is 


From Table I, the coefficient f foi a pipe 20 m in diameter, and a 
velocity of 6 ft pet sec , is 0193 Since the length of the pipe is 
nioie than 1,000 times the appioximate diameter, formula 13 may be 


used, hence, 


d^ 479 


’ 0193 X 17,320 X 15 


1 ±'£)*= 


120 


1 759 ft 


The next higher a\ affable market size may be used Ans 


17. Commeicial Sizes of Cast-Iioii Pipes.— The 
diaraeteis, m inches, of cast-iion pipe commonly found in the 
market are as follows 


o 

O 

8 

16 

30 

54 

4 

10 

18 

36 

60 

5 

12 

20 

42 

72 

6 

14 

24 

48 

84 


It should be stated, however, that pipes larger than the 
48-inch are not made by all manufacturers Pipes smaller 
than 4 inches in diametei are also seldom made 

In deteimining the size of a pipe, it is wiser to select a 
commercial size larger than the computed size rather than 
smaller Foi example, suppose the computation to give 
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if = 30 3 inches The market size lower is 30 inclies, ind 
would probably do when the pipe is new and clean, but if 
the next larger size, 36 inches, is taken, the pipe is sine to 
give the required dischaige when it becomes tubei ciliated oi 
somewhat foul 


EXAMPLES FOR PKACa ICE 

1 What IS the loss of head due to fiiction in a l()-inLh pipe 
2,150 feet long with a \elocity of flo\v of 3 feet pei second^ 

Alls I S5 it 

2 Determine the velocity, in feet per second, in a 12-inch w itci 
mam 1,720 feet long with a head of 90 feet Ans I > ft pei scl 

3 Acity requires a suppl\ of watei amounting to 2,000,000 ilh.ns 

per 24 hours, the reservoir is located 21,400 feet fiom the cit>, cind li is 
an elevation of 312 feet Determine the commeicial djumelLi of il ( 
pipe necessary to give this discharge Ans 10 m 


18. Rlow Unclei Piessuie — In Fig 15 is lepiesentcd 
a long pipe L discharging under pressnie If //, lepiescnts 
the total head and /i^ the depth of the leseivoii /2, the eflect- 
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ive head is the difference between these two, or // In pio])- 
lems where the pipe is dischaigmg against some les.stanuc 
or pressure, as in the case of a water motor or hydraulic 
engine, this pressure or lesistance must be convcited into 
the equivalent head, by the foimula /t, = 2 304 in wlmli !> 
lepresents the pressuie and h, is the equivalent head ^ 
Ex 4.MPLE 1 —Calculate the diameter of a pipe 21,000 feet Ion.. ,„,1 
per 2i to1 

square inch "" working pressure of 20 ,,.,uu,ls p, , 


7^’’® ^ tl’e distance <>1 

the total head 21,000 - 300 = 70 ft = h ' 

the equivalent head of which ,s 2 304 X 20 = ^'oTfT 


ft ni iKt s 
20 il, , 
= //» - /;, 
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= ■;0 — 46 08 = 23 92 ft , e&ective head This value of h substituted 
ill formula 2, Ait 10, gives, for the appioximate diameter, 


d = 479 




02 X 21,000 X 1 5474^ ^ 




2^ 92 

The velocity coiiespondmg to this value of d is 
1 5474 


1 012 ft 


i' = 


854 X 1 01 


= 1 92 ft per sec 


It IS found fiom the table that the value of f is 0237 for a 1-ft pipe 
w ith a velocity of 2 ft per sec Using the approximate value of d in 
formula 1, Ait 16, we ha\e 

r 1 5474" 1 ^ 

(/ = 479 (1 5 X 1 012 + 0237 X 21,000) X = 1 05 ft Ans 

The neaiest commercial size to this diameter is a 12'in pipe 
Hence, this may be taken 


l^JLOW THROUGH VKRY SHORT PIPES 
19, A standaicl tube is one whose length is not over 
2} tunes its dianietei A vei> shoit pipe is one whose 
length does not exceed 60 times its diameter A short pipe 
lb one whose length is less than 1,000 times its diameter, 
and a long: pipe is one whose length is greater than 1,000 
times its diameter 

Fiom the expeiiments oi Eytehvem and others, a few 
coefficients of velocity ha\e been obtained iox v€)y short pipes 
with small diameteis and low heads For larger pipes the 
values aie too high The formulas for velocity correspond- 
ing to these coefficients are as follows 


For / = 


V = 

82 '^2gh 

For / = 

12 d, 

V ~ 

77 ■^gh 

For / = 

24 d, 

V = 

73 V^/7 

Foi / = 

36 d, 

V = 

68 ^gh 

For / = 

48 d, 

V = 

63 

For / = 

60 d, 

V = 

60 -^2gh 


Exa^mple 1 —Calculate the dischaige from a pipe 4 inches m 
diaraetei and 15 feet long with a head of 7 feet 

Soi uiiON —Here, the length is 15 d Taking the nearest coefficient, 

^ = 63 ^|2 X32 = 13 37 ft per sec 

The aiea of a 4-in pipe is 0873 sq ft , hence, from the formula 

Q =c /Tz;, ^ ^ X 13 37 = 1 17 cu ft per sec Ans 
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the discharge 

Solution -The leugth in this instance is ID tinus llu aiiiiuui 

rising the nearest coefficient, _ 

= 77 Va X Ih X iO = -i7 i> h 
The area of the pipe is 3 l-tlf> sq ft , heiicc, 

O == 27 t) X ^ 7-ih) = 8b 7 cu ft pei sci Aiis 
This result is probablj 10 pei cent too high, owiivi to 1 u K uf 
data for pipes of this size Problems such as this lu, Inittiii iul\ , 
seldom met uuh m practice 


THE riYDRAUHC GUADK LINK 

20. The liydraulio j^rade lino, oi hxliaiilU ^ladl- 
ent, IS a line diawti through a t>enc^ of points lo uhaii 
water would use in piezometer tubes attached to a 
through which water flows With a smooth pipe ol unihuin 
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cross-section and without bends or othei ohstiuc tions la 
flow, the hydraulic grade line is a stiaiglit line extentuug 
from the reservoir to the end of the pipe 

In h'lg 16 IS shown a horizontal pipe that ma\ he .issunw tl 
to have an indefinite length, leading fiom a ies<iuui t(y a 



§37 


HYDRAULICS 


21 


stop-valve 6^ When the valve is open so that water from 
the pipe discharges freely into the atmosphere, the hydraulic 
grade line is the line adfg The distance of the point a below 
the suiface of the water in the reservoir lepresents the head 
absorbed in overcoming the resistances of entrance to the 
pipe, and m producing the velocity with which the water 
flows In the same way, the diffeience in the height to 
which the watei rises m any two piezometer tubes represents 
the head absorbed in overcoming the resistance to flow in the 
pipe between the points at which the tubes are inserted 

21, The flow of water through the pipe /’would be the 
same whether the pipe were horizontal, as shown in the 
figure, or whether it were laid along the grade line a dig 
The flow would also be the same if the reservoir were 
deepened and the pipe laid along the line d ' The pres- 
sures m the pipe, however, would vary greatly with the 
different positions If the pipe weie laid along the line a dig, 
there would be little or no pressure m any part of it, and if 
it were perforated at the top, little or no water would flow 
from the perfoiations In the horizontal position, however, 
and still more in the position a' d^ there would be pressure 
at all points, the pressure for any point m the pipe being 
equivalent to the head represented by the vertical distance 
from that point to the hydraulic grade line, and, if the pipe 
were peifoiated anywhere, water would issue fiom the 
perforations 

22. Position of Hydiaulic Grade Line — In laying a 
line of pipe to connect two points lying at difleient levels, it 
IS of the utmost importance to ascertain the position of the 
hydraulic grade line Let A and B, Fig 17, lepiesent two 
reservoirs, connected by a pipe line of unifoim diameter, 
through which the water flows by gravity from the upper to 
the lowei level The hydraulic grade line is the straight 
line connecting the two reservoirs, in order to cover the 
most unfavorable conditions, it is usually drawn between 
the two ends of the pipe line, and not from surface to sur- 
face of the water in the two reservoiis, as the level of these 
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surfaces may vary The slope of the grade hue will he 
represented by y 

In ordei that the pipe may flow full, no pat t of it should 
nse above the hydraulic grade line Eh The fi)IIi)\ving 
considerations will make this point cleai 

Assume the pipe to be laid above the hyduiiilic gi idient. 
along the broken \\ne,EDF From the fundament il tt)in)ul i 
Q ^ 7854 r/ it follows that the dischaige (J viuls with 



the velocity It has also been demonsti aled that, niht i 

things being equal, the velocity inci eases with tlu i itm 

or the sine of the angle of inclination of the pipe Id tlu lum 
zon It follows that the line ED, whose inclmalion li ss 
than that of D F, cannot delivei as miiLh watei as D i uin 
carry Consequently, Z)/' cannot uin full, ))ut acts nuit ]\ a-, 
a trough or open channel In oidci that the line DI nM\ 
flow full, It must have a smaller diamcLoi tlian / /\ uul, 
where conditions exist that make this loim of c«Mistuutu*n 
unavoidable, a smallei diameter is selected foi D J\ ulu h 
diameter is determined by methods that will be c \plaiiu d 1 lU i 


23. Tlie Siplioii — The pait of a pipe that uses 
the hydraulic giadient IS called a siplion 'Vh^ iniiKiph s.m 
which the action of a siphon depends aic explained in /V.a 
maize:. It the siphon is kept filled, the flow thioii-li n ui]] 
take place in accoidance with the laws given foi pq^ts ] tid 
below the hydraulic gradient, and the same fenmul is App]^ 
The total head pioducing the flow in a sipli/>n is the \( i 
fe^cal distance from the discharge end of the pipe to the* Icu 1 
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of the watei in the reseivoir If the siphon is of uniform 
section, without sharp bends or obsti actions, the hydraulic 
giadient will be a straight line E F, Fig 17, from the resei- 
voir to the discharge end and the pressure in all parts of 
the pipe that rise above the line will be less than the atmos- 
pheric pressure Air always tends to collect in the highest 
point of a siphon, and means must be provided for its 
lenioval, in older to keep up the flow This is effected by 
means of an air pump or air valve, as will be explained else- 
where Such means of removing the air should be provided 
for whenever circumstances make it unavoidable to place part 
of a pipe above the hydraulic giadient. 

HYDRAULIC TABLE FOR LONG PIPES 
24. In the preceding ai tides have been given all the 
lules and foimulas necessary to solve any practical problems 
that may arise. A little ingenuity will sometimes be needed 
in then application, and both care and good judgment must 
be exeicised in the selection of the proper coefficient in cases 
wheie gieat accuiacy is lequired 

In the design of watet pipes, fi actional diameters are 
usually found The commeicial sizes of pipe aie cast in 
even inches, and only pipes of a certain size are commonly 
manufactuied IVhen the calculation calls for some frac- 
tional diameter, the next huger size of even inches should 
be taken One is then peifectly suie that all losses of head 
and fiictional lesistances are piovided foi The interior 
and varying conditions of pipes and the lack of sufficiently 
extended experimental data permit ei rors of from 2 to 10 per 
cent to affect the most caieful calculations Eveiy effoit 
should be made to avoid eiiors, but, foi the leasons just given, 
small eirois aic piactically imimpoitant m solving pioblems 
relating to the flow of watei in pipes 

Table IV at the end of this Section gieatly facilitates the 
solution of all piactical problems likely to occur It is veiy 
conveniently arranged, and will save much time and labor 
It compiises eveiy commercial size of cast-iron water pipe. 
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and IS equally applicable to wi ought-iron and steel pipe, not 
riveted 

It must be borne in mind that the piojecting iivet heads 
in a steel iiveted pipe 1 educe its cany mg capacity veiy much 
more than by the deciease of the diametei caused by the 
annular ring of iivets Foi instance, a 12-inch nveted steel 
pipe with a row of nvet heads projecting into the inteiior, 
1 inch in depth, will not have the same dischaige as a 40-inch 
smooth pipe Costly and embairassing mistakes have been 
committed by neglecting this fact 

25. The quantities given in Table IV aie 
d = diametei, both in inches and in feet (the value used in 
the foimulas is always in feet, unless otheiwise stated) 

V = velocity of flow, in feet per second 

^ = I = slope, 01 head per unit of length of pipe, 01 sine 


of the aveiage inclination of the pipe to the hoii/ontal (heie, 
h IS the total head, and / is the length of the pipe) 

= 5,280 = head, in feet, pei mile of pipe 


U = f = giade = length of pipe foi which the head, or rise. 
h 

.s 1 If / and /i aie in feet, (? is in foct, and indicates the 
number of feet of pipe m which the use is 1 foot Thus, if 
Cr = 750 feet, the guide is 1 foot m 750 feet 

0 = dischaigc, for clean or tai-coated pipes, in either 
cubic feet pei second, gallons per minute, 01 gallons per day 
of 24 hours 


conespondmg quantities foi 

V2 


exli emeiy foul pipes 


The head k and length / aie easily found when either the 
slope or the giade is given, since /z = s /, and / = G /i 
The table has been constiucted horn the foimulas (Arts 
and 15) _ 

j2(rd /i 

n ' - ^ 1 

j2(cu ft ) = 

4 



( 1 ) 

( 2 ) 


V 
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Assuming values foi v and d, values of / have been found 
f om a table similar to Table I, but more complete Having 

d, and /, the slope y has been computed from equation (1), 


which gives 


^ ^ 

The values of / here used are for clean pipes, either smooth 
01 coated with coal-tai varnish For exttemely rough or 
foul pipes, the value of / has been taken as twice that for 
clean pipes If the velocity in a rough pipe is denoted by , 
and 2 /is used instead of /, equation (1) becomes 


z;' = 



X 


h 

I 


Therefore, 


V 

v' 


4 


'2^-d 

/ 


4 


2 / 



= V2 


and, as the discharges are proportional to the velocities, 

42, whence, Q' = -Q- 

Q' V V2 


In detei mining the diameter of a pipe, it is always advis- 
able to detei mine it for both of the extreme conditions, that 
IS, both assuming it perfectly clean and assuming it extremely 
toul 01 rough Also, when the diameter of a pipe is known, 
the values of Q and Q show the extreme limits between 
which the discharge may vary 


Example 1 —What is the discharge, in cubic feet per second, of a 
14-inch pipe in which the velocity is 3 2 feet per second? 

Solution —Find, in Table IV, under diameter 14 inches, 3 2m the 
column headed v Opposite this value and m column headed Cubic 
Feet pel Second, the discharge is found to be 3 4208 cu ft per sec 

Ans 


Example 2 —Determine the velocity, m feet per second, m a 
16-]uch water mam 1,600 feet long, with a head of 54 feet 

Solution -The ratio | is or 27 778 Looking in the table, 

in the column headed (7, under the diameter 16 in , it is seen that the 
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\alue 27 778 tails between that corresponding to a velocity oE 12 5 ft 
per sec and that corresponding to a velocity of 13 ft per sec The ihl- 
ference in the value of v tor a difference in G of 28 782 — 26 GSl =2 101 is 
13 0 — 12 5= 5 ft per sec For a difference m (7 of 28 782— 27 778= 1 00 1, 
the difference in v is 


5X1 004 
2 101 


= 24 


Therefore, the velocity is 

12 5+ 24 = 12 74 ft per sec 


Ant. 


Ewmple 3 What is the loss of head due to fiiction in a lO-inch ni[)c 
2,000 teet long, with a velocity of flow of 2 8 teet per second? 

Solution —S ince y=^, and i-, the taction lu.id (inniml.i 

of Art 3), the quantity given in the second column multiplicil by ibc 
length on the pipe will give the loss ol head due to friction Fiom tin 
h 

table, ~ corresponding to a diameter ot 10 in and a velocity of 2 8 ft jx i 

sec , 13 0034446 Then, 

Zf = 003444b X 2,000 = 6 89 ft Am, 

By the formula of Art 3 , 


Zf= 0236 X 


2 , 000 ^ 2 8 ^ 
^64 32 


= 6 90 ft 


Bj a comparison of these two solutions, it is seen thal -i gre.d lie d 
calculation is sat ed by the use of the table 


Ex tMPLE 4 -Required, the diameter of pipe necessary to delivc . 7()() ()(,o 
gallons per day ot 24 hours, if the reseivoir is situated 60 le Vbo 

city and at a distance of 15,300 teet ^ 

Solution -H ere, p^~=170 Looking fo. the number 700,000 

diameter 6 inche, .i .. sc, „ 

3S3t4 ft Smee the available grade is only 1 tt m 170 ft t i , 
same column under the diameter 8 ^ i ft , look m tiu 

arrrf tu I Qiameter 8 in The next higher value m 7‘J| 

and the required grade fcolumn G) is 1 ft m 175 ft 

pipe could be used hut fh« ^ i, l<o3o ft ffhertfon, m 

than 721,890 gal per d j Ans 

24 houTuuthVLncrpZ"'' It tteT" "f 

(<!) nhat must be the head^ (5) what is t^eTeloaty^^thc pipTc 

the colun^ h^ded°Sons'“per^Sav^^’h “0 

Opposite this value m the column hekdeJ 7^‘tb f'*""'' 

eaded the quantity 3 10^0 is 
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f.aiMd 'Phis IS the head per raile of length, therefore, the required 
hi nl IS 

40S() X = 30 0774 ft Ans 

Opposite 2,^)37,000, in the column headed z/, the value 1 8 is 
fniiiul 3'lu‘iefore, 7' — 1 vS ft pei sec Ans 


FXAMPT.F'^ POR PRACTICE 

1 Check, by 'Pable IV, the values found in examples 1 and 2 
of All 15 

2 ( lutk, by Table IV, example 1 of Art 16. 

') Wh it IS the loss of head due to fnction in a pipe 20 inches in 
di niKlci, ) iniks long, if the \clotitv of flow is 3 ^ feet per second^ 

Ans 60 6 ft 


1 Hi (piin fl, (ii) the diametei of jupe necessaiy to deliver 3,500,000 
rdhui, )>n d L\ , if till, length of pipe is 8,000 feet, and the head is 

,t) fftl, tilt \tlotil> in the pipe . [(a) 16 in 

Uii)) 3 9 ft per sec 


'Pin \Llm Its of flow III a 30-inch pipe, 8 3 miles long, is 3 2 feet 
pt I *11 olid If tilt ht 1(1 IS 50 feet, calculate the discharge m million 
y tllons pii di> ^1^*5 10 million gal 

I. Ktiinnid the cli imttei of pipe necessary to deliver 5,000,000 
g 111011-- [u I d IS , uith i velocity not highei than 4 feet per second, and 
'l giadc not l.ss thin 1 in 500 Ans 20 in 


7 q‘ht tot il lit id for i 24-inch pipe line ss^as 40 feet, the quantity 
disi h uged ssas 5 07 million gallons pei day Determine the length of 
ihcl.uc' Ans 41.840 ft 
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TABLE II 

COEFFICIENTS FOR ANGULAR BENDS 

a — angle of be 7id in degrees 


10° 

20° 

40° 

60° 

80° 

90° 

100° 

■110° 

120° 

OJ 

0 

0 

140° 

150° 

1 2 
^ 

046 

r 39 

36-t 

74 

984 

I 26 

I 56 

I 86 

,1 

2 16 

2 43 

i 

2 81 


TABLE HI 

COEFFICIENTS I OR CIRCULAR BENDS 
r = radius of pipe R = ladius of bend 


7 

R 

I 

■! 

3 

1 

4 

5 

1 

6 

7 

8 j 

1 

9 

I 0 

K 

1 13T 

tsS' 

_n 

CO 

206 

i 

294 

440 

661 

977 

1 

I 408 

1 978 


\ 

'/ 

I - 





TABILK IV 

hydra TJI ilC TABLE POR CAS 1-IRON PIPES 

o' = 4 inches = ^ foQt 
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TABIj^: IV — {Continued) 
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TABLE IV — {Continued) 
d = 6 inches = 5 foot 
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TABIiE IV — {Cmiizmied) 

d = 6 inches = S foot 
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TABI.E IV—iConimued) 
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TABIiE IV — {Co7iitnued) 
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TABtiK IV — {Conitnued') 
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TABIjE IV — ( Continued) 
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TABIjE IV — {Coniimied) 
d = 54 -I'nchrs = 4 d feet 
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TABLE IT— {Co7ihn7ieei) 

d = 72 ^7^ches = 6 feet 
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TABIiE IV — {Co7iimued) 

d = 72 tiickes = 6 feet 
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HYDRAULICS 

(PART 3) 


FLOW OF WATER IN CONDUITS A.ND 
CHANNELS 


DEFINITIONS 

1. The term cliannel is applied in hydraulics to the bed 
of any long: body of water flowing under the action of gravity, 
not, as in water-supply pipes, under pressure An artificial 
channel dug in the ground for the conveyance of watei, and 
whose bed is formed by the natural soil, is called a canal. 
A canal of small dimensions is usually called a ditch. 

2. A conduit differs fiom a canal in having an aitificial 
bed Flumes and sewei pipes aie examples of conduits 

3. The slope of a channel is the ratio of the fall to the 
length in which the fall occurs If ^ is the slope, h the fall, 
and / the length in which the fall h occuis, then, 



Example — If a canal has a fall of 2^ inches m 500 feet, what is 
the slope? 

SoLUiiON — The fall 2-^ in = 177 ft , hence, 

i = OOOKM Ans 

500 

4. The wetted peiimeter of the cioss-section of a 
channel is the part of the boundary m contact with the 
water If, foi example, a circulai conduit whose diameter 

COPYNIGHTKD BY INTERNATIONAL TEXTBOOK COMPANY ALL RIGHTS RESERVED 
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IS 4 feet IS half full, its wetted perimeter is equal to one-half 
3ts circumference, orjX3l416x4 = 6 2832 feet 

5. The hydiauliG radius of a channel is the ratio of 
the area of the cioss-sectioii of the water in the channel to 
the wetted perimeter If the wetted peiimeter is denoted 
by p, the area of cross-section by F, and the hydraulic radius 
by r, we have 

P 

The hydraulic radius is sometimes called the hydraulic 
meau depth. 

Example —What is the hydiaulic radius of a circular conduit 
4 feet in diameter and half full of water? 

Solution —Here X 7854 x 4'' = 6 2832 sq ft , and 

} X 3 1416 X 4 = 6 2832 ft 


Therefoie, 




6 2832 
6 2832 


= 1 Ans 




6. The hydraulic radius for a circular cross-section filled 
with water is i d, denoting: the diameter by d For 

jF = i 7r<af% and p ~ circumference — n d, 
hence, from the formula in Ait 5, 

? = = 

p t: d 

7. Permanent Flow. — When the quantity of water 
that passes thiough any cioss-section in any and eveiy 
interval of time is the same as that which passes through 
eveiy other cross-section, the flow is said to be peimanenr 
or steady. As shown in Hynhaulus, Part 1, 

= = Aa ctc , aud It was there shown that mean 

velocities at different sections are inversely as the sectional 
areas 

8. Uniform Flow — When the channel has a uniform 

cross-section, F^ = F» = iF, etc , and Vi = etc , 

that is, the velocity is constant Undei these conditions, the 
flow is said to be nnlfoim 

9. The mean velocity is the aveiage velocity of flow 
for the whole cross-section of the water in the channel 
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Owing to the friction along the sides and bottom, the water 
filaments next the walls move most slowly, and the velocity 
IS diJfterent in the various parts of a cross-section 

10. The diseliaige is the amount of water flowing 
through any section in a unit of time, and is equal to the 
product of the area of the water cioss-section and the mean 
velocity at that cross-section If O denotes the discharge, 
7% the area of the cross-section of the water, and v, the 
mean velocity, we have, as in the case of orifices and pipes, 

O = J^v 


VELOCITY AND DISCHARGE 

11. General Foi mxila for Velocity — The velocity 
depends on the inclination oi slope, the form and dimen- 
sions, and the smoothness of the channel In the design of 
channels, velocity is the key to the solution of all problems 
When this is known for diffeient sizes, different forms, 
diflerent mateiials, and diffeient depths ot flow, it is a simple 
mattei to determine the size and calculate the discharge for 
any paiticulai case 

Expel lence shows that formulas for velocities in channels 
cannot be derived solely by mathematical investigations, 
but must be based both on experiments and on mathemat- 
ical leasoning The following general formula, known as 
Chezy’fe fotiiiula, is the basis of all formulas for the flow 
of water in channels 

V — c VTj 

in which ^ IS a variable coefficient, depending both on the 
character and conditions of the bed and on the values of the 
hydraulic radius r and the slope 5* 

12. Kulter’fe Foimula —A general expression for the 
value of the coefficient ^ has been deduced fiom the investi- 
gations of Gangmllet and Kuttei, and is known as Rutter’s 
Toimula This foimula is now very extensively used, 
having been experimentally proved moie accurate than any 
of the many others found in hydraulic literature It has 

I L T 399—16 
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proved applicable to streams of all sizes, from sewers to 
large rivers Kutter’s formula is as iollows 


23 + - + 


00155 


n s 

5521 + (23 + Ji. 

\ ^ / V; 

In this formula, n is a coefficient, called the coefficient 
of loneliness, whose value depends on the character and 
condition of the bed 

Table I, at the end of this Section, gives the values that 
may be used under the conditions most often met with m 
practice 


Exvmple 1 — What is the value of c for a rough plank sluice 
24 inches wide, when the depth of water m the sluice is 15 inches, and 
the fall 3 inches m 100 feet^' 


Solution — The slope ^ = 25 — 100 = 0025, the wetted periineter 
p — 2 +(2 X 1 25) =^4 5 ft , aud the aiea of the water cross-section 
A = 2 X 1 25 = 2 5 sq ft The hydraulic radius is, theiefore, ^=25 
— 4 5 = 5556 From the table, the value of n for unplaned timber 
IS found to be 012, therefoie, 


5521-4- (23 -f 




23 + -i-+.0016^ 
^ 012^ 0025 
“ 001 ^\ 

025 y 


0025 ;^ 


= 114 7 


Ans 


Example 2 — (a) What is the velocity m example 1? (^) What is 

the discharge^ 


Solution — (a) Substituting the value found for c m the formula 
V = c-VtTs (Art 11) 

V = 114 7 V 5556 X 0025 = 4 27 ft per sec Ans 
{b) Substituting the values of F and v in the formula 0 = Fv^ 
g = 2 5 X 4 27 = 10 675 cii ft per sec Ans 


13. Thrupp’s Foi-mxila foi Flow of Watei — The 
following formula, proposed by Thiupp, lepresents with 
fair accuiacy the results of a wide lange of expeiiments It 
applies to uniform flow in open channels oi to flow under 
pressure m pipes 

As in previous formulas, ^ is the hydraulic ladiiis, and s 
the slope Thrupp’s foimula is 

v ^ mr^ 
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The values of m, x, and y for different conditions are g-iven 
m Table II, at the end of this Section 

This foimtila is very useful not only for finding- the value 
of V duectly, bat for detei mining: the values of other quanti- 
ties to be used as approximations in applying Kutter’s 
foimiila, as illustiated in some of the following examples 

Example 1 --Compute by Thiupp’s foimula the velocity of flow 
in example 2 of Ait 12 ^ 

Solution —For iinplaned piauk, in = 118 *^8, .r = 615, and 
y == 50 Substituting m the foimula, 

= 118 33 X 5556«’= X 0025 = 4 12 ft per sec Ans 

Exampt E 2 A canal or ditch having the cross-section shown m 
Fig 1 is to delivei 100 cubic feet of 

water per second What must be the ^ J 

fill! pei 1,000 feet of length to give this V 1 * — — J 

dischaige^ \ | / 

Solution —The area of the water \ T / 

cioss-section is \i / 

A = 4 X i X (6 4- 12) = 36 sq ft , >-] 

and the mean velocity is, therefore, Pm 1 

jy = ^ ^ = 2 778 ft per sec 

The wetted perimeter is 

/» = 6 -f 2 = 16 f t , 

and the hydraulic radius is, therefore, 

p 16 

Fust, from Thrupp’s formuli, 

s> = — whence s = 
in 7^ 

Substituting the values foi earth, 

si 

' \ 66 ix 22 r-’ 

m, s — 00056645 

4'his value of s may be taken as a first appioximation Now, using 
Kutter’s foimula, with 1 / = 0225, 

1 . 00155 


0225 00050645 


Piom the formula in Art 11, 

V’ 2 77S= 

i ”■ 74 Sr X 2 25 


= 74 81 


000613 
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The fall per 1,000 ft is, therefore, 

000613 X 1,000 - 613 ft = 7f m , nearly Ans 


Example 3 — In a stream of fairly uniform cross-section, the fall is 
1 foot pel 1,000 feet, the surface width is 30 feet, the wetted perimeter 
IS 36 feet, and the aveiage depth is 4 feet The bed is somewhat 
obstructed bv stones and weeds Calculate approximate!) the volume 
of water flowing’, both by Kutter’s and b> Thiupp’s formula 


Solution — y?' = 30 x 4 = 120 sq ft , appioximately ? = ^ ^ 

= S-j ft 5 = 001 Foi w, the value 03 may be taken From Kutter’s 
formula, Art 12, 


9qj- 1 -L. 


Substituting in the formula of Ait 11, 

= 60 X 001 = 3 5 ft per sec 


= 60 6 


Q = jFv = 120 X 3 5 — 420 cu ft per sec Ans 
By Thrupp’s formula, 

z* = 46 64 X (3-7) X 001 “ = 3 77 ft per sec 
and Q == 120 X 3 77 = 450 cu ft per sec , nearly 

Neither result can be regarded as more than a rough approximation 


Example 4 — A circular brick sewer lard with a grade of 2 feet in 
1,000 IS to discharge 70 cubic feet per second when running full Find 
the diameter required for this discharge, using constants for smooth 
brickwork 

Solution — From the formula of Art 10 we have, v = ,, 

/ 854 of* 

Writing 25 instead of 7 in Thrupp’s formula, we have 
V — m [ 25 dY ^ 

Placing these two values of v equal to each other, 


7854 X ( 2oYin^ * = Q, 

d + 

785- 


whence 

and, therefore, 

7854 X ( 

Substituting in this equation the values of Q and 5, together with 
those of X, 7)1, and r, taken from the table. 


2 + 61 / 

"" \ 78 


70 


= 3 945 ft 


7854 X ( 25) X 129 1 X 002* 

Then, ^ = 3 945 - 4 = 986 ft 

This value is to be used as a first approximation in Kutter’s formula 
The value of n is 015 
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Substituting in Kutter’s formula, 


23 + J- + -^55 

^ 0^'^ _ 002 ^ qg 

. /„„ . 00155\.. 016 


552H-(23 + ^^)x^ 

\ 002 / V 986 

Equating the value oi v = to that given by the foiraula of 

/ oO-l u “ 

Art 11, and writing 25 d instead of 


Squaring, 2“ = 25 X 7854"' ^ 

^ \l5 X fsol" c’ s 

Substituting niimeiical values m this equation, 

70^ 

^ \ 25 X 7854'’ X ^9 25= X 002 

From this value of d, 

7 = 4 380 - 4 = 1 095 ft 
Using this \aUie of 7 in Kutter’s foimula, 

23 + ^4- 

^ 015 ^ 002 


= 4 380 ft 


" 5521 +(23 4- SX^ 
\ 002 / Vl 095 

Substituting this value in the equation for d, 


= 101 3 


25 X 7854= X 101 3= X 002 


4 34 ft Ans 


EXAMPLES FOR PRACTICE 

1 A circular brick sewer 3 feet in diameter falls 3 75 feet m a 

length of 2,500 feet What is the sloped Ans 0015 

2 The sewer in example 1 flows half full Calculate [a) its 
wetted peiimeter, {d) its hydraulic radius, (^r) the value of c from 
Kutter’s formula, using the value of 7i for fouled sewers, (d) the mean 
velocity of fiow^ {e) the discharge in cubic feet per second 

((a) 4 7124 ft 
W 75 
Ans (£■) 80 9 

(d) 2 71 ft per sec 

(e) 9 58 cu ft per sec 

3 A flume is 4j feet wide and of rectangular cross-section What 
must be the slope foi a dischaigeof 56 cubic feet per second, w+en the 
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depth IS 2 8 feet^ 
Eoimula 


The walls are of unplaned plank 


Use Thrupp’s 


Ans 


r 00108 c 
1 1 in 92i 


or 

92b 


4 Calculate, bv Kutter’s formula, the diameter of a lough brick 
sewei to dischaige S5 cubic feet per second with a fall of 1 2 feet oei 
1,000 Use 71 = 017 Ans 3 92 ft 


GAUGING STREAMS AND RIVERS 

14. The hydraulic engineei is called on to measme 
the volume of flowing watei in making tests of hydiauhc 
machmeiy, m detennming the discharge of sewers or ot 
water-supply pipes, in designing water-powei plants and 
iirigatioii woiks, in investigations concerning the supply 
obtainable fiom sti earns, in connection with iiver impio\e- 
ments, etc 

The quantity of water to be measured determines the 
method of measuiement A very small stieam may be 
measuied, or by peimitting it to flow into a tank 

of known dimensions, or into a tank resting on a set of 
scales wheie the watei may be acciiiately weighed Lai gei 
quantities involve the use of a Pitot tube, meter, oi wen, 
while for very large streams and livers, floats and ciuient 
meters must be employed 


MEASUREMENT OF DISCHARGE 33T WEIRS 


DEFINITIONS AND GFNERAD DESCRIPTION 

15. Wells — A weiv is a dam or obstruction placed 
across a stream for the puipose of diverting the water and 
causing It to flow through a channel of known dimensions, 
which channel may be a notch or opening in the obstruction 
Itself When properly constiucted and catefully managed, 
a weir forms one of the most convenient and accuiate devices 
for measuring the discharge of streams The notch is usually 
rectangular in form 

IMany carefnl experiments have been made to determine 
the quantity of water that will flow over diffeient forms of 
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wens under varying conditions As the result of these 
eKpei iments, two classes of weirs, those with and those 
without Old conimchons, have come into general use 

16. Weir With End Contractions —In a weir with 
end contractions, the notch is nairower and shallower 
than the channel thiough which the water flows, as shown 
in Fig 2 {a] This causes a contraction at the bottom and 






Fig 2 


('0 


at the two ends (sides) of the issuing stream The end 
contractions of a weir are said to be complete when the 
distance fiom the end of the notch to the side of the channel 
at each end ot the weir is not less than three times the depth 
of the water on the crest of the weir 


17. Weil Witliout End Conti-actions. — A weir 
wltliout end contractions is also known as a weir 
with end contractions suppressed, and is commonly 
called a suppressed weir. In a weir of this class, the 
notch IS as wide as the channel leading to it, as shown in 
Fig 2 (/O, and, consequently, the issuing stream is not con- 
ti acted at the sides, but at the bottom only The sides of 
such a weir should be smooth and straight, and should pro- 
ject a slight distance beyond the ciest Means for admitting 
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air under the falling: sheet of water must be made, otheiwise, 
a paitial vacuum is formed tending: to increase the discharge. 

18. Crest of the Weir. — The edge of the notch over 
which the water flows, as shown in cioss-section at a. 
Fig 2 (ir) and {d)^ is called the ciest of the weir In all 
weirs, the inner edge of the crest is made sharp, so that, in 
passing over it, the watei touches only along a line The 
same statement applies to the inner edge of both the top and 
the ends of the notch m weirs with end contractions For 
very accurate woik, the edges of the notch should be made 
with a thin plate ot metal having a sharp inner edge, as 
shown m Fig 2 (^), but foi ordinary work the edges of the 
boaid in which the notch is cut may be chamfered off to an 
angle of about 30^, as shown at [d) The top edge of the 
notch must be stiaight and set perfectly level, and the sides 
must be set carefully at right angles to the top 

19. Head. — The head that produces the flow ovei a weir 
IS the veitical distance from the ciest of the weir to the sui- 
face of the water, as lepiesented by AT in Fig 2 [c) and (d) 
It must be measured to a point in the suiface of the water 
so far up“Stieam that the curve assumed by the flowing water 
as It appi caches the weir will not affect the measuiement 
This will usually be at a distance of from 2 or 3 feet for 
small weirs to 6 or 8 feet for very large ones 

20. Standard Dimensions. — The distance from the 
crest of the weir to the bottom of the feeding canal or reser- 
voir should be at least thiee times the head, and, with a 
weir having end contractions, the distance fiom the vertical 
edges to the sides of the canal should also be at least three 
times the head The water must approach the weir quietly 
and with little velocity, theoretically, it should have no 
velocity It is often necessary to place one or more sets 
of baffle boards or planks acioss the stream at right angles 
to the flow, and at varying depths from the surface, to 
reduce the velocity of the water as it approaches the weir 
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3IEASTJRING THE HEAD 

21. Approximate Metliocl.— Fig 3 shows a simple 
form of weir placed in a small stream at right angles to the 
flow, with Its face in a vertical plane A plank da m is con- 
stiucted across the stream at a convenient point, care being 
taken to pi event any leakage under or around the dam 
The length of the notch has been calculated to provide for 
the flow with a head of between 02 and 2 feet A stake b 
IS driven fiimly into the ground at a point about 6 feet 



Fig 3 


up-stream from the weir and near the bank, as shown The 
stake IS driven until its top is at exactly the same level as 
the crest a The head is then the vertical distance from the 
top of this stake to the suiface of the water, and may be 
measured by an ordinary square or 2-foot rule, as shown in 
the figure This is a very simple way of measuring the 
head, but it does not give an exact measurement, owing 
to the fact that it is impossible to observe the exact height 
of the water surface on the side of the square 
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22* The Hook Gauge. — For 
accurate weir measurements, such 
as are made in testing the efficiency 
of waterwheels, the development of 
water supply, and gauging sewers, 
the head on the crest is measured 
with an instrument called a hook 
gauge. In this instrument, which 
IS shown in Fig 4, a hook a is 
attached to the lower end of a sli- 
ding scale d The scale is giaduated 
to hundredths of a foot, and is pro- 
vided with a verniei, by means of 
which It can be read to thousandths 
of a foot The scale and hook can 
be raised or lowered slowly by 
means of the sciew ^ The instru- 
ment IS fastened secuiely to some 
solid and substantial object, as a 
beam or piece of masonry, at a 
point over the watei a few feet up 
stream from the weir, and where the 
surface of the water is quiet and 
protected from wind or eddies. The 
gauge is so set that the scale will 
read zero when the point of the hook 
is at the same level as the crest of 
the weir When the point of the 
hook IS laisecl to the surface of the 
water, it lifts the surface slightly 
before breaking through To use 
the gauge, start with the hook below 
the surface of the water and raise it 
slowly until the slight elevation 
caused by the lifting of the surface 
appears over the point, the reading 
of the scale for this position of the 
hook gives the head on the ciest 
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The greatest erroi that is likely to occur m determining 
the head on the crest is in setting the point of the hook at 
the level of the crest, but this can be done accurately by 
means of an engineers’ level 

23. An Improvised Hook Gauge. — When for ordinary 
water measurement it is not necessary to measure the head 
with the greatest possible accuracy, and the method described 
in Alt 21 is used, a reasonably close leading of the depth 
of the water above the stake can be obtained by means of a 
substitute for a hook gauge, im pi o vised from a small piece 
of tin or metal, bent so as to form a slide on the square, as 
illustrated in Fig 5 The slide, shown at (a) in the figure, 
has a V-shaped notch cut out of its upper part, so as to leave 




a point on the end of the uppei edg^e, and is so made that 
when m position on the sqtiaie its upper edge is horizontal 
when the squaie is vertical In measuring the head, the 
square is held vertically on top of the stake, in the position 
shown at (^), and the height of the watei surface is meas- 
ured by means ot the slide used in the manner of a hook 
gauge Having placed the slide on the square a short dis- 
tance below the '.mtace, the observer raises it gently until 
Its upper edge just reaches the surface This will be indi- 
cated by a slight rounding up of the surface of the water 
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immediately over the point of the slide, since the point will 
always lift the suiface slightly before breaking through The 
head on the crest of the weii will then be shown by the top 
edge of the slide in contact with the square 


DISCHARGE OF WEIRS 

24. Tlieoretical Discliaig:e — As shown in Hydiatdtcs, 
Part 1, the theoretical dischaige 0 foi a rectangular oiifice 
with its upper edge at the liquid level is given by the fol- 
lowing general formula 

= t X 802^//" = 5 347Z-7/* (1) 

Evidently, a w^eii is such a rectangular oiifice, and this 
formula, theiefore, gives the theoietical dischaige of the 
ordinal y weir oi lectangular notch The actual discharge 
Qa is obtained by introducing the coefficient of discharge 
in the right-hand membei, thus, 

= i X 8 02c,dH\ 

or, Q„ = 5 S-i7 c, d (2) 

As usual, d denotes the width of the orifice, that is, the 
length of the \veii in feet, and //, also in feet, is the head, 
as shown m Fig 2 (c) and (d) 


25. Effective Head. — Foimula 2, Art 24, holds good 
whenever the velocity with which the watei appi caches the 

weir IS inappi eciable 
This velocity is called the 
velocity of approach. 
If, however, this velocity 
is consideiable, there is an 
appreciable velocity head 
at the point at which // is 
measuied, and this must be added to the head AT Let v 
denote the mean velocity with which the water moves in the 

channel, and let /i = — = 01555 7;" be the conesponding 



velocity head, then, the velocity v may be consideied as 
resulting from a fall A, Fig 6, and the effective head \s H h 
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nstead of H alone The theoietical discharge is, therefore, 
Q = h)^ = hWlb{H ^ hf ( 1 ) 

On account of the contraction of the stream due to the 
-esistances of the edges ot the vveii and to their number, an 
empirical constant factor n is introduced before h, and the 
effective head is given by the expression 

H -\-nh 

The final formula for the actual discharge becomes, theie- 
Eore, 

Q. = hc.b^s^H \nh)\ 

or, = 5 347f, (2) 

Accoiding to Hamilton Smith, the value of n is ^ for 
wens with end contractions, and 1 4 for wens without end 
contractions 

26* Calculation of Discliarg*e — Foimula 2, Art 25, 
may be used when the velocity of approach is taken into 
account If, howevei , that velocity is inappreciable, h — 0, 
and foimula 2, Art 25, i educes to formula 2, Art 24. In 
the calculation of a discharge, first neglect v and calculate the 
dischaige by formula 2, Ait 24. This appioximate value 
of Q divided by the area A of the cross-section of the whole 
channel gives the velocity of approach approximately, that 

IS, z; = S Knowing v, h can be computed from the formula 
A 

h 01555 and the effective head H ii h determined 
A more exact value of Q can then be found by using for- 
mula 2, Art 25. 

Two tables of the values of £*3 for wens are given at the 
end of this vSection Table III applies to wens with end con- 
tractions, and Table V to wens without end contractions 
Values of C:, foi intermediate values of H and b can be 
obtained by interpolation 

Weirs with end con ti actions are more often used than 
those without, though the latter aie, in many cases, con- 
sidered piefeiable 

27. Francis’s Formulas — Accoiding to the theoret- 
ical investigations of Prof James Thompson, the formula for 
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the discharge of a weir of rectangular section should have 
the following form, when there is no velocity of approach 
Q = m{b-cn)H^ 

in which }n and c are constants to be deteimined by experi- 
ment, and Q, b, and H have the same significance as in 
the formulas of Art 24. J B Francis deduced from his 
experiments at Lowell, Massachusetts, the following foimula, 
which has the same form as that proposed by Piofesbor 
Thompson, and has become standard 

Q = ( 1 ) 

or, when 7i =■ o, g = 3 33 ( 2 ) 

The constant 7i denotes the numbei of end conti actions, 
hence, 

for a weir with two end contractions, }i = 2 
for a weir with one end contraction, = 1 
for a weir with no end contractions, 7i = 0 
When the velocity of appioach is taken into account, the 
formula becomes 

Q = 3 ( 3 ) 

m which /i = 01555 zi'‘, as m Art 25. 

Table IV, given at the end of this Section, is a veiy con- 
venient table by means ot which the discharge for a given 
head can be at once obtained 

28. Tiianj^ulai Weir. — A notch of tiiangnlai fonn, 
Fig 7, was fiist proposed by Prof James Thompson It may 

be conveniently used 
foi small flows wheie 
the head lies between 
the limits of 02 and 
1 foot It has been 
proved expeiimentally 
that the coefficient ^ 
does not vary with the 
bead as much as with 
rectangular weirs, and a mean value has been determined 
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Within the limits of as just stated, a right-angled tri- 
angular weir with sharp inner edges has the tollowmg 
expression for discharge m cubic feet per second, when H is 
expressed in feet 

<2 = 2 54 zr® 


29. Cippoletti’s Trapezoidal Weir — A form of weir 
devised by the Italian engineer Cippoletti is shown m Fig 8 
The sides, instead of being 
vertical, are inclined, the 
slope being 4 to 1, as 
shown It IS claimed for 
this form of weir that the 
extra flow thiougb the tri- 
angular spaces at the ends 
makes up for the end con- 
tractions foi all heads 
within the lange of the weir, and m consequence the coeffi- 
cient c remains constant The formula for the discharge is 



Pig 8 


Q = 


30 


in which 


h = width of weir at crest, 

H = head, which may be less than li in Fig 8 


Example 1 — A wen with end contractions is 5 feet long and the 
measured head is 872 foot Calculate the discharge on the assumption 
that the velocity of approach is negligible 

Solution — For the given length, fa is 604 for a head of 80 ft 
and 60S for a head of 90 ft Hence, we may take fa == 603 Using 
formula 2, Ait 24, 

<2o = 5 347 X 603 X 5 X 872^ = 13 13 cu ft per sec Ans 

E AMPLE 2 — Calculate the discharge in example 1 by Francis’s 
foi inula 


Solution — Substituting the given values in formula 1, Art 27, 
^ = 3 33 X (5 - X 872) X 872* = 13 085 cu £t per sec Ans 

Example 3 — In example 1, the channel leading to the weir is 8 feet 
wide, and the bottom is 2 5 feet below the crest of the weir Calculate 
the velocity of approach and the effective head 

Solution — This example is solved m the manner described m 
Art 26. The total depth of the channel is 2 5 + 872 = 3 372 ft 
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Hence, the area of the cross-section is o ]72 X cS = 26 97b sq ft , a.nd 
the mean velocity is 

Q 13 13 

z' = ~ ‘JSI ft per sec Ans 

H 2d y / b 

The equivalent head is /i = 01555 X -187’ = 0037 ft The effec'-ive 
head is 872 + 0037 = 8757 ft Ans 

Example 4 — Calculate the discharge for the weir of example 1 
(a) by formula 2, Ait 25; {d) by formula 3, Ait 27, using the 
value of h given m example 3 

SoiUTiON — (a) Substituting the given value in formula 2, Ait 25, 
jg = 5 347 X b03 X 5 X ( 872 -f 7 X 0037)^ = 1 > 24 cu ft pet sec Ans 

(^) Substituting the given values m foimula 3, Art 27, 
i2 = 3 33 x(5 --^X 872) X ( 8757* - 0037*) = 17 cu £t per sec 

Ans 

Note —Examples 1 and 4 t>ho\v that trancis’s fonmilas irive ret.ult'i afifreeing 
closely with those obtained from the loimulis in Aits 2*1 and 25 

Example 5 — Calculate the clischaige of a tiiangular wen whose 
effective head is 9 inches, or 75 foot 

Solution — Substituting the given values m the foimula of Ait 28, 
0 = 2 54 X 75^ = 1 24 cu ft per sec Ans 


EXAMl'LES FOR PRACTICE 

1 A wen with end contractions is 5 feet long, and the me isured 
head is 55 foot, if the water appioaches the wcir witli the \eloLitj 
of 1-T feet per second, what is the discharge? 

Alls 7 49 cu ft per sec 

2 A weir without end contractions is b feet long, and the head is 
25 foot Calculate the discharge, neglecting the velocity of appioach 

Ans 2 54 cu ft per sec 

3 Calculate the discharge m example 2 Eiaiicis’s foimula 

Alls 2 5 cu ft per sec 

4 Calculate the discharge from a right-angled triangular weir with 

a head of 8 inches Ans 92 cu ft per sec 

5 Calculate the discharge fiom a trapezoidal wcir 2 feet wide at 

the crest and with a head of 7 foot Ans 3 94 cu ft per sec 


30. Determination of Dimensions —As a piactica] 
illustiation of the use ot the preceding formulas, suppose 
that It IS desiied to gauge the small stieam whose cios^- 
section IS shown in Fig 9 Suppose that, by nieasuiing the 
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depth of the stream at different points, such as a, b, c, d, the 
area of the cioss-section is found to be about 10 2 square feet 

Now, if a suiface float, such as a block of wood, is found 
to pass down stieam a distance ot 30 feet in, say, 20 seconds, 
the approximate velocity of the stream is 1 5 feet per sec- 
ond, and the discharge Q is 

10 2 X 1 5 = 15 3 cubic feet per second 

The next thing is to deteimine the size of the notch in a 
weir with end contractions that will permit the flow of this 
amount of water, the head on the weir not being less than 

2 nor more than 24 inches For the purpose of determining 
the length b of the weir, the end conti actions may be 
neglected, and formula 2, Ait 27, used This simplifies 
the opeiations, and gives a sufficiently close result Solving 
that formula for b, we have 

3 33 W 

Any head on the weir may now be assumed Let it be 
1 foot, then, by substituting values in the preceding equation^ 

b = — = 46 feet 
3 33 X r 

Thus, the length of the notch is established, and its height 
will be 1 foot plus, say, 6 inches, to provide for an ordinary 
rise in the stream 

Two other conditions remain to be satisfied for a weir with 
end contractions Fust, the depth below the crest must be 
at least thiee times the head on the wen As the head 
assumed was 1 foot, this depth must be at least 3 feet The 
second condition is, that the distance fiom the vertical edges 
of the notch to the sides of the stream must be equal to at 
least three times the head on the weir This will add 

3 feet to each end of the notch, making the total length of 
the weir pi oper 10 6 feet It will he seen that, by the con- 
struction of the necessary planking across the stream, the 
water level will rise above the weir until it forms a pondage 
that 1 educes the velocity of approach to a point where it may 
ordinal ily be disiegaided 

I L T 399—17 
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The hook gauge should be located some 5 or 6 feet up 
stream, out of the way of the current, and in still watei In 
all but the most accurate woik, reading the gauge at this 
distance up stieam will eliminate all necessity foi calculating 
the velocity of approach, as the reading will he a little higher 
than the head on the weir, which difference will closely 
approximate the value of h 

In Fig 9, the fulfilled conditions foi the wen in question 
are outlined in the cross-section I vino The wen planking 
IS now extended and firmly embedded m the bottom and 



banks of the stream, making the construction perfectly tight, 
so that no water can find its way around the ends of the 
planking or undei the bottom Gauge readings may now be 
taken 

In Fig 9, the water level of the oiiginal stream is shown, 
as well as the constiiicted wen, the shaded iDortions showing 
where the planks aie embedded in the eaith 

31. In cases wheie laigei volumes of water are to be 
measmed by a wen — such as in iirigation work, discharge 
of sewage into a stieam, dischaige of a pumping engine into 
a reservoir, and measurement of the discharge of driven or 
artesian wells — a rectangular flume is usually constructed 
50 feet oi more long, with the weir placed at the end where 
the discharge is measured The dimensions of the flume or 
channel depend on the quantity of \^ater to be measuied, 
and the length of the weir is usually the width of the flunic:, 
that IS, the weir has no end contractions In this class of 
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work, the head on the weir is assumed, and the width of the 
flume IS determined by the formula 

b = — 2_ 

3 33 

For example, let it be required to determine with exact- 
ness the number of gallons of water pumped daily from a 
battery of diiven wells into a leservoir The amount is 
roughly estimated at 5,000,000 gallons 

Now, 5,000,000 gallons per 24 hours is about 7 7 cubic feet 
per second, and if we assume a head of 1 foot on the weir 
and substitute in the foiegoing equation, we have 
7 7 

b = . = 2 31 feet, or, say, 2 feet 4 inches 

3 33 X l’* 

As the depth below the ctest must be at least thiee times 
the head on the weir, we have 3 teet for the height of the 
wen crest above the bottom But to determine the height 
of the flume, we must add to this the head on the weir, 1 foot, 
and, say, 6 inches of lunning board, to provide foi any excess 
of the estimated 5,000,000 gallons and foi fluctuations in the 
water level The height of the flume, 4 feet 6 inches, is 
thus determined 

In flume measurements, the hook gauge is placed in a box 
about 18 inches square, outside the flume, and 3 or 4 feet 
back of the weir A small auger hole permits the water to 
entei the box, wheie, the watei level being quiet, the gauge 
can be lead to TiiVrr foot 

32. Gciieial Remarks — Other Weir Foimulas — A 
carefully constructed weir of piopei dimensions and favor- 
ably located gives more accurate lesnlts than any other 
measuring device now m use When all necessary piecau- 
tions are taken, the discharge given by the weir formulas 
will be within 1 pei cent of the actual discharge 

When any foimula is used foi the discharge ovei weirs, 
care should be taken that the conditions are as nearly as 
possible identical with those from which the formula was 
deduced This refers to length of the crest, head on th^ 
weir, velocity of appicach, and general dimensions li ma^ 
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be well to state the conditions obtaining when three of the 
most popular formulas weie constructed 

The many and caieful experiments made by J B Francis 
in 1852, from which his standard foimula was deiived, were 
under the following conditions His weir was 10 feet wide, 
the measuring tank was a canal lock, which contained 
12,138 cubic feet of watei when filled to a depth of 9 5 feet 
The head on the weir was measured by two hook gauges, 

feet up the stream, and the head varied between 5 and 
19 inches, with a width of channel of about 14 feet 

33. Fteley and Stearns made some expeiiments in 1879 
over weirs wheie the length of the crest was 5 and 19 feet 
and the head vaiied fiom 1 to 1 foot A section of the 
Sudbury conduit was used to measure the dischaige, and had 
a capacity of 300,000 cubic feet for an increase of 3 feet in 
depth Their formula for a standaid suppressed weir is as 
follows 

Q = 3 31 6 + 1 5 + 007 d 

wheie V is the velocity of approach, and the other letters 
have the same signification as in Fiancis’s formula, all 
dimensions being m feet 

34. Bazin published, in 1888, the results of his numerous 
expeiiments of discharge ovei weirs having a length of crest 
varying from 1 5 to 6 feet, and a head ranging from about 
2 to 22 inches His formula for weirs with no end contrac- 
tions, which IS heie given, takes into account both the 
velocity of approach and the distance p from the bottom of 
the channel to the ciest 

fi-(405+ 

In this formula, all dimensions aie supposed to be 
expiessed in feet 

Bx\mple — Calculate the discharge over a weir 8 feet long, if the 
head on the ciest is b inches (a) by Fteley and Steams s formula, 
the velocity of approach being 5 foot per second, (6) by Bazin’s 
formula, the distance from the bottom of the channel to the crest of 
the weir being 1 5 feet 
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Solution — ( a ) In this case, /I = = 5 £t Substituting the 

given values m the formula of Ait 33, 

i2 = 3 31x8x(5 + 15X V 007 X 8 = 9 58 cu ft per sec 

Ans 

{d) To apply the formula of Art 34 we ha\e = l 5, the other 
values being the same as in the preceding example Substituting in 
the formula, 

I? = ^ 405 + X 1^1 + 55 X 5 ^ - 5 ) ] X 8 X 5 X ^64 32 X 5 

= 9 97 CU ft per sec Ans 


EXAMPLES FOR PRACTICE 


1 A weir with end contractions is (3 feet long and the head on the 
crest IS 1 foot Assuming that the velocity of approach is negligible, 
calculate the dischaige, by Francis’s formula 

Ans 19 3 cu ft per sec 

2 A weir without end contractions is 5 feet long, and the measured 
head is 9 inches Assuming the velocity of approach to be 1 5 feet 
per second, calculate the discharge, using Francis’s formula 

Ans 11 47 cu ft per sec 


3 The length of a weir \Mthout end contractions is 10 feet, and 
the raeasuied head is 1 5 feet If the velocity of approach is 2 feet 
per second, calculate the discharge {a) by Francis’s formula, (d) by 
Ft ley and Stearns’s formula, (r) by Bazin’s formula, the distance 
from the crest of the weir to the bottom of the channel being 5 feet 

{ (fl:) b4 49 cu ft per sec 
{d) b 6 b4 cu ft per sec 
(^) 62 42 cu ft per sec 


1 A wen without end contractions is 12 feet long and the head is 
1 foot The velocity of approach is 1 25 feet per second, and the dis- 
tance from the crest of the weir to the bottom of the channel is 8 feet 
Calculate the discharge (a.) by Fteley and Stearns’s formnla, (5) by 


Bazin’s formula 


Ans 


42 cu ft 
40 19 cu 


per sec 
ft per sec 


5 A weir is S feet long and the head is 6 inches The velocity of 
approach is 75 foot per second, and the distance from the crest to 
the bottom of the channel is 2 feet Calculate the discharge (a) by 

Fteley and Stearns’s formula, (d) by Bazm’s formula 

f (a) 3 67 cu ft per sec 
I (^) 3 69 cu ft per sec 
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MEASUREMENT OF DISCHARGE BY THE 
CURRENT METER 


DESCRIPTION OF INSTRUMENT 

35. lutiocluctioii. — The discharo^e of laige streams and 
rivers is usnaH}" deteimined by first measuring- the mean 
velocity at a cross-section ot the flowing watei, and then 
multiplying the velocity as thus determined by the area of 
that cioss-section The velocity can be ascertained either 
by means of floats, or by the use of special instiuments Of 
these instruments, the ciinent metei, to be desciibed pres- 
ently, IS the most convenient and the one most commonly 
employed The method by floats and by the Pitot tube will 
be explained fuither on 

36. Geneial Desciiption of tlie Cuvicnt Motei , 
There aie seveial types of cuiient nietei They all work 
on the same geneial plan, which consists in immersing a 
wheel in the stream whose velocity is to be deteimined, and 
counting, or otheiwise ascei taming, the immbei of i evolu- 
tions in a certain time The velocity is then found fiom a 
previously established relation or table giving the velocity 
of flow coriesponding to any numbei of revolutions of the 
wheel 

The foim of instrument most commonly used is that illus- 
trated in Fig 10 Its main part is a wheel on the circum- 
ference of which are placed four or five conical buckets b, 
and whose axis, which is a vertical lod, revolves in bear- 
ings 0 , o', enclosed in small an chambers or boxes The 
end o' of the axis is of such foim that at eveiy levolution of 
the wheel it comes in contact with a spiing and closes an 
electric circuit in tlie wnes 7£/7f', by which a cuiient is sent to 
the box e, where, by means of an electiomagnetic anange- 
inent a, the number of revolutions is recorded on the dials m 
and 71 One of these dials records single revolutions, and 
the other, hundreds, somewhat like a gas meter If m is the 
single-revolution dial, and n the hundred-revolution dial, the 
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number of i evolutions indicated by the instrument shown in 
the figure will be ascertained as follows The pointer on it 
points to number 55, which means 5,500 revolutions, the 



Fig 10 

pointer on in points to 86, which means 86 revolutions, 
the total numbei of revolutions recorded is, therefore, 
5,500 + 86, or 5,586 This assumes that the dials were 
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both at zero when the connt or obseivations were begun 
Usually, however, it is not necessary to set the dials at 0 
It IS sufficient to take a reading before and one after the 
obseivations, and to take the diflerence between them, which 
will give the number of revolutions duiing the observa- 
tions Some mstiuments have a thud dial, reading thou- 
sands of revolutions 

The frame cai lying the wheel d d is pivoted to a cylin- 
diical piece /, called the tiuunioii, which fits loosely on the 
rod on wffiich it can both turn and slide To the tiiin- 
nion IS also pivoted the ludder ss, consisting of a rod that is 
in hue with the longitudinal axis of the wheel frame, and 
carries foiii vanes v in two planes at right angles to each 
other The purpose of the ruddet is to keep the instrument 
in the direct line of the current it acts ]ust like the vanes of 
a windmill The tiunnion and the paits attached to it can 
be kept at any desired height on the lod by means of a 
sliding ring r, which can be set anywheie on the rod The 
weight B With its ruddei of wood, w^eighing about 60 pounds, 
IS used only in deep rivers where velocities are high, other- 
wise, the meter is simply suspended by a brass lod and 
lowered to any point of the stream wheie the velocity is 
requii ed 


RATING THE INSTRUMENT 

37. General Desciiption of Method — In order to 
determine the velocity of a cuirent from meter observa- 
tions giving 1 evolutions per second, it is necessary to know 
the 1 elation betw’^een the i evolutions per second of the wheel 
and the velocity of the cuirent in feet per second The 
determination of this relation is called latiiig the inetei 
This may be done by holding the instrument in a current of 
known velocity, or by moving it thiough still w’^ater at a 
uniform speed and noting the time and numbei of i evolu- 
tions for a given distance Few opportunities are had to 
apply the former method, and meters are usually rated by 
observations m still water A course from 100 to 200 feet 
in length is measured of! and a boat is staited at a sufficient 
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distance fiom the course to acquiie the desired rate of speed 
before entering the comse The instrument is attached to 
the bow of the boat, as shown m Fig 11, and immeised to a 



Fic 11 


depth of about 3 feet The boat should have no rudder, so 
that the ludder of the instrument will contiol its direction 
An assistant with a stop-watch notes the exact time of enter- 
ing on and leaving the couise The observer reads the 
number of revolutions foi this distance fiom the dial Fiom 
ten to forty obseivations are made, giving the boat speeds 
that will appioximate the highest, lowest, and mteimediate 
current velocities foi which the instiument is likely to be 
us^d 

The distance tiaveised divided by the time gives the 
velocity of the boat, and the number of levolutions divided 
by the time gives the rate of i evolution of the wheel It 
will be found that the numbei of revolutions per second of 
the metei wheel is not ^xactly propoitional to the velocity, 
but beais a i elation to it that can be expiessed bv an alge- 
braic equation Fiom data thus secured, a table is piepared 
that will give at a glance velocities in feet per second for 
any numbei of revolutions of the wheel 

38. Field Note‘s — The field notes of the observations 
for an actual metei rating aie shown here, two pages of a 
field book being lepiesented 

The fiist five columns on the left-hand page record the 
field operations They show the numbei of observations 
the direction taken by the boat, the dial readings, the number 


Observations for Rating Current Meter No 1012 

EaslOfi, Pa , Aiig 10, 1^00 ^ ^ Davis, Absistant 
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of revolutions of the wheel, and the elapsed time m seconds 
for each observation The sixth and seventh columns ma\^ 
be computed later The locality, date, and the names of the 
observer and the assistant should be noted, and under the 
head of Remaiks should be stated on the rig^ht-hand page 
the length of the course, the wind velocity, which should be 
very low, and any other details relating to the local physical 
conditions that may be deemed important 

The sixth column shows the number of revolutions per 
second dming each observation This is determined by 
dividing the number of revolutions dining the observation, 
as given in the fourth column, by the numbei of seconds 
taken to make the obseivation, as given in the fifth column, 
and is designated by x The seventh column contains the 
velocity, in feet per second, during each observation This 
is determined by dividing the length of the course, in feet, 
by the time, m seconds, taken to make each observation, and 
is denoted by y 

The aveiage values of x and y are denoted by Xo and j'o, 
respectively The value of Xo is obtained by adding all the 
values of x, as given in the sixth column, and dividing by the 
number of obseivations Likewise, the value o£ yo is obtained 
by adding all the values of y, as given in the seventh column, 
and dividing by the number of observations 

39 . Reducing tlie Results by tlie Giapliic Method. 
The lesults of the observations having been tabulated, a 
reduction table should be made from which the relation 
between the number of revolutions per second and the 
velocity 111 feet per second is determined Two general 
methods may be used for calculating this relation — the 
graphic and the algebraic method The graphic method is 
shoiter, simplei, and more convenient, and for practical pur- 
poses IS sufficiently exact, but it is not so accurate as the 
algebraic method 

In the graphic method, the observations are plotted by 
coordinates measured from rectangular axes, taking x, the 
number of revolutions per second, as the abscissa, and y, 
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the velocity in feet per second, as the ordinate, in each case 
Cross-section papei is the most convenient for plotting- the 
observations The obseivations given in the table of Ait 38 
are thus shown plotted in Fig 12, each obseivation being 
indicated by its number In each case, the horizontal dis- 
tance from the vertical axis corresponds to the number of 

revolutions per 
second as given in 
the sixth column, and 
the vertical distance 
above the horizontal 
axis represents the 
velocity in feet per 
second as given in 
the seventh column, 
considering each 
laige square of the 
cross-section papei to 
represent one unit 
It will be observed 
that the points thus 
plotted all he nearly 
in a straight line, 
though in a set of 
observations as com- 
monly taken in prac- 
tice it will usually be 
found that some of 
the plotted pomts will 
deviate moi e from a 
straight line than is 
shown in the figure 
Having plotted the values of x and y for all the obseiva- 
tions, including the mean values -'lo and y^, the problem is to 
draw the most probable stiaight line, that is, the stiaight 
line on which all the points may be assumed to he with the 
least probable eiror Such a line may be called a latiiig: 
line. 
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Considerable assistance in locating the position of the 
rating line is derived from the fact that it must pass through 
the point :io, Jo whose position is deteimined by sio and 
which are the mean values of ji and y foi all the plotted 
points, and consequently, the most piobable single value of 
each quantity A fine thread may be sti etched thiough this 
point and swung caiefully in either duectioii until it occupies 
a mean position through and near the other points, as shown 
by the line in n In many cases it will be found that a num- 
ber of the points he in a straight line that includes the 
point Xo, Jo, and that those points which do not he in the 
straight line he as much on one side as on the other When 
such a line can be drawn, it can be taken as the most probable 
straight line 

When the line is drawn in its most piobable position, it 
will be found that it does not pass through the oiigin 0, but 
intersects the vertical axis a shoit distance abo\e the hori- 
zontal axis, as at the point in The shoit length O in inter- 
cepted on the veitical axis lepresents the effect of friction, 
which is slight and is assumed to be constant foi any num- 
ber of levolutions per second, as indicated by the line in/ 
The equation of the latmg line in n may be wiitten 

y = ax b 

In this equation, jt and j aie the abscissa and the ordinate, 
lespectively, coriespondmg to the observed values of ji and j, 
and a and b are constants for the given meter The con- 
stant b repiesents the effect of friction, or Om, and a is 
the latio of J — to Jt, as is evident from the figure, or by 

writing the equation in the form — - = a 

X 

40. Determination of Constants — When the most 
probable position of the rating line in n has been found, 
the values of the constants can easily be deteimined The 
approximate value of the constant b can be lead at once 
fiom the plot, since it is represented by the inteicept O in 
By substituting in the equation this value foi b, and the 
values of jo and ;t:o for j and st, respectively, the value of 2 
can at once be deteimined 
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Example — For the values of stro and j'o as determined fiom the 
table in Art 38 and the lating line as shown m Fig 12, what are 
the values of d and 

Solution — Fiom Fig 12, it is seen at once that the inteicept O //i, 
which represents the value of d, extends across about 1 f5 small squares, 
and, since the width of each small square represents 1 unit, the value 
of d IS equal to 

1 X 1 5 == 15, closely Ans 

From the table, the value of is found to be 3 3fi4 ft per sec and 
the value of iTq to be 1 718 rev per sec B\ substituting these values 
and the value of 1) in the equation of Ait 39, it becomes 
3 384 = 1 718 n + 15, 

whence a gives = 1 882 Ans 

41. In order to verify the values of a and d as thus 
obtained, the equation of Art 39 can be applied to the 
point .To, j'o, and the values of To and j^, substituted, and also 
to any other obseivation foi which the plotted point lies 
exactly in the line ?/i?i — prefeiably one of the highest or 
lowest points — and the values of the coordinates i and y tor 
that point substituted This gives two equations, which can 
readily be solved for the two unknown quantities and d 

Example — What are the values of a and b is calculated fn)in the 
mean values Jt'o and y^ and the values as determined by obseivation 
number IP 

Solution — The mean values jxo andyo give the equation 
3 384 = 1 718 ft 4-^ (1) 

Observation number 11 gives 

7 143 = 3 714 ft + ^ (2) 

Subtracting equation (1) from equation (2), 

3 759 = 1 99b ft, 
whence ft = 1 883 Ans 

Substituting this value m equation (1), and soUing foi b, 
b — H9 Ans 

42. Tlie Algfebraic Method — If the obseived lesnlts 
for a meter rating are tabulated, the values of i and y 
calculated from each observation, and the mean values 
Ao and j'o derived theiefrom, as in the table given in Ait 38, 
the values of the constants a and b can be detei mined 
algebraically The operations for deteimining the constants 
are shown in the table on page 33, and may be desenbed in 
detail as follows 



Reduction of Observations for Rating Current Meter No 1012 
Made ai Easton, Pa , Aug 10, 1%0 
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33 


) 18904 37224 12 679 23 832 

= I 718 3 3S4 = y . 
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The first five columns of this table are the same as in the 
table of Alt 38, and from the values ot x and m the fourth 
and fifth columns the mean values .To and are calculated, 
the same as m the giaphic method The value ot x: — .to is 
then calculated for each observation and written in the 
column following the column ot velocities, as shown m 
the sixth column These values aie calculated by subti act- 
ing the value of Ao fiom the value of t as given by each 
obseivation, having due legaid foi the sign of the remainder 
Thus, if the value of a'-o is less than that of the lemainder 
IS positive, but if Ao IS greater than x, the lemamder is 
negative Likewise, the value ot y — y,, is calculated tor 
each observation and wntten in the seventh column of the 
table The value of r — xto for each obseivation is then 
squaied and the squaie written in the eighth column of the 
table Also, the values of a'* — a^q and y — y„ tor each observa- 
tion are multiplied together and the product written in the 
last column of the table Finally, the values of (a — a „)' tor 
all obseivations, as wiitten in the eighth column, are added 
together, as are also the values of (a — a„) ( 3 / — j'„) , as wntten 
m the ninth column, and the sum ot the latter is divided by 
the sum of the former The quotient is the value of the 
constant a 

In order to express, briefly, by foiniula the opeiations 
thus described m detail, let the values of a — Ao be denoted 
by 7£, and the values of y ~ ya be denoted by ^ Then, 


Having determined the value of a by this foimula, the 
value of can readily be deter mined by substituting this value 
of a m the formula of Art 39. In rating a meter by any 
method, howevei, it is always advantageous to plot the obser- 
vations on cross-section paper, as in the graphic method, in 
order to make an intelligent study of the results 

Example — For the series of obseivatious shown m the table of 
Art 38, what aie the \ aloes of a and d as detei mined algebiaically ^ 

Solution —The values of .r - Ao, y - (a - a^)’, and (.r - r^) 
X (y - yo ) , as calculated for each observation, are shown m the table of 
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thisaiticle, and the suras of the last two sets of values are found The 
sum of the values of {x — as thus found, is 12 679, and 

the sura of the values (r — ~To) = n::, as also thus found, is 

23 832 Hence, b} applying the foimula, the value of a is found to' be 
23 832 - 12 679 = 1 880 Ans 

By wilting the formula of Ait 39 in the form d — y ~ ajtr, and 
substituting in this equation the value of a, and also the values ;to and jo 
as found ni the table of this article, for r and y, lespectively, the value 
of b lb found to be 

^ = 3 384 - (1 880 X 1 718} = 154 Ans 

43. Reduction Table. — By referring to the results 
obtained iii the example solved in the preceding article, it is 
seen that the valiieb of the constants a and b, as obtained by 
the moie iigid algebraic method, are 1 880 and 154, respect- 
ively, which values vary but slightly from those obtained in 
Arts 39 and 40 by the less laborious graphic method, 
which is usually piefened By substituting the values of 
these constants m the equation of Ait 39, which is the 
fundamental equation for metei rating, it becomes 
y = 1 880 A' -h 154 

This IS the equation to be used for latmg the meter with 
which the observations weie taken By means of this 
equation, a reduction table can be made that will show the 
velocity y of the current for any observed rate of revolu- 
tion X of the meter wheel within the limits of the tabulated 
values The table on page 35 shows part of a reduction 
table foi the meter whose rating has been described, as cal- 
culated by this equation Since this table is given merely 
for the purpose of showing the form of a reduction table, 
and IS of no value except foi computing velocities fiom 
observations made with this particulai meter, only the 
upper one-fifth of each column is shown The velocities 
given correspond to every two-hundredth part of a revolu- 
tion per second of the metei wheel For smaller fractions 
of a revolution, the corresponding velocities can be found by 
interpolation Any desired values within the limits of the 
observations can be computed from the equation of Art 39 
and tabulated in this manner 
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USE OF THE INSTRUMENT FOR DETERMINING VELOCITY 
AND DISCHARGE 

44. To Determine Velocity by tlie Curient Metei 
The velocity of the water at any point below the surface in the 
cross-section of a stream can be determined by holding the 
metei at that point and obseiving the number of i evolutions 
during a given interval of time The mean velocity in any 
veitical line of the cross-section can be determined directly 
by moving the meter vertically at a unifoim rate from the 
surface of the water to the bottom, then back to the surface, 
and obseiving the reading of the register before the meter 
leaves the surface and when it returns again, and the interval 
of time that elapses between the two surface positions If 
the registering mechanism is above water, and is operated 
by means of electricity, the bottom reading can also be 
observed and timed The mean velocity thus obtained will 
not be strictly accurate, since the meter cannot be run very 
close to the bottom, but if the observation is made carefully 
and the meter is lowered and raised at a uniform rate, the 
results should be reasonably satisfactory, and will be valu- 
able for comparing with the results obtained by mid-depth 
observations 

If the rates of lowering and raising the meter have been 
exactly uniform, the number of re\olutions registered during 
the descent should be equal to those registered during the 
ascent Then the number of revolutions registeied during 
the descent or the ascent, divided by the time in seconds 
taken to lower or raise the meter, will give the mean number 
of revolutions per second for the vertical section of the 
stream The number of revolutions registered during the 
descent and ascent will not usually be exactly equal, how- 
ever, and the total number of revolutions registered during 
the descent and ascent, di'^nded by the total time in seconds 
taken to lower and raise the meter, is taken as the mean 
rate of revolution 

The mean velocity of the water in a stream can be deter- 
mined by passing the meter at a slow and uniform rate over 
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all paits of the vertical cioss-section of the stream It is 
usually best to make moie than one obseivation for a g:iven 
cross-section A good way to use a cm rent meter foL 
determining the mean velocity is to move it slowly across 
from one side of the stieam to the othei, holding it sub- 
merged in a veitical position, and moving it up and down 
so as to subject it to the action of the cuirent at all parts of 
the cross-section This opeiation is repeated by moving the 
nietei m the same mannei back to the starting point The 
number of i evolutions and the time m seconds tor each 
obseivation are noted If the lesults ot the two obseiva- 
tions aie leasonably close, the mean is taken, if there is 
much cliff eience between them, a third observation should 
be made 

In making the obseivations, the observer may stand on 
a budge that crosses the stream with a clear span, that is, 
vithout obsu acting piers, if such a budge is available in a 
suitable position If no bridge is available and the stream 
IS not large, a temporary platfoim may be consti acted over 
it from which to make the metei observations If the stream 

IS shallow, the observei 
can make the observa 
tions by wading across 
with the meter This 
method is not to be 
commended, however, 
when accurate results 
are required, since the 
obseiver’s body will 
Fig 13 offer some obstiuction 

to the current, and will somewhat aftect the registiation of 
the metei 

The oidmary and perhaps the most satisfactoiy method is 
as follows 

A straight teach*'' of uniform cioss-section is selected in 
which to locate the discharge section, and a lange is laid off 

* The terra "reach" is u^ed to describe a straight section of a river, 
SLS A C or B Vf P'lg 13 
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across the stream at rij^ht angles to its axis, as shown at A B 
in Fig 13 The range is located near the lower end of the 
reach, because the flow is more unifoim at such a place than 
it IS just below a bend in the stream, and there is less liabil- 
ity of cioss-currents, eddies, or other local distuibances m 
the GUI rent 

The range may be maiked in any way that is most con- 
venient, but foi small streams the most satisfactory method 
IS by means of a wue stretched across the stream The 
range is then divided into any desired number of parts, and 
the points of division aie maiked by means of tags oi other- 
wise Soundings are then taken along the points of division, 



Fig 14 


from which a cross-section of the stieam is plotted, as illus- 
trated in Fig 14 The area F of each division is calculated 
by multiplying its width by its mean depth 

45* To Determine tlie Discharge. — Having thus 
determined the dimensions and area of each division of the 
cioss-sechon, the mean velocity of each division is found 
by means of time observations with the current meter In 
making the obsei vations, the meter is held in each division 
of the cross-section and moved at a uniform rate from the 
surface to the bottom and again to the suiface, and the num- 
ber of revolutions per second detei mined in the manner that 
has been desciibed The velocity in feet pei second, cor- 
lesponding to the number of levolutions per second, is taken 
from the rating table ot detei mined by calculation, as already 
explained The mean velocity of flow m each division ot 
the cross-section is thus found and lecorded The discharge 
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in each division of the cross-section is then determined by 
substituting the values of the area and mean velocity for that 
division m the formula for discharge The sum of the par- 
tial discharges thus obtained is the total discharge of the 
stream 

Example — If the current meter for which the table of Art 43 was 
prepared recorded 2 15 revolutions per second, what was the velocity 
of the stream? 


Solution — By reference to the table it is found that 2 15 falls 
between 2 14 and 2 16 The corresponding velocities are 4 177 and 
4 215 The difference in velocity corresponding to a difference of 
2 15 ~ 2 14, or 01 revolution per second is 


4 215 - 4 177 
02 


X 01 = 019 


The velocity corresponding to 2 15 revolutions per second is 
therefore, 


4 177 -f 019 = 4 196 ft per sec Ans 


EXAMPLES FOR PRACTICE 


1 The values of x and v given in the accompan^nng table were 
deduced from a record of a senes of observations luadefoi the purpose 

of rating a current meter 
Determine the values of a and b 
to be used in the formula of 


Number of 
Obser\ ation 

Revolutions 
per Second 

r 

Velocity 
per Second 

y 

I 

904 I 

2 793 

2 

00 

0 

2 637 

3 

990 

3 040 

4 

1 769 

2 404 

5 

I 0S9 

3 325 

6 

I 1S8 

3 5 io 


Art 39. 


Ans 


\a = 2 884 
\b = 185 


2 Determine the velocities 
corresponding to 1 06 and 1 08 
revolutions per second, lespect- 
ively, of the iiistiument leferred 
to m example 1 


Ans 


13 242 
13 300 


ft pel sec 
ft per sec 


3 Deteimine, by interpolation, from the results obtained in the 

preceding example, the velocity corresponding to 1 07 levoliitions per 
second Ans 3 271 ft pei sec 

4 Calculate, by the formula, the velocity corresponding to 

3 38 revolutions pei second Ans 9 933 ft per sec 
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MEASUREMKNT OF VELOCITY BY FLOATS 

46, Surface Floats — The measurement of velocity m 
open channels may be effected by the use of floats, which, 
traversing a known distance in a certain time, indicate more 
or less accuiately the velocity of the watei Surface floats 
e:ive but xouohly approximate results, as they are easily 
affected by winds, eddies, and cross-currents A block of 
wood, a tin can weighted with sand, a long-necked bottle 
partly filled with water and corked, oi any object whose 
specific giavity can be made nearly equal to that of water, 
"but which exposes a suiface easily seen, makes a good 
surface float 

47. Making; the Observations — Foi making the 
observations, a base line is laid off parallel with the axis of 
the stream It should not be less than 100 feet in length, 
and, except for streams ot less width than this, need not 
exceed the width of the stream, foi very wide sti earns, its 
length maybe less than the width of the stream, and a length 
of 400 feet is piobably sufficient m any case At each end 
of the base line, and perpendicular to it, a range line is laid off 
across the stream, as shown in Fig 15 (a) Each range line 
IS thus, as neaily as possible, perpendicular to the general 
direction of the cut rent If the stream is not too wide, a 
wire should be stretched across the stream on each lange 
A.t con\enient intervals, tags of tin or pasteboard should be 
attached to the wire, each tag beaiing a number that shows 
its distance from the left-hand bank Instead of numbered 
tags, pieces of cloth may be tied to the wne and the distances 
indicated by different colois Thus, at a distance of 10 feet 
from the bank, the wire may be marked with a stiip of red 
cloth, at 20 feet with white, at 30 feet with blue, etc 

The float should be put in the stieam at some distance, say 
15 to 20 feet, above the upper range, so that it will attain its 
full velocity before it ciosses this range The time required 
for the float to traverse the distance between the ranges can 
be determined by two observers, one at each range, with 
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stop-watches, or by an obseiver with a watch at one range, 
preferably the lower, and an assistant at the othei range, who 
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Fig 15 


signals the moment each float crosses it, or the observer 
may start his watch when a float passes the upper range then 
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walk quickly to the lowei range, and note the time when the 
float passes A stop-watch is prefeiable for timing the obser- 
vations, but an ordinary watch may be used 

48. Another method is to have a transit on each range 
with an obseiver at each tiansit, who notes the instant each 
float Glosses the veitical cross-wire This method is to be 
preferred, especially for large livers, \vhen the two instru- 
ments are available, since the transits can be used not only 
to observe when the float crosses each range, but also to 
locate the exact position where it crosses each range The 
method of obseivation is as follows 

Let A B, Fig 16, be the measuied base, and AD and B C 
the uppei and lowei range lines, respectively, and assume 
that one tiansit is set up at A and another at B The vernier 
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of the transit at A is set at zeio, the telescope is directed 
to^, the opposite end of the base line, and the instrument is 
clamped in this position An angle of 90° is then turned ofif 
on the hoiizontal circle, and the telescope is directed along 
the range A D ready to observe when the float crosses this 
lange The veinier of the transit at B is set at zero, the 
telescope directed to A and the instrument clamped, and the 
vernier then undamped The float is then put into the water 
above the range A D, the telescope of the transit at B is 
directed toward it, and the line of sight is kept on the float, 
as the latter appioaches the range, by carefully turning the 
transit in azimuth The transitman at A obseives and calls 
outoi signals the instant the float crosses the upper range ^ 

At that instant the transitman at B stops turning the transit 
and reads the angle, which is recorded by a recorder, who 
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also notes the time This transitman then directs his tele- 
scope along the range B C, and clamps the instrument in this 
position, in readiness to observe the instant the float crosses 
this range Meanwhile, the transitman at A unclamps the 
vernier, sights again at >5, and as a check notes it the vernier 
still reads zeio, then, with the vernier undamped, he directs 
the telescope toward the float, and by tinning the transit 
carefully in azimuth keeps the line of sight on the float as it 
approaches the lower range The transitman at B observes 
and calls out or signals the instant the float crosses the lower 
range B C, when the tiansitinaii citA ceases turning the tiansit 
and leads the angle, which is recorded with the time 

Suppose that the float is put in the water at /, some point 
above the upper range, and that the dotted line fa b repre- 
sents Its path as it floats clown to the lowei range As it 
crosses the uppei range at a it is observed by both transits, 
the transit at A is sighted on the range A D, the tiansit at B 
is sighted on the line Ba and measmes the angle ABa 
This fully locates the point a, foi the distance A a is equal 
to the length ot the base A B multiplied by the tangent of 
the angle ABa The float is likewise observed by both 
transits as it crosses the lower range B C In this case, the 
transit at B is diiected along the range and the transit at A 
measures the angle B Ab 

Let S denote the measured angle at eithet end of the base, 
and R the length of the base, as shown in the figure Then, 
the distance d along the range from the other end of the base 
to the point whet e the float ciosses the range is given by the 
following trigonometric formula 

d ^ R tan 5 

It should he observed that, although the same notation is 
used for the triangles ABb and BA a, they are not neces- 
saiily equal, that is, the angles denoted by 5 and the dis- 
tances denoted by d may not be eciual 

Two boats are usually required in making the observations, 
one above the upper range to put the floats in the water, 
and one below to recover the floats after they have passed 
the lower range. 
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The aiea of the cross-section on each iang;e is determined 
by taking soundings at the points of division, as explained in 
Mydjogyaphic Surveying These soundings and distances on 
each range are plotted, thus determining the form of the cross- 
sections on the upper and lower ranges, as shown in Fig 15 
{h) and (c) The area of each division of the cross-section 
lb then computed by multiplying its breadth by its mean 
depth as determined by the soundings The mean depth of 
a division is equal to one-half the sum of the depths of the 
soundings at the two points of division between which it lies 
The aiea of each division is marked on the division in the 
plot of the cioss-section, as shown in Fig 15 {b) and (t-) 

If the division points between corresponding divisions in 
the upper and lower ranges are joined by straight lines, as 
shown in Fig 1*5 the couise, or part of the stream over 
which the measurements are to be taken, will be divided into 
a number of divisions corresponding to those of the cross- 
sections on the uppei and lower ranges The mean of the 
areas of the two coriesponding divisions of the cross-sections 
on the upper and lower ranges is then taken as the mean 
cross-sectional aiea of the division of the course in which 
they aie situated 

The obseivations are repeated as many times as may be 
considered necessary, and the average of the lesults observed 
in each division is taken as the tiue time required for the 
float to ti averse that division The velocity of flow, m feet 
per second, is computed for each division by dividing the 
length, in feet, of the course, by the time, in seconds, 
requiied for the float to tiaverse the course In Fig 15 (rt:), 
the relative velocities aie represented graphically by means 
of arrowheads, which in the several divisions are located at 
distances from the upper range proportional to the observed 
velocities 

Having found the velocity of float in each division of the 
course, a coefficient of reduction is applied to determine the 
mean velocity of the division, as will be explained fuither on 
The dischaige for each division of the course is then calcu- 
lated by substituting in the foimula foi discharge Q = Fv 
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the values obtained for the aiea and the mean velocity of that 
division The total dischaige of the stream is the sum 
the paitial dischaige thus found 

49. Rod Floats —Rod floats consist of wooden lods 
or hollow tin cylindeis of unifoim size, as shown in Fig 17, 
weighted at the lowei end so as to float neaily veitical 
The rod should float with its lower end as neai the bottom 

as possible, without 
touching at any point, 
and if it IS to be used 
in deep water it 
should be of adjust- 
able len gth or ai- 
ranged so that it can 
be spliced It is best 
to use a niimbei of tin 
tubes, cibout 2 inches 
in diametei, and of 
such different lengths that each tube will be of suitable length 
to float m some division of the cioss-seLtion whose velocity is 
to be measured, with just enough above the watci suiface to 
be plainly seen The lowei ends ot the tubes aie filled with 
sand or shot until they float at the requned depth with then 
lower ends only a short distance above the bottom, as shown 
m Fig 17 The immersion of eachiod should be at least 
nine-tentbs the depth of the watei in the division in which it 
floats The velocities of the rod floats are detei mined m the 
same manner as described foi surface floats 

The velocity of a rod float is appioximately the mean 
velocity of the vertical section of the stream in which the 
float moves The closeness with which the obseived icsiilts 
approach the actual mean velocities will depend hugely on 
the smoothness and legnlaiity of the channel and on how 
neaily the imineised length of each tube approximates the 
full average depth of the water in the division in which it 
floats, that i<=’, how near to the bottom of the stream its lowei 
end floats 
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50. Subsurface, or Double, Floats. — The velocities 
of streams are sometimes observed by means of double 
floats, each of which consists of a submerged float connected 
to a sin face float by a coid Such floats aie called subsur- 
face, or double, floats The submerged float should be 
heavy enough to sink and at the same time piesent as laige 
a suiface to the watei, in pioportion to weight, as possible 
It IS maintained at the required depth by means of a fine 
cold, preferably of woven silk, attached to a suiface float 
that should be of minimum surface and resistance Such a 
combination is shown in Fig 18 The submeiged float 
consists of two sheets of tin or galvanized sheet metal, 
fastened together at right 
angles, as shown in plan 
at C A small weight D 
is attached to the bottom 
to assist in keeping the 
float in a vertical position, 
and in some cases the 
sheets have cylindrical an 
cavities along then upper 
edges 

The velocity of the current at any depth can be detei mined 
by sinking the lowei float to that depth and observing the 
time required toi it to pass over a measured comse This 
determmation will be only appioximate, howevei, since the 
velocity of the lower or submerged float will be to some 
extent affected by that of the upper or suiface float At 
considerable depths the cord will ptesent some surface to 
the action of the cuirent, and will in some degree aftect th^ 
velocity of the lower float 

51. The Coefficient of Reduction — It was stated ir 
Art 48 that the obseived velocities in a stream, as deter- 
mined by floats, aie not the mean velocities of the sections 
m which the floats move To determine the mean velocity 
of any section from the observed velocity of a float in that 
section, it is necessary to anply a coefficient of reduction. 
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Let 1 ) = mean velocity ot any longitudinal section, 
yf = observed velocity of float in that section, 
c = coefficient of reduction 

Then, the formula for detei mining the mean velocity from 
the observed velocity is 

V 

For suiface floats, ^ = 80 

Foi double, or siibsiii face, floats, r = 90 
Foi lod floats, dT = 98 

Example — Two ranges on a stream are 200 feet apart It is found 
that a subsurface float traveises the distance between the two ranges 
in 2 minutes and 35 seconds What is the mean velocity of flow in 
that part of the stream^ 

Solution — The time, expressed m seconds, is 2 X 00 + ^') = sec 
The observed velocity is found to be 200 — 155 = 1 29 ft per sec , 
closely Hence, according to the formula, the mean velocity is equal to 
9 X 1 29 = 1 161 ft pel sec Ans 


EXAMPLES FOR PRACTICE 

1 A surface float tiaverses the distance between two lauges that 

aie 150 feet apart in 1 minute and 40 seconds What is the mean 
velocity of flow in that pait of the stream^ Ans 1 20 ft pei sec 

2 A rod float, placed in mid-stream, tiaveises the distance 
between two tanges 300 feet apait m 2 minutes and 50 seconds 
What IS the mean velocity of flow m that pait of the stieam^ 

Ans I 72 ft per sec 

3 The velocity of a division of a stieam, as detei mined by a sub- 

surface float, IS 2 03 feet per second What is the mean velocity of 
flow for that part of the stream^ Ans 1 83 ft pei sec 

4 The velocity of a division of a stream as detei mined by a sur- 
face float IS 1 78 feet per second If the mean cross-section is 107 2 
square feet, what is the discharge for that part of the stream^ 

Ans 152 6 cu ft pei sec 


52, Recording Observations — The accompanying 
field notes. No 1002, are a recoid of the soundings on 
the ranges AD and BC of Fig 15 (a), Art 47. In the 
first column is shown the number of each sounding, in the 
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second column is given the distance from the watei’s edge 
to each division point of the cross-section, as nieasmed from 
the bank of the stieam adjacent to the base line, in the 
thud column the distances between adjacent division points 

Field Notes No 1002 


SOUNDINGS ON UPPER RANGE A D BEAR CREEK 



Distance 

Distance 



Number 

From 
Edge of 

Fro m 
Preceding 

Depth 

Remarks 


Water 

Sounding 



1 

0 0 

0 0 

0 0 

Edge of water, left bank 

2 

8 0 

8 0 

96 

Measurements are in feet 

3 

i8 0 

10 0 

II 8 

and tenths 

4 

28 0 

10 0 

12 5 


5 

38 0 

10 0 

T4 2 


6 

48 0 

10 0 

12 7 


7 

58 0 

10 0 

84 


8 

64 s 

6 5 

0 0 

Edge of water, right bank 

SOUNDINGS 

ON DOWER RANGE JB C BEAR CREEK 


Distance 

Distance 



Number 

Fro in 
Edge of 

Fiom 

Preceding 

Depth 

Remarks 


Water 

Sounding 



I 

0 0 

0 0 

0 0 

Edge of water, left bank 

2 

8 0 

8 0 

10 6 


3 

18 0 

10 0 

II 4 


4 

28 0 

10 0 

II 8 


S 

38 0 

10 0 

15 7 


6 

48 0 

10 0 

12 s 


7 

58 0 

10 0 

76 

1 

8 

6s S 

7 5 

0 0 

Edge of water, right bank 


are given, and in the fourth column the depths of soundings 
are shown The distances to the division points are made 
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the same on each lange, and, consequently, the coi respond- 
ing divisions on each lange aie of the same length, except 
the last division, adjacent to the farthei bank In this case, 
it IS assumed that rod floats aie used 

The accompanying field notes, No I 00 »s, aie a lecord of 
the float observations For each observation, the number 
of the division of the cioss-section is given m the fiist 


Field Notes No lOU^ 

FLOAT OBSERVATIONS, BEAR CREEK 


Number 

of 

Division 

Time of 
Passage 
Seconds 

Velocity 
of Float 
Feet pel 
Second 

Mean 
Velocity 
Feet per 
vSecond 

Remarks 

1 

182 

55 

54 

Lower range 1,500 feet 

2 

i 5 Si 

64 

63 

above iron budge 
Ranges 100 feet apart 

3 

1132 

88 1 

86 

Floats used, tin cylindeis, 

4 

106+ 

94 

92 

2 inches in cluimeter 
Velocities taken to hun- 

5 

losi 

95 

93 

diedths 

6 

I32f 

75 

74 

Coefficient of i eduction 
foi mean velocity = 98 

7 

IQS 

51 

50 

Weather cloudy, no wind 


column, the time taken foi the float to pass ovei the 
distance between the langes in the second column, the 
velocity of the float in each division, in feet pet second, 
m the thud column, and the mean velocity, ui feet pei 
second, m the fourth column Since, as has been stated, 
a rod float was used in these observations, foi which 
the coefficient of reduction is 98 , the mean velocities in 
the fouith column are obtained by inultiplying those 
in the third column by 98 The velocities are earned 
only to two decimal places, as this is consideied to 
be as close as is justified by observations made with 
floats 
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53. Calculating tlie Discliarge — Having determined 
the area of any part or division of the cioss-section ot a 
stream, and the mean velocity of flow m that division, the 
discharge can be calculated by means of the geneial formula 

Q ^ Fv 

This formula may be applied to the total aiea and mean 
velocity of the entire stieain, if these can be detei mined, for 
the purpose ot deteimining the total discharge But, undet 
the usual conditions of discharge measurement, it is moie 
accuiate to apply it to the aiea and velocity as observed foi 
each separate division of the cioss-section, in which case the 
total dischaige of the stream is equal to the sum of the dis- 
charges of the several divisions 

From the field notes of the soundings and of the float 
observations, the values are tabulated, and the discharge in 
each division of the cross-section is calculated as shown in 
the table on page 51, which will be readily understood 
from the explanations that have been given The values 
written in the tenth column are the dischaiges foi the several 
divisions of the cross-section, and their sum is the total 
discharge of the stream, m cubic feet per second 


TIIH PITOT TUBE 

54. Geneial Desciiption. — The Pitot tube, invented 
by Pitot in 1730, and later modified by other hycliaulicians, is 
an instrument used for determining the velocity of rivers 
and other streams Although not adapted to veiy accuiate 
work, it IS very convenient, owing to its simplicity and handi- 
ness, for rapid approximate determinations A rough sketch 
of the instrument is shown in Fig 10 It consists of two 
communicating glass tubes A and B, one of which, B, is 
stiaight and of uniform diameter, while the other, 7, is bent 
at its lovvei end to form a iigbt angle, and is diawn to a fine 
point, as shown at P Both tubes aie open at then lower 
extremities, and at then common upper end they communi- 
cate with a short tube J, which can be opened oi closed by a 
cock 5 Another cock works two valves, one in eich 
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tube, which can be opened or closed simultaneously Both 
tubes are giaduated in inches and fractions, oi in tenths and 



hundiedths of a foot, or in any other 
convenient units, the 0 of the graduations 
being near the lower ends of the tubes, 
as shown Movable verniers I^aie used 
in connection with these graduations 

55. Operation ami Theory. — To 
deteiinine the velocity at any point of a 
stream, the valves S and are opened, 
and the instiument, which is attached to 
a fiame, is imnieised in the water so that 
the straight tube B will be vertical, and 
the point P of the bent tube will face the 
current The watei will then use in the 
stiaight tube to a height that is appioxi- 
mately that of the water in the stream, 
that IS, the suiface of the ^vater in that 
tube will be practically on a level with 
the water I? I? in the stream outside In 
the bent tube, the water will rise to a point 
whose height depends on the velocity of 
flow Theoietically, the height da is the 
head due to the \elocity v, so that, if 
theie weie no lesistances, the velocity 
would be equal to X da In order 
that the diffeience da between the eleva- 
tions of the water m the two tubes may 
be conveniently lead, the operator sucks 
out some air fiom the tubes A and B by 
applving his mouth at the small tube J, 
he then closes the cock 5 Owing to 
the formation of a paitial vacuum, the 


nr 19 water rises to and d,, in the two tubes, 


respectively, the distance d,a^ being equal to da The 


valves Si are then closed, the instiument is taken out of 


the w^ater, and the heights of the columns in the two tubes 
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are lead The difference between the reading of the 
tube A and that ot the tube A* gives the height due to 
the velocity 

Owing to slight variations of velocity in the stream, the 
columns of watei m the tubes A and B will fluctuate notice- 
ably Before closing the valves 5^, the opeiator observes 
the tube A until the water reaches its maximum height, he 
then closes the valves takes the instrument out, and reads 
both tubes After this, he again immerses the instrument, 
opens the valves S,, and observes the watei in the tube A 
until It reaches its least height, when he closes the valves S, 
and takes the leadings as before 

If a, and aj repieseut, lespectively, the gieatest and the 
least height of the water in the tube A, and and repre- 
sent the coiiespoiiding heights of the water in the tube B, 
and dx and d/ represent the respective differences in the 
readings of the two tubes, then, 

— bi, and dj = ad — bj 

The mean difference of reading, or velocity head is 
given by the equation 

7 . _ + dd 

/h - — 2 

Substituting the values of d, and ddy 
j ax — bx-}- ad - bd _ + ad — (^i + bd) x 

/;, - 2 “ 2 
That is, the value of the mean head kx is equal to one-hal 
the difference between the sum of the readings in the tube ^ 
and the sum of the readings in the tube B 

56. For greater accuiacy, several obseivations at differ 
ent times should be made at any point for which the velocit 
IS to be determined Two readings should be taken for eab 
tube at eveiy obseivation, and the mean of the resultm 
difteiences taken as the value of h to be substituted m th 
formula tor velocity 

If the greatest and the least readings for the tube A, for 
number of observations made at different times, are respec 
ively represented by a,, a, etc , and ad y ad y aJ , etc 



§38 


HYDRAULICS 


65 


the corresponding readings of the tube B by b , ^ 3 , etc , 
and b^!, bj , bjy etc , and the mean heads for the obseiva- 
tions by In, /zn, etc , then, from equation ( 1 ), Art 55, 

h — — (^ 1 + b^^ ) 

" 2 

/, _ ^ 

tu - 2 ' 

£ “ 1 “ ^3^ “■ C b^ “f" b:! ) 

’ 2 

Then, if the numbei of observations is denoted by tht- 
average head h for all the obseivations is given by the 
equation 

h = 

n 

Substituting- the values of //i, lu, etc just found, 

+ «/ — (3, + ^/) + a,' — (b^ + b^) 


h 


— 


+ • 


2 

+ aj 


ib. + bj) 


+ 


= [«. H- «/ + a, + a/ + a, + a,' + 


]- 


— {b, + + bn + bJ -h b, + b,' + )] — 2 n 

That IS, the mean value for the head It, to be used m the 
formula for velocity, is equal to the sum of all the readings 
of the tube A ininus the sum of all the leadings of the 
tube By divided by twice the number of observations 
If the sum of the leadings of the tube A is denoted by 
lay and the sum of the leadings of the tube B by Iby and 
the velocity head by //, as usual, then, 

la^lb 


h = 


2 n 


57, Formula for Velocity — As previously stated , the 
theoretical velocity is given by the equation v — but, 

owing to fiiction and other resistaices, this does not give 
the tine velocity, the quantity '^2^/i must be multiplied by 
a constant coefficient c whose value must be determined 
experimentally for every instrument The formula for 

velocity is, then, 

^c<2gh ( 1 ) 


V 
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or, substituting the value of h from the preceding article, 

V = r ^/2 ^ X ~ == (Yrt: — ^b) (2) 

\ 1)1 \n 

58* Kilting tho Iiisti uinent As in the ease of a 
curient mctci, the opciation of deteimining the eonstant / 
foi any instiunient is called the instiuinent 'Fo 

accomplish this, leadings aie taken, in the mannci iliculy 
desciibcd, m a sticam whose velocity is known, 01 in still 
watci the tube being moved at a given velocity 

The velocity being known, and the value of h detci mined 
by substituting the values of the leadings in the eciuatum of 
Alt 5(>, the value of/' is i eadily dctei mined fioni foimula 1, 
Alt 57, which solved for c gives 

c — 

v/2 /) 

Kxami’T K 1 — Readings on the tubes / and /> of a Pilot tube held 
in a stisain whose velocity is known to he ,'t ‘J htt pt i snoinl 
taken and lecoidcd *is slmwn in tlic. KtompuiMne t lPIi 'I'lu 
nutnbei of the obsei vations is recoi tied in tohiniii // In a 


n 

a 


/> 

li' 

Feet 

Feut 

Pcc t 

Fc( t 

1 

65 

i)\ 

49 

33 

2 

63 

62 

47 

3 -! 

3 


66 

13 

16 


2 02 

I 89 

I 41 

1 S 3 



2 02 


I P 



3 91 


2 94 


aie recorded the values ai, ezg, etc , in colnmii a\ the \ahu‘s /r/, 
etc, and in (.olninns b and b\ the c oiiesponding i<athni»s of ilu 
tube ^ It IS lequiied to had the constant / foi that tiiht 

vSoLTiTiON — The equation of Art 5 () is applied in finding // lUu 
la •= 65 -i- (>8 + ()9 + 61 + 62 + ()(; = 6 61, ^ d - P) P 17 i 4'> 
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To determine r, the formula of Art 5S is applied In this case, 
V = 8 2, h = IbJ, and ^ = 32 16 Then, 

? 

c — — — = 98, approximately 

V2 X 32 16 X 162 

Example 2 — The coefficient t of a Pitot tube is 98, and the lead- 
ing's of the tubes A and B, taken at a certain point in a stieam, are 
gnen in the accompanying- table It is required to determine the 
velocity of the stream 


n 

a 

Feet 

a' 

Feet 

h 

Feet 

b* 

Feet 

I 

52 

50 

38 

40 

2 

57 

55 

32 

33 

3 

56 

53 i 

30 

34 


I 65 

I 5 S ' 

I 00 

I 07 



I 6s i 


I 00 



3 23 


to 

0 


Solution — The velocity v is found by substituting known \alues m 
formula 2, Art 57 In this case, c — 98, = 32 16, = 52 

_{_ 57 4 _ 56 + 50 + 55 -f 53 = 3 23, = 38 + 32 + 30 + 40 + 33 

+ 34 = 2 07 , and ;; = 3 Then, 

v= 98'vj5~X(3 23 - 2 07) = 3 46 ft per sec Aiis 


EXAMPLES FOB PBAOTICB 

1 A Pitot tube was held m a stream whose velocity was 2 8 feet 
per second Determine the constant c for this instrument, the read- 


7t 

a 

Inches 

1 

Inches 

b 

Inches 

! 

Inches 

I 

13 0 

12 5 

II 3 

^ IT 7 

2 

13 1 

13 0 

II 4 

II 9 

3 

13 3 

T2 7 i 

lo 8 

II 4 

4 

13 2 

12 9 

II 5 

IT 3 


ings on the tubes A and B being as given in the accompanying cable 

Ans 98 
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2 The coefficient of a Pitot tube is 97, and the readings of 
the tubes A and 5, taken at a certain point in the stream, are given m 
the accompanying table Determine the velocity of the stieam 

Ans 3 08 ft per sec 


« 

a 

Inches 

a' 

Inches 

b 

Inches 

b' 

Inches 

1 

I ! 

IT 0 

10 4 

9 5 

9 I 

2 ' 

n 5 

II 0 

9 I 

8 6 

3 ! 

11 6 

II I 

9 S 

9 2 

4 

II 4 

10 9 

9 6 

9 0 


THE DISCHARGE TABEE AND RECORD GAUGE 

59, Discliaige Table. — With the rise and fall of the 
water surface m a stream, there is a corresponding increase 
or deciease m the discharge If the water of the stream is 
to be utilized for water-power, water supply, or any other 
purpose, It IS usually necessary to determine the discharge of 
the stream at the highest and lowest stages of the water, and 
also its average discharge It a senes of discharge measure- 
ments have been made in a given cioss-section of a stieam 
at different stages of the watei, the results should be tabu- 
lated foi reterence, with a record of the mean velocity, 
volume, and gauge reading for each measurement 

Fig 20 shows the cross-section of a canal with five stages 
of water Foi convenience, the heights of the diffeient 
stages are assumed to vaiy by intervals of exactly 2 feet, 

which would seldom, if 
ever, be the case in 
actual observations 
The bottom width of 
the canal is assumed 
to be 10 feet, and the 
slope of each bank to 
be 45*^, or 1 horizontal to 1 vertical This causes the width 
to increase 4 feet for each 2 feet increase of depth The 
areas cf the cross-section of the water at the successive 
stages are therefore as follows. 
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For a depth of 2 feet, F. = — X 2= 24 square feet 

For a depth of 4feet, F, = 4= 56 square feet. 

Foi a depth of 6 feet, F, = -- ^ - + x 6 = 96 square feet 

For a depth of 8 feet, F = — X 8 = 144 square feet 

z 

For a depth of 10 feet, X 10 = 200 square feet 


Discharge T\ble for Can\l Section 


Number 

of 

Obsei va- 
tion 

' Depth of 
Watei 
Feet 

Sectional 

Aiea 

Square Feet 

Mean Velocity 
Feet per 
Second 

Discharge 
Cubic Feet 
per Second 

I 

2 

24 

1 00 

24 00 

2 

4 

56 

1 469 

82 264 

3 

6 

96 

1 813 

174 048 

4 

8 

144 

2 095 

301 680 

5 

10 

200 

2 345 

469 00 


These areas, as thus calculated for the vaiious depths, are 
shown in the third column of the accompanyingr table, which is 
called a clifecliar< 2 :e table The mean velocities for the 
various depths aie given in the fourth column 

From the area of the cross-section and the mean velocity 
foi each stage of the watei, the discharge is calculated, the 
result being written m the fifth column of the table Such a 
table is useful for detei mining the discharge at any depth 
within the limits of the obseivations The recording 
gauge, which will be described later, is largely used in 
connection with a dischaige table 

60. The Dischargee Cuive — The results entered in the 
dischaige table, as described in the preceding article, can be 
plotted on cross-section paper with the depths of water, or 
gauge heights, as ordinates and the discharges as abscissas 
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This IS illustrated in Figf 21 If a curve is drawn throug-h 
these points as plotted, it will lepiesent the discharge of the 
stream at different heights Such a curve is called the dis- 
charge cuive foi the stream in which the observations aie 
taken From this cuive, the discharge of the stream at anj 
stage within the limits of the obsei vations can be ascertained 



by merely detei mining the depth of watei fiom the gang 
reading and finding that point on the discharge cuive whos 
ordinate represents the depth of the water The abscissa I 
the curve at the same point will represent the di&chaige c 
the stieam at the given stage 

The inciease oi deciease in the dischaige per unit of rn 
or fall is a variable quantity depending on the velocity ai 
the sectional area of the stieam It will be seen, by lefe 
ence to the table in Ait 59, that the velocity inci eases 
decreases as the depth increases oi decreases, but not pi 
portionately Since this is tiiie of any stream, it may 
stated that there is no method for accurately determinii 
the dischaige of a stream at different stages except witV 
the limits of observed values 


61. Tlio Recovding Gauge — In the piactical and le^ 
questions constantly confionting the hydiauhc engineer, si 
as the flow of vatei thiough oiifices, ovei weirs, the pov 
determination of pumping engines and motors, and the fl 
in streams and nvers, the gauging of the uater at ficqut 
intervals is of great importance Foi this pin pose, an mg 
lous and accurate device, called a recoidmg gauge, is v 
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extensively used This instrument is represented in Fig 22 
It is usually placed on a table m a small house oi shed built 
for the purpose A roll ot paper, usually 100 feet long and 
2 feet wide, is wound on a roller R The loose end of the 
toll IS passed ovei a drum oi cjdmder C and fastened to 
anothei roller R, The cylinder and rolleis are moved at a 
unitorm rate by clockwork so that the papei, as it unwinds 
from the roller R, winds on the lollei R, A pipe 7" leads the 
water from the body of water to be measuied to a still box 
located directly under the instiunient Through a hole in 
the floor of the room, a float F is let down on the water in 
the still box This float is fastened to a chain oi rope cc^ 
which passes over two wheels Wy Wy and carries a weight Q 
at its other extremity The float F and weight Q are so 
adjusted that, w^hen the water sinks in the box the float 
sinks with it and pulls up the weight, and when the watei 
rises, the float rises with it, and the weight sinks To the 
chain or lope is fastened, between the wheels fF, fF, a pencil A' 
that rests on the cylinder C and travels in one diiectioii or the 
other, accoidmg as the float A' rises oi sinks It will be seen 
that all fluctuations of the water level in the still box aie 
lecorded on the revolving loll, thus, if the water level falls 
2 inches, the float F wall diop 2 inches, the chain cc will 
move on the wheels 2 inches, and the pencil point F 
will move to the right 2 inches 

Let it be assumed that the lecoidmg gauge is used in 
connection with a wen, although it ma^'^ be used for deter- 
mining the variations of flow foi any stieani for which a 
discharge table has been constructed A hook gauge 7, 
set at zero, is secuiely fastened to a side of the still box or 
float box and, by means of an engineeis’ level, the point of 
the hook is set at exactly the same elevation as the crest 
of the wen A leading is then taken of the walei le\el in 
the float box, by means of the hook gauge Assume this 
leading to be 5 foot, or 6 inches, this shows that 0 inches of 
watei IS flowing ovei the ciest of the weir A distance 
of 6 inches is then measuied along the cylinder C to the 
right of the position occupied by the pencil P at the time 
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of the obseivatiou, and another pencil point Pi is fixed or 
clamped to an independent lod that will hold it in position 
As the cylinder revolves, the point Pi describes a line, and 
it IS obvious that the distance of P tiom this line at any 
time indicates the height of the watei above the weir, or 
the head h over the weir 

In Fig 23 IS shown a poition of a sheet taken fiom a 
record roll The veitical ordinates lepiesent the elevations 
of the watei at each of the 24 houis of a day The irregular 
line tiaced by the float pencil P enables the observer to 
deteimme the exact stage of water at any given period by 

Noon Noon 



using the coi responding oidinate to the cuived line For 
example, if the height on the weir had remained stationaiy 
between 3 and 4 o’clock in the morning this recoid was 
taken, the float wmuld have lemained stationary also, and, 
as the clock would have idled the paper the distance ab^ 
the float pencil would have described the line a, b,, but, as 
the stream was falling, the iiiegnlar line was described 
instead 


62. A discharge curve having been previously piepared 
(see Alt 60), the dischaige £oi an hour, a day, or a month 
may be easily detei mined from the gauge If it is desiied 
to ascertain the number of gallons that have passed over 
the weir from 6 o’clock in the moining to noon of the day 
on which this record was taken, the oidinates numbered 
from 6 to 12 inclusive aie measured Let these ordi- 
nates be 21, 17, 16, 14, 12, 115, and 11, respectiveh, 
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then, the mean of the heights at 6 and 7 o’clock is taken, oi 

lH = 19 Consulting the dischaige curve that has 
2 

been constructed from the wen foimula, wheie the cuive 
gives the dischaige in gallons per horn, oi m million gallons 
per 24 horns, the aveiage dischaige is observed foi this 
1-houi period Pioceeding, sunilaily, foJ each succeeding 
hourly peiiod, an average houily discharge is detei mined, 
and the sum of these six aveiage homly dischaiges will give 
the total aveiage dischaige foi the 6 houis 
Another method, a little less exact, but closely appioxi- 
mate, is to add together the vaiying elevations, as scaled 
from the roll dnnde the sum by the numbei of elevations 
used, and find from the discharge cuive or table the dis- 
charge coriesponding to this aveiage head oi height 

It a clock with an 8-day attachment is used, the appaiatiis 
needs attention but once a week The paper comes in lolls 
long enough to last 1 month 


GENERAL REMARKS 


COMPARISON OF METllOOS 

63. Metliotl by the Pitot Tube — The Pitot tube is not 
much used at the present time As alieady stated, it is well 
adapted to rapid woik when great accinacy is not lequiied, 
but it IS inconvenient to handle m vaiying oi consideiable 
depths, and capillaiy atti action makes close leadings difficult 

64. Method by Floats — Foi a lough dctei mination, 
the surface float may be advantageously used, it is cheap 
and convenient, and gives faiily approximate lesiilts 

Double floats give closei lesults than sui face lloats, but are 
expensive when many observations aie to be taken, to w^hich 
must be added the uncertainty as to the position of the lowei 
float, on account of the action of the cuiient on the coid 

Rod floats are greatly to be pieferied to othei floats, as 
they give a much closet approximation to the mean velocity 
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They should be adjusted to iim as neai to the bottom as 
possible and pioject slightly abo\e the water level They 
may be used foi streams of any depth The floats used by 
Francis in his Lowell experiments weie tin tubes 2 inches 
in diametei, soldered together and weighted with lead at the 
low^ei end By the addition oi lemoval of a little lead, the 
rods were made to sink to nearly the desiied depth One 
advantage ot the lod float is that it is unaffected by floating 
glass, silt, oi other substances 

65. Method by a Weii — Although the weii is the stand- 
aid of measuring deviceb, it has its limitations Expense 
of construction often toibids its use, and a 20-toot w^eii with 
a 2-toot head, dischaiging about 200 cubic feet a second, is 
as large as is usually bujlt, and as large as the foimulas so 
far pioposed can be safely followed 

66. Method h> the Cm rent Metei — The current 
metei is, at the piesent time, the ideal instrument toi the 
measurement of flowing watei, particularly beyond the piac- 
tical uses foi which the weir can be used It measures the 
velocity of a stream in a much simpler manner than can be 
done by the use of floats, it is only necessaiy to measure 
one cioss-section of the stream, and both field book and 
other computations are less than when floats are used It 
the stream is small and unimportant, so that it is not neces- 
saiv that a high degiee of accuracy be attained in the meas- 
urements, the mean velocity can be determined by placing 
the instrument at different depths ovei the entire cross- 
section Foi veiy accuiate woik, seveial readings should 
be taken at each of seveial points and depths 

It should be borne in mind that, on account of the diameter 
of Its vanes, the ciirient metei can be held no nearer the 
surface or bottom than 6 inches, and that a velocity of at 
least 1 foot per second is necessary for accurate results 
The meter should be rated fiequently. 



HYDRAULICS 


§38 


VARIATIONS OF VELOCITY IN A C ROSS-SFCTION 

67. Velocities at Different Point'^ of a Cioss- 
Sectlon. — The velocity of flow in a stream vanes both from 
the sides of a bed toward the center, and, m any vertical line, 
from the sniface to the bottom As a rule, the maximum 
velocity occiiis in that pait of the cioss-section where the 
depth IS greatest, and at a shoit distance from the surface 
Cases, hovvevei, have been obseived in which the maximum 
velocity IS the surface velocity The least velocity occurs 
near the sides of the bed, and the aveiage velocity, as a lule, 
a shoit distance below the middle of the deepest part of the 
cross-section 

68. Tlie Mean Velocity — From a series of careful 
experiments, E C Murphy concludes that “the distance of 
the thiead of mean velocity below the suiface increases with 
the depth and with the ratio of the depth to the width 
This distance vaiies, according to Mi ]\Iuiphy, fiom 50 to 
65 of the depth “In a broad shallow stream,’' he adds, 
“from 8 to 12 inches m depth and having a sand oi fine 
gravel bed, the thread of mean velocity is fiom 50 to 55 ot 
the depth below the surface In broad streams fiom 1 to 
3 feet in depth, and having giavelly beds, the thread of mean 
velocity is from 65 to 60 of the depth below the suiface 
The single-point method of measuimg the velocity, by hold- 
ing the center of the meter 58 of the depth below the suiface, 
will give good results In ordinary streams, wheie the depth 
varies fiom 1 foot to 6 feet, the thiead of mean velocity is 
about 6 below the suiface ” This \alue, obtained as a 
mean of 378 observed values, can be taken to repiesent the 
average depth of mean velocity under the conditions that 
are most likely to occur in practice 

69. The all-important factor to determine in the meas- 
urements of flowing water is velocity From the pre- 
ceding it appears (1) that a faiily approximate mean 
velocity of the flow of a stream may be detei mined from a 
single reading m the deepest part of the cross-section at a 
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depth of 60 below the surface, (2) that a closer approxi- 
mation may be obtained by finding the mean of a number 
of readings taken at 60 of the depth, (3) that where abso- 
lute accuiacy is desned, a number of leadings must be taken 
along different verticals of the cioss-section, so as to cover 
the entire cioss-section in both directions, vertically and 
horizontally Readings should be taken along each vertical 
line, beginning at a distance of 6 inches below the surface 
and ending at a distance of 6 inches above the bottom The 
sum of all the readings divided by their number gives the 
required mean velocity. 

70 . Fluctuations of Velocity. — Not only does the 
velocity change from point to point in the same cross-sec- 
tion, but its value at any one point is not constant, it fluctu- 
ates between values that are sometimes noticeably different 
from each other Such fluctuations are very plainly shown 
by a current meter held foi some time at one point of the 
stream It follows from this that, for very accurate deter- 
minations, several readings should be taken at each point, 
or, if a curieiit meter is used, it should be placed at each 
point for a considerable length of time — say i hour or 
1 hour — before taking the reading. 


I L T 399—20 
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TABLE I 

VALUES OF THE COEFFICIENT OF ROUGHNESS 

Character of Channkf^ Value of n 

Clean well-planed timber , 009 

Clean, smooth, glazed non and stoneware pipes 010 

Masomy smoothly plastered with cement, and for very 
clean smooth cast-iron pipe Oil 

Unplaned timber, ordinary cast-iion pipe, and selected 
pipe seweis, well laid and thoroughly flushed 012 

Rough iron pipes and ordinary sewer pipes laid undei 
the usual conditions 013 

Dressed masoniy and well-laid brickwork 015 

Good rubble masonry and ordinaiy rough oi fouled 
bnckwoi k 017 

Coarse rubble masonty and firm compact gravel 020 ' 

Well-made eaith canals in good alinement 0225 

Rivers and canals in moderately good order and per- 
fectly free from stones and weeds 025 

Rivers and canals in rather bad condition and some- 
what obstructed by stones and weeds 030 

Rivers and canals in bad condition, overgrown with 
vegetation and strewn with stones and other detii- 
tus, according to condition 035 to 050 

TABLE II 


CONSTANTS TO BE USED IN TIIRUPP^S FORMULA 


Character of Bed 

m 

X 


Wrought-iron pipes 

2 o 8 So 

650 

556 

Riveted sheet-iron pipes 

r 

176 24 
187 00 

677 

670 

548 

541 

New cast-iron pipes • • | 

148 20 

630 

500 

Lead pipes 

igr 42 

250 00 

620 

670 

571 

575 

Pure cement | 

155 55 

610 

513 

Brickwoik (smooth) 

129 10 

610 

500 

Brickwork (rough) 

113 06 

625 

500 

Unplaned plank - • 

118 33 

6IS 

500 

Small gravel in cement 

84 67 

660 

500 

Large gravel in. cement 

70 67 

705 

500 

Hammer-diessed masonry 

89 S 3 

660 

500 

Earth (no vegetation) 

65 10 

720 

500 

Rough stony earth . ... 

46 64 

780 

500 
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TABLE III 

COEFFICIENTS OF DISCHARGE FOR WEIRS WITH END 
CONTRACTIONS 


Effective 
Head, 
in Feet 



Length of Wen, 

in Feet 



66 

I 

2 

3 

5 

10 

19 

[ 

632 

639 

646 

652 

653 

655 

656 

T 5 

619 

62s 

634 

638 

640 

641 

642 

20 

6r I 

618 

626 

630 

631 

633 

634 

25 

60s 

612 

62 1 

624 

626 

62S 

629 

30 

1 60 1 

608 

1 616 

619 

62 i 

624 

62s 

40 

S 9 S 

601 

609 

613 

615 

61S 

620 

50 

S 90 

596 

605 

608 1 

61 I 

615 

617 

6o 

587 

593 

60 1 

60s 

608 

613 ; 

615 

70 

So 

90 

1 00 

T 2 

T 4 

I 6 


590 

598 

595 

592 

590 

585 

580 

603 

600 

59S 

595 

591 

587 

582 

606 
604 
603 
60 1 

597 

1 594 

1 591 

6i 2 

61 r 
609 
608 
605 
602 

600 

614 

613 

612 

61 1 

610 

609 

607 


Note — The head ^iveii is the effective head, H + a When the 
velocity of approach is small, h is neglected 
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TABLE V 

COEFFICIENTS 01 DISCHARGE FOR WEIRS WITHOUT END 
CONTRACTIONS 


Effective 
Head, 
in Feet 



Length of Weir, 

m Feet 



19 

ro 

7 

5 

4 

3 

2 

TO 

657 

658 

658 

659 




15 

643 

644 

64s 

645 

647 

649 

652 

20 

635 

637 

637 

63S 

641 

642 

645 

25 

630 

632 

633 

634 

636 

638 

641 

30 

626 

628 

629 

631 

633 

636 

639 

40 

62 1 

623 

625 

628 

630 

633 

636 

50 

619 

621 

624 

627 

630 

633 

637 

60 

618 

620 

623 

627 

630 

634 

63S 

70 

618 

620 

624 

628 

631 

635 

640 

80 

618 

62 [ 

62s 

629 

633 

637 

643 

90 

619 

622 

627 

631 

635 

639 

64s 

I 00 

619 

624 

628 

633 

637 

641 

648 

I 2 

620 

626 

632 

636 

64 I 

646 


1 4 

622 

629 

634 

640 

644 



I 6 

623 

631 

637 

642 

647 




Note — The head given is the effective head, //'+ 14 // When 
the ve'^ocity of approach is small, li may be neglected 



WATERWHEELS 

(PART 1) 


INTRODUCTION 


ENERGY, WORK, EPEICIBNCY, HEAD 


1. Energy and Woik of Watei — Let a weig^ht JV of 
water be at rest at a height h above any plane of reference 
Then (see Kt7ieniaiics and Ki7iehcs^ and Hydiaulics^ Part 1), 
with lespect to that plane, the water possesses, by virtue of 
Its position, an amount of potential energy equal to Wh If 
the water falls freely through the height //, without doing any 
work, Its potential energy is all transformed into kinetic 
energy The latter energy is numerically equal to the 
potential energy Wh, and may be expressed either by this 


product or by the product 


Wv ' 

2 ^’ 


denoting by v the final 


velocity of the water, and by g the acceleration of gravity 
(= 32 16 feet per second) In general, if a weight W of 
water is moving with the velocity v, its kinetic energy is 
Wv^ 




and the watei can, by losing all its velocity, perform 


work (although not necessarily useful work) equal to this 
kinetic energy 

If, at any instant, the weight W of water has a veloc- 
ity z/o and IS at a distance h above a plane of reference, the 
total energy E of the water, with respect to that plane of 


COPVRIOHTED BY INTERNATIONAL TEXTBOOK COMPANY ALL RIBHTS RESERVED 

§39 
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reference, is equal to the sum of the potential and the kinetic 
energy, or 

B = + g) (1) 

It IS here assumed that the water is not under pressure, as 
otherwise the pressure energy must be taken into account 
(see Hyd? aiilics^ Part 1) 

If, while falling through the distance h, the water is made 
to do work on a machine, such as a water motor, the total 
work U done, including all work that is not useful, is equal 
to the difference between the original total energy and the 
kinetic energy left in the water This lost energy is equal 


to denoting by v^ the velocity of the water after the 

2 ^ 

latter has fallen through the distance h Therefore, 


U = E- 


WvC 

2.^ ^ 


or, replacing the value of E from formula 1, 

u = ) ( 2 ) 

If V, IS greater than the formula may be written in the 
more convenient form 


U ^ 


W k + 



(3) 


Example —A mass of water weighing 62 5 pounds enters a motor 
with a velocit> of 20 feet per second, and leaves the motor at a point 
16 feet below the point of entrance with a velocity of 8 feet per second 
Required the work done by the water on the motoi, all losses, such as 
those due to friction, being included 


Solution —Here /F = 62 5 lb , /r = 16 ft , = 20 ft per sec , 

and 8 ft per sec Therefore, by formula 3, 

( om o« \ 

16 4- 21 ^ 3 ^) = 1.326 6 ft -lb Ans 


2. Power of AVater. — As explained m Kinematics and 
Kinetics, 1 horsepower is equivalent to 560 foot-pounds of 
work performed m 1 second If a stream of water falls con- 
tinuously through a height of h feet, discharging Impounds 
per second, its potential energy, per second, is Wh foot- 
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pounds As this is the work that the water can perform, 
per second, m falling' thtough the distance //, the horse- 
powei H of the water is given by the equation 


H = 


Wh 

550 


(«) 


Let Q be the discharge of the stream, m cubic feet per 
second, and w the weight, in pounds, of 1 cubic foot of water 
Then, W — w Q, and equation {a) becomes 

rr ^ ^ Ql2w Qh / V 

550 11 ^ ^ 

In nearly all piactical computations, it is customary to 
take tv as 62 5 pounds This value will be used here, unless 
anothei value is expressly stated Replacing w by 62 5 in 
formula 1, that formula becomes 

iT- = = m%Qh (2) 


The following foim, obtained by multiplying the two terms 
1 250 

of the fraction often more convenient 

H = (3) 

OO 


3. Sometimes, the discharge is given in gallons per 
minute Let G be the discharge so expressed Then, since 
1 cubic foot = 7 48 gallons, and the discharge in cubic feet 
per minute is 60 Q, we have, 

G = 60 0 X 7 48, 

The substitution of this value m formula 3 of the prece- 
ding article gives, after i eduction, 

// = 0002532 


Example 1 — What is the theoretical horsepower of a stream dis- 
charging 12 cubic feet pei second through a height of 125 feet? 

Solution — Here, Q = 12, h — 125, and formula 3, Art 2, gives 




10 X 12 X 125 
88 


= 170 5 H P Ans 


Example 2 —What is the theoretical horsepower of a stream dis- 
charging 6,400 gallons per minute through a height of 120 feet^ 



4 WATERWHEELS §39 

Solution —Here, G = 5,400, A = 120, and the formula m this 
article gives 

N = 0002532 X 5,400 X 120 = 164 1 H P Ans 

4. Head. — In connection with a watei motor, the follow- 
ing definitions are convenient 

The total liead is the diffeience m elevation between 
the surface of the water in the source of supply and the sur- 
face of the water as it leaves the motor or its accessories 

The effective head is that part of the total head of which 
the motor actually makes use It is equal to the total head 
minus the head lost in friction and otherwise in the head- 
race, and includes whatever pressure and velocity heads the 
water may have on entering the motor 

The stream of water leaving a motor oi its accessories is 
called the tailrace, a name applied also to the channel or 
conduit by which the water is carried away Sometimes, it 
IS not convenient or advisable to place a motoi so that 
Its lowest point will be at the level of the tailrace In any 
case, the total and effective heads are measured to the sur- 
face of the tailrace 

The conduit by which the water is brought directly to the 
motor IS called the lieadrace, flume, or penstock. 

5. Efficiency. — By the efficiency of a water motor is 
ordinarily meant the ratio of the energy that the motor can 
transmit or deliver to other machinery, in a certain time, to 
the energy actually supplied to the motoi in the same time 
The latter energy is the energy due to the effective head 
of the water This efficiency is often called the net effi- 
ciency and the comnieiclal efficiency. 

The gi'oss efficiency, or total efficiency, of a water 
motor IS the ratio of the energy that the motor can transmit 
or deliver, in a certain time, to the total eneigy due to the 
total head of the water acting on the motor during the same 
time This is properly the efficiency of the whole plant, 
rather than of the motor 

Efficiency is customarily designated by the Greek letter Tj 
{ etUy pronounced “ay'ta”) 
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Let h = total head on a motor, in feet; 
hy. = effective head, in feet, 

Q = water supplied to the motor in cubic feet per 
second, 

H = horsepowei developed by motor, 
yj = net efficiency of motor, 
ff = gloss efficiency 

The total hoisepovver of the water, due to the head h, is 

(Art 3), and the horsepower due to the head hy is 
oo 


10 Qhy 

88 


Therefore, 


’J = 


10_£^ Qhy 

88 

H ^ S8H 

88 


( 1 ) 

( 2 ) 


It will be observed that 


= ( 3 ) 

When the efficiency, the discharge, and the head are given, 
the hoisepovver is obtained by solving foimula 1 for Hy 
which gives 


^ _ IQrjQhy 

8 “8 - 88 


(4) 


It is ciistomaiy to express efficiency as a certain per cent 
of the power or eneigy supplied to the motor Thus, if 
rj = 81, the efficiency is expressed as 81 per cent This 
mode of expiession should be borne in mind in all applica- 
tions of the foregoing formulas 


6. The total energy of the water Q entering the motor 
IS wQ fiyy denoting, as usual, by w the weight of 1 cubic foot 
of watei Let the water leave the motor with a velocity 
of V feet per second Then, the energy earned away by the 

water is ^ ^ X v\ so that the energy spent on the motor is 

2g 
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A great deal of this energy is lost in friction, eddies, etc , 
and, besides, there is usually some water lost by leakage 
Assuming the ideal condition in which none of these losses 
would take place, the ideal efficiency of the motor would be 


w Q 




than, nor even 
as well as the 


wQh, ~ 2gh, 

No motor can have an efficiency greatei 
equal to, this value This ideal efficiency, 
actual efficiency, is greater the smaller the velocity v (an 
otherwise evident fact, since, the less the velocity v, the less 
IS the energy carried away by the watei ) 


Example 1 — The effective head on a water motor being 25 feet, 
the water supplied, 50 cubic feet per second, and the power developed 
by the motor, 95 H P , what is the efficiency of the motor^ 


Solution —Here // = 95, g = ^0, and //, = 25 Therefoie, by 
formula 1, Ait 5, 

' 50 X 25 ^ 


Ex.^.mplk 2 —The efficiency of a motoi being 72 percent {tj = 72), 
and the effective head 20 feet, what must be the supply of water in 
Older that the motor may develop SO horsepower? 


Solution — Formula 1, Art 5, gives 


Substituting given values, 
8SXS0 


0 = 


72X 20 


7)/h 


48 89 cu ft per sec 


Ans 


Example 3 — A turbine having an efficiency of 75 per cent is used 
to operate a pump whose efficiency is 65 per cent The effective head 
being 10 feet, and the supply of watei 125 cubic feet per second 
required {a) the horsepower developed by the turbine, (5) the horse 
power developed by the pump, (r) the number of gallons of water 
per minute that the pump can raise to a height of 100 feet 


Solution —( a) To apply formula 4, Art 5, we have r; = 75, 
Q = 125, and hi = 10 Therefore, 

10 X 75 X 125 X 10 




88 


= 106 63 H P Ans 


(b) Since the horsepower developed by the turbine is 106 63, oi 
which the pump utilizes only 65, the power Hi of the pump is 
65 X 106 53 = 69 24 PI P Ans 
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[c) Since the power developed b}" water falling through a certain 
height IS the same as the powder requiied to raise the water to the 
same height, the formula m Art 3, solved for Gy may be used 
Replacing // by //,, or 69 24, and by 100, we have 

j' jr gq 

^ ~ 0002632T; ^ 0002632 X 100 "" 


EXAMPLES FOR PRACTICE 

1 Water enters a motor at the rate of 50 cubic feet per second 

with a velocity of 16 feet per second, and leaves it with a velocity of 
8 feet per second Assuming that the water falls through a distance 
of 30 feet, find the total horsepow^er delivered by the water to the 
raotoi Ans 184 68 H P 

2 What IS the efficiency of a motor that develops 270 horsepow^er 

with a supply of 80 cubic feet per second and an effective head of 
45 feet? Ans 66, or 66 per cent 

3 What IS the theoretical horsepower of a <=treara that discharges 
25,000 gallons pei minute through a height of 100 feet? 

Ans 633 H P 

4 The total head on a motor is 20 feet, of w^hich 10 per cent is 
lost in overcoming rejsistances in the headrace If the net efficiency of 
the motor is 72 per cent , what is the gross efficiency? 

Ans 64 8 per cent 


WATER SUPPLY FOR POWER 

7. The amount of water powet available at a given site 
IS proportional both to the head and to the quantity of water 
supplied in a given time If the yield of the stream from 
which the supply is drawn is variable, gaugings should be 
made to determine the proper basis of development If it 
is necessary that the power shall be constant in amount, the 
development must be limited to the least flow that is con- 
stantly available, ot else auxiliary powei in some form, as 
bieam engines, must be used in periods of deficiency 

Some industries require permanent power, while others, 
such as wood-pulp grinding, can utilize irregular power 
It often pays to develop a stream beyond the limit of neces- 
sary permanent power, and to sell the surplus at a reduced 
rate 
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Where there is storage or pondage available, so that a 
large volume of water can be impounded during peiiods ot 
surplus and drawn off at will during peiiods ot deficiency, 
the permanent powei of a stream can be increased beyond the 
limit of the minimum flow ot the stream It the pond above 
a dam that supplies a watei motor is utilized as a storage 
1 eservoir, only a slight depth at the surface can as a rule be 
utilized, because in drawing out the impounded water the 
head is reduced 

8. Pondage — Stoiage of water for power is usually 
called pondage, and is most commonly employed in con- 
nection with motors that run in the daytime only, the power 



Fig 1 


stored while the motors are idle being utilized during the 
woiking hours 

Referring to Fig 1, where is a pond and ?n shows the 
location of the motors, let 

JV — number of hours that the motors run per day, 

Q = water supplied by the stream to the pond, m cubic 
feet per second, 

A = average area, m square feet, of horizontal cross- 
section of pond, 
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D = depth, m feet, that pond is diawn down during work- 
ing houis, 

Dy = most economical depth of draught, oi depletion, in 
feet, 

h = maximum head, or head betoie draught begins, m 
feet, 

H = average horsepower obtainable from the water (not 
fiom the niotojti) 

Before the draught begins, the weight of the available 
water is wAD The potential energy of this water, with 
refeience to the level of the tailrace /, is equal to the work 
lequired to lift the weight w 4 B from the level t to the 
position ab In the lattei position, the center of gravity 

of the water is at a distance ^ above b, or k — — above t 

Therefore, the work required to raise the water fiom t to a b 
IS (see Kmematics and Kinetics) 

7z>ADx(/i 

This IS the same as the work that A D cubic feet of water 
can do m falling thiough the distance As the 


motors use this water m iV hours, or 3,600 iV seconds, the 
average quantity used pei second is g cubic feet 

The hoisepower lepresented by this water is therefore 

(Art 2), ^ ^ . 

x(/,-|) 10<o(/.-f) 


10 X 

3,600 iV 


88 88 X 3,600 iV 

To this must be added the power due to the inflowing 
water It can be easily shown by means of the principle of 
kinetics stated above, that the power of this watei is the 

same as if the quantity Q fell thiough the distance h — — 

The horsepower due to this water is, then (see Art 2 ), 

(,. D\ 
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For the power //'we have, therefore 

iOAn(k-§) 

H = ^ ^ 


88 X 3,600 iV 


\^Q[h 

+ - 


-f) 


10 // 


-f) 


X 


AD 


88 




( 1 ) 


88 ''\3,600A" 

If the average quantity of water that the motors use per 
second is denoted by Qx, then 

AD 


3,6007V 

and formula 1 may be written 

io(/. - f)ft 


+ Q\ 


H 


88 


( 2 ) 


Since h — ~ = 2 X , and h and h D are 

A 


respectively, the greatest and the least head available (see 
Fig 1), formula 2 shows that the average power obtainable 
from the water is the same as the power due to the total 
available water and a head that is a mean between the 
greatest and the smallest head used 


9. It appears from formula 1 of Ait 8 that the gi eater 
the depth D to which the water is drawn, the greater will be 

the available volume and, theiefore, But, as an 

o,6u0 A' 

increase m D causes a corresponding decrease in the average 


head h — the horsepower H does not always increase by 

increasing D It can be shown that Z?i, the value of D for 
which H IS greatest, is given by the following formula. 

1,800 
A 


h-- 


( 1 ) 


It IS obvious from this formula that, if h is equal to or less 

1 , 800 ^ 6 ^ 

than — -^jno storage is necessary 


If the value of Z?, is to be used, the value of h cannot be 
assumed arbitrarily, as it may happen that the flow of the 
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stream during" the (24 — A^) hours that the motors are idle 
IS not sufficient to make up the depletion Z?i The proper 
value of k IS determined as follows Assuming that the 
inflow duimg (24 — N) houis is just sufficient to make up 
for the depletion we must have 

(24- A^)X 3,600 = DM, 

or, replacing the value of from foiraula 1, 

3,600 - N)Q = hA - 1,800 NQ, 

whence k . ,2) 

A 

In all cases, the flow 3,600 (24 — A/") Q must be at least 
equal to DA, and, therefore, D must not be greater than 
3,600(24- AO g 
A 

In applying the foregoing formulas, losses due to evap- 
oration should be deducted from Q 

It is assumed in the foimulas that the capacity of the 
motors is sufficient to utilize all the flow resulting from the 
depletion D^ 


Example 1 — What should be the mean rate of draught through the 
motors m order to obtain the gieatest amount of power during 10 hours 
a day at a mill where the head ^Mth a full pond is 20 feet, the area 
of the pond being 6 acres, and the mean inflow Q being 200 cubic 
feet per second? 

Solution — Here A = 5 X 43,560 = 217,800 sq ft Formula 1, 
Art 9, gives 


= 20 - 

Therefore (Art S), 


1,800 X 10 X 200 
217,800 


3 47 ft 


5x = 




3,600 X 10 


-h 200 = 221 cu ft per sec Ans 


Example 2 — In the preceding example, what will be the average 
horsepower developed by the motors, if their efficiency is 76 per cent ? 
Solution — By foimula 2, Art 8, 

:o (20 - X 221 
^ "" 88 

As the efficiency is 75, the power developed by the motors is 

10 (20 - X 221 X 76 
— i 344 H P Ans 


I 1 T 399— 21 



12 


WATERWHEELS 


§39 


10 . Distributed Flow — If the capacity of the water- 
wheels exceeds the minimum flow of a variable stream, the 
total amount of hydraulic power that can be developed m 
any year may be considered as made up of two parts 
(1) the power available when the plant operates at full 
capacity, and (2) the power available during periods of 
deficient water supply If the mean flow of the stream 
during any period of N days is Q cubic feet per second, the 
same amount of water, if distributed uniformly throughout 

the year, would yield a constant supply of cubic feet 

365 

per second This quantity is called the distiibuted flow 
resulting from the mean flow for the given period The 
a\ei'age available supply is the sum of the distributed 
flows corresponding to the full capacity of the plant during 
periods of sufficient supply and the distributed flow during 
the period of deficiency 

Let Qi — capacity of the plant, in cubic feet pei second, 
= mean flow, in cubic feet per second, on days of 
deficient supply, 

Qa — average available supply, in cubic feet per 
second, 

N = number of days of full supply m the year 
Then, 

n A. (365 ^i\/)i2 . n 4- 

365 365 365 


Example 1 — In a plant having turbmes whose capacity is 300 
cubic feet per second, what is the average available supply in a >ear 
when the flow of the stream exceeds 300 cubic feet per second on 
200 days, and averages 250 cubic feet per second during the remainder 
of the yeari^ 


Solution — Here = 300, — 250, and N' = 200 

these values in the above formula, 

Qa = 250 + 200^3^-^^ ^ ^ 


Substituting 

Ans 


11. Flow of a Stream — When a stream is to be used 
for power, both its minimum and its maximum flow should be 
determined, as well as the average available flow for the pro- 
posed development A gauging record covering several 
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years and including: wet, dry, and ordinary years is desirable 
Gaug:ing:s, if not previously made, should usually be started 
as soon as the investigation is begun Incorrect estimates 
of the yield of a stream, owing to inadequate recoids, aie 
a frequent source of commercial failure of water powers 

12. Survey of Site — complete survey of the site 
should be made in order to deteiinine the best location and 
foim of construction for the dam, raceways, power house, 
and other structures Such a survey usually includes taking 
the topography of the dam site and reservoir flow, mapping 
the lands required, and making borings and soundings to 
determine the chaiacter of the foundations for structures 

13. Estimates of Cost. — An estimate of the cost of 
construction and development should be made, usually for 
each of several possible plans In estimating cost, facilities 
for tiansporting mateiials, and the location of available tim- 
bei, stone, sand, and other materials should be considered, 
together with the cost of the necessary land and water rights 

The value of the power and the returns that may be 
expected should be estimated The net return represents 
the difference between the gross return and the sum of the 
operating charges, which include interest on investment, 
insurance, taxes, cost of lepairs and renewals, attendance 
and management, sapplies, and incidentals 

It IS evident that, after all these expenses are met, there 
must still be a considerable margin to cover the cost of 
promotion and financing, and to insuie against accidents, 
breakdowns, or failuie to produce owing to unforeseen 
causes, such as bad management, financial depression, or 
the shifting of the business center 

14. Use to be Made of Powei* — The power, when 
developed, may be sold to existing industries, which as a 
lule have steam-powei plants already, or power at low rates 
may be offeied as an inducement for the location of new 
industries, or the power may be utilized by its owners or 
developeis In most cases, an assured profitable market for 
at least a part of the power is a prime requisite 
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ACTION OF A JET 


ENERGY OF A JET 

15. Let a, Fig 2 (^z), be a vessel that is supplied with 
water in such a way that the head on the orifice o m one side 
of the vessel is constant Let v be the velocity in feet per 



second of the water issuing from the orifice, W, the weight, 
in pounds, of watei flowing out in 1 second, and A', the 
kinetic energy of this weight of water Then (see Ki7i€- 
maiics a7id Kmeiics ) , 


K = 


Wv^ 

2 ^ 


U) 


If h IS the head on the orifice, and c is the coefficient of 
velocity, then (see Hydj atdtcs) , 

V = 


and, therefore, ~ = c'‘ h 

This value substituted iii equation (a) gives 
K=eWh id) 

If A is the area of the ]et, in square feet, and w is the 
weight, in pounds, of a cubic foot of water, then, 

= w Av = w Ac 

Substituting the first of these values of l-Fin equation [a) 
and the second m equation (3), the following formulas art 


obtained 
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w A v' 

K = IV A he'' ( 2 ) 

The weight w will, as usual, be taken as 62 5 pounds 

Example --What is the kinetic energy per second of a jet whose 
area is 1 square foot, if the head on the orifice is 25 feet, and the 
coefficient of velocity is 98^ 


Solution — Here A — 1, = 62 5, /z = 25, = 98, and 2g — 64 32 

Therefore, by formula 2, 

A"' = 62 6 X 10 X 25 X 98’ >164 32 X 25 = 5,897 ft -lb per sec Ans 


PBESSXJBE OP A JET ON A FIXED SUBPACE 


16 . Geneial Foi*mula. — Let a jet j>, Fig 3, moving 
with a velocity zz, impinge on a fixed surface a b making an 
angle 2 ^ with the direction of the jet When the jet strikes 
the surface at a, its direction 
IS changed, it will be assumed 
that the suiface is perfectly 
smooth, and the effect of eddies 
and other resistances will be 
neglected The water will 
therefore move along the vane with its velocity v undi- 
minished Let the aiea of the oiifice thiough which the jet 
issues be denoted by A 

As shown in Fimddvuiital Piinctples of Mechcinics, the 
force F necessary to change, in a time /, the velocity of a 



Fig 3 


body from to is given by the following equation, 
W being the weight of the body 

F = (a) 

gi 

At a, the velocity of the water is changed in direction 
This change is clue to the pressure of the surface a ^ on the 
water, which is ecjual and opposite to the pressure exeited 
by the watei on the sutface Let P be the magnitude of 
this pressure If the velocity along a ^ is resolved into two 
components, one parallel and one perpendicular to the direc- 
tion X' X of the jet, the value of the former component is 
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V cos M Therefore, at the point the velocity in the 
direction X' X is changed fioin v to v cos M Let t be the 
time m which this change takes place During this time, 
the weight of water passing through a is wAv X / Repla- 
cing, in equation {a), F by IV by tv Av X by v, and 
by z' cos M, we get 

p _ z v A V X — V cos M) 
gt 

or, transforming, 

/’ = ——{ 1 - cos ^]/) ( 1 ) 

g 

Since Av IS the volume Q (cubic feet) of water delivered 
by the jet m 1 second, the value of P may be written in this 
other form 

P =: Qx (1 _ COS M) (2) 

g 

This formula will give the pressure of a jet m the direc- 
tion of the original motion of the jet The pressure is 
independent of the form of the surface for a given angle of 
deflection, but the jet must be confined at the sides to pie- 
vent Its spreading, except in the case of a flat plate at right 
angles to the jet 


17. Piessure on a Fixed Plat Tane at Kigali t Angles 
to the Jet — If the angle M is 90°, as shown in Fig 4, then 
cos M = 0, and formulas 1 and 2 of the preceding article 
^ become, respectively, 

w 4 z’’ 


P = 


g 


I 


(1) 

( 2 ) 


p = 

g 

The velocity v may be pioduced by a 
head h equal to ^ Therefoie, v" — ^ gh, 
and 

P=2wA/i (3) 

Now, wAh IS the weight of a column of water whose 
cross-section is equal to the area of the jet and whose height 
equals h It therefore follows that, with a coefficient of 


Fig 1 




§39 


WATERWHEELS 


17 


velocity equal to unity, the pressure exerted on a flat surface 
by a jet issuing' undet a head h is twice the hydrostatic pres- 
sure that would be produced by the 
same head 

18. Pres&ure on a Fixed 
Heimspliencc* I Vane — In the case 
of a jet impinging on a hemispherical 
vane, as shown in Fig 5, the direction 
of motion of the jet is entirely re- 
versed, or turned, through an angle 
of 180° Since cos 180° = — 1, 1 — cos M = 2, and for- 
mulas 1 and 2 of Art 16 become, respectively, 



p = 

2 w A v" 

( 1 ) 


g 

p = 

2 w Q V 

( 2 ) 


In this case, the pressuie equals four times thpt due to the 
velocity head h 


ExAMriE 1 — To find the pressure that can be exerted on a fixed flat 
surface by a jet 1 inch squaie issuing from an orifice under a head of 
25 feet, the diiection of the jet being perpendicular to the surface, and 
the coefficient of v^elocity being 97 

- ® 

SoiUTiON — The equation v — 97 V2^/ gives — = 97* X 2// 

= 97* X 2 X 25 We have also, zv = 62 5 lb , W = 1 sq m 

= yJ-j- sq ft Substituting these values in formula 1, Art 17, 

/^ = 62 5 X rh- X 97* X 2 X 25 = 20 4 lb Ans 

Example 2 — What pressure can the jet considered in example 1 
exert on a vane inclined at 60° to the direction of the jet? 

UU *u ^ 

Solution — The value of — — — was found m the preceding 

example to be 20 4 lb Therefore, by formula 1, Art 16, 

/" = 20 4(1 - cos 60°) = 20 4(1 ~ = 10 2 lb Ans 


REACTION OF A JET 

19, Definition and Value of the Reaction — Wheu 
the orifice o, Fig 2 («), is closed, the pressures on the sides 
c and d of the vessel are equal and opposite, and there is no 
motion of the vessel If the orifice is opened, and the stream 
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IS allowed to impinge on a plate h, as shown in Fig 2 (^), 
fastened to the vessel, and at light angles to the direction of 
the stream, the vessel will still remain at rest For this con- 
dition, the pressure P acting on b is 2wA/i, as shown in 
Art 17. In order that there may be no motion, a force R, 
equal and opposite to P, must react on the vessel When 
the plate b is lemoved, the force P is no longer exerted on the 
vessel, the force P becomes unbalanced, and tends to move 
the vessel backwards This force R is called the reaction 
of the jet 

20. Experimental Verification. — The effect of the 
reaction and pressure of a jet may be shown by experiment 
as follows Let the vessel be placed on rollers, as shown at a, 
Fig 2, in such a way that a very slight pressure will produce 
motion When the water issues from the orifice, the vessel 
will begin to move m the opposite direction If the vessel 
IS prevented from moving by a spring s, this spring will 

7£J ^4 7)^ 

show a pull equal to , or 2wAh, which is the value 

g 

of the reaction R 


PRESSURE AND WORK OF A JET ON MOVING VANES 

21. Formulas foi Piessure. — If the surface or vane a 
Fig 3, moves with a velocity in the same direction as the 
jet, the condition is the same as if the vane were at rest and 
the jet were moving with a velocity v — The water will 
strike the \ane with a relative velocity equal to the 

quantity Q of watei striking the vane per second will be 
A{v — Vi) cubic feet, and the pressure on the vane in the 
direction of motion may be found by substituting {v — v^) 
for V in the foregoing formulas That is (Art 16), 

g 

^ -J Ah- cos ( 1 ) 

g 

For a plane surface at right angles to the jet (Art 17), 

p = ~ ^ w Q^(v - Vi) ^ 2 ) 
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For a hemispherical vane (Art 18), 

p = 2 — VxY ^ 2wQ{v ~ yj 

g g 

22. Woik Lone by tlie Jet on the Vane. — Since the 

vane moves m the direction of P throuorh a distance of v^ 
feet every second, the work U, per second, done on the 
vane by the jet is equal to or, replacing the value of P 

from formula 1, Art 21, 

g 

g 

23. Work of a Jet on a Senes of Vanes — When a 
jet IS made to impinge successively on a series of suifaces or 
vanes that come into the path of the jet one after another, as 
in the case of a waterwheel, all the water in the stream can 
be made to perform woik on the vanes, for all the amount 
intercepted between each two vanes flows over, and does 
work on, the front vane while the water is impinging on the 
other vane Under such circumstances, the quantity of water 
striking the svsitui per second is the quantity Q, or A v, 
issuing from the jet per second, and the work done per 
second is obtained by replacing in the preceding article Q' 
by Q This gives 

U = (1 _ cos M) 

g 

^ ( 1 ) 

g 

It can be shown by the use of advanced mathematics hat, 
other things being equal, the work is a maximum when 

Vi = ~ Substituting this value m formula 1, and denoting 
2 

the maximum work by we have 

U„=.^^(l~cosM) ( 2 )' 

4 ^ 4 ^ 
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24. For flat vanes at n^ht angles to the jet, in which the 
water leaves the vanes at right angles to its initial direction, 
M = 90^, cos i'l/ = 0, and, theiefore 

TJ — ^ 

4 ^ “ Tg 

This represents one-half ot the total energy of the water 
I see formula 1, Ait 15) Theiefore, a motoi with vanes 
that deflect the jet through 90° cannot yield an efficiency of 
more than -j, or 50 pei cent 


25. If the vanes are hemispheiical cups, in which the 
direction of the water is reversed, as in Fig 5, 1 — cos/1/ 
-= 1 — cos 180° = 2, and formula 2 of Art 23 becomes 

TJ — 

This IS the total energy of the watei (see Ait 15), and so, 
in this case, the efficiency of the cup is theoretically equal 
to 1 In practice, owing to several resistances and other 
conditions not taken into account in the deiivation of the 
formula, so high an efficiency is not obtainable A very high 
efficiency, however, is obtained fiom impulse watei wheels, 
which are made with hemispherical vanes working on the 
principles just explained 


Example 1 — What is the maximum work done per second by a jet 
3 inches square impinging with a velocity of 50 feet per second on a 
waterwheel having flat vanes placed at right angles to the jet? 


Solution —By the formula in Ait 24, 
62 5 X (-A)* X 50» 


U- 


4 X 32 16 


= 3,796 ft -lb per sec Ans 


Example 2 —What is the work done by a jet issuing from an orifice 
3 inches in diameter under a head of 100 feet, and impinging on a 
waterwheel with hemispherical vanes moving at a speed of 30 feet per 
second, the coefficient of velocity being 97? 

Solution —Here v = 97>/2 X 32 16 x 100 = 77 8 ft per sec , A 
= 7854 X (i^)* = 0491 sq ft , j/, = 30 ft per sec , and M = 180° 
Substituting these values m formula 1 of Art 23, 

jj ^ 62 5 X 0491 X 77 8 X 30 (77 8 ^ 30) {1 - cos 180°) 

32 16 “ 

= 21,291 ft -lb per sec Ans. 
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EXAMPLES FOR PRACTICE 

1 What IS the kinetic eneigy per second of a jet of water whose 

area is 15 square foot, if the head on the orifice is 50 feet, and the 
coefficient of velocity is 9S^ Ans 25,020 ft -lb per sec 

2 The cross-section of a jet of water is 2 square inches, the jet 

moves with a velocity of 70 feet pei second, and impinges on a fixed 
plane surface at right angles to its diiectiou of motion What pressure 
does the jet exert? Ans 132 3 lb 

3 If a jet of water 10 square inches in cross-section, moving with 
a velocity of 80 feet, impinges on a hemispherical cup that is moving 
with a velocity of 40 feet per second, what is the pressuie exerted? 

Ans 431 9 lb 

26. Revolving Yanes. — In Fig 6 is shown a curved 
vane aa^ rotating about an axis o A jet impinges at a with 
an absolute velocity v in the direction shown, that is, making 
an angle M with the tangent ab 2 ita The absolute linear 
velocities of the vane at a and are denoted by and vjy 
respectively The relative velocities of the water, with 
lespect to the vane, are u and at a and lespectively, 
making the angles L and U with the tangents at those points 
The absolute velocity with which the water leaves the vane 
at is denoted by v\ and the angle that it makes with the 
tangent d is denoted by The direction of is the same 
as the direction of the face of the vane at d It is required 
to find the work done by the water in passing along the 
vane a' The data to be used are the velocity the weight 
J^Fdehvered to the vane per second, the radii rand r', the 
velocity Vyy and the angles M and The velocities and v^! 
are to each other as the radii 7' and r^ and, therefore, 

w/ = — X W. ( 1 ) 

r 

It IS evident that the velocity v is the resultant of the 
velocity of the vane and the velocity u that the water has 
with respect to the vane This is plainly shown by the par 
allelogram of velocities abed Similarly, is the resultant 
of and id 

The work U done on the vane, in foot-pounds per second, 
IS given by the formula 
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U = ^(wi cos ''1/ — Vi cos M^) (2) 

The derivation of this formula is rather complicated, and 
will here be dispensed with 

In order to apply the formula, it is necessary to determine 
t/' and 



The relative velocity u{ — be) is computed from the 
triang;le abc the formula 

u = cos A'f (3) 

The relative velocity 2 c’ is computed by the following 
formula, which need not be derived here 

ic’ = _j_ _ 2vvi cos M (4) 

The triangle b^ e' gives 

— 2 71^ Vx cos U 


(5) 
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A1 Tijn Sin Z' Jgy. 

Also, sin M* = (6) 

v' 

If the vanes are closely spaced around the circumference 
of a wheel, one vane aftei anothei will come into the path 
of the ]et, and the w’-ater intercepted between each pair of 
successive vanes will do work in passing* over the forward 
vane The perfoimance of work will thus be made a continu- 
ous process, and the amount of work done per second may 
be found by making IV equal to the weight w Q water 
flowing from the jet m 1 second 

In the application of these formulas to waterwheels, it is 
desirable to adjust the velocity of the vane to that of the 
jet m such a way that the work done by the water m moving 
the vane shall be a maximum It is necessary to take into 
account the loss ot velocity of the jet in passing over the 
surfaces of the vanes and, m some forms of watei wheel, the 
effect of centiitugal force It is also necessary to design the 
wheel so that the water will enter the vanes without shock or 
impact, and leave them with the least possible velocity 
Finally, the piopoitions must be such that the construction 
of the wheel will be simple and practicable In order to 
accomplish these lesults, the formulas must be modified 
by the introduction of constants deteimiiied by experiment. 


INTERNAL, OR VORTEX, MOTION IN WATER 

27. In smooth flowing water the paths of adjacent par- 
ticles may remain paiallel through considerable distances 
A. line of particles moving in the same path is called a fila- 
rment. If the filaments strike a firm object, they are dis- 
torted and deflected, the deflected currents often take a 
rotary motion in which all the particles forming a definite 
mass of water revolve about a common axis, as in an eddy 
Such a system of rotating pai tides is called a vortex. 
When once formed, a vortex may travel a long distance in a 
stream, and is not, as a lule, broken up until its energy has 
been expended in friction between its particles and those of 
the surrounding water 
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If it IS assumed that the pat tides in a vortex all rotate 


with a velocity v, the kinetic energy of the vortex is - 




2 ^ 


where PP' is the weight of the water contained in the voitex 
The energy contained in a voitex cannot be converted into 
useful work m a waterwheel Under suitable conditions, a 
considerable percentage of the energy of a stream ot water 
may be converted into voitex motion with a corresponding 
reduction in the useful energy This frequently occurs in the 
action of waterwheels, and in this \Y^y the energy earned 
away in the tailrace may be more than double the energy 
represented by the mean linear velocity of the current 

Vortex motion can be easily obsetved by watching the 
motion of a small drop of ink let fall from the point of a fine 
pen into a tumbler of water, or by noticing the swirls that 
boil up and spread over the surface of a tailrace when tur- 
bines are running 


ORDINARY VERTICAL WATERWHEELS 


CLA.SSES OF WATERWHEELS 

28, In geneial, a wntei wheel is a motor or machine 
whose principal pait is a rotating wheel operated by the 
action of water The wheel proper, which is mounted on a 
shaft that revolves with it, is usually called the rumier. If 
the shaft is honzontal, so that the runner revolves in a 
vertical plane, the motor is called a vertical watei wheel; 
if the shaft is vertical, so that the runner revolves in a hori- 
zontal plane, the motor is called a liorizontal water wheel. 
It should be observed, however, that the terms ve) heal turbine 
and hoyizonial turbiyie are at present very commonly used to 
indicate, respectively, a turbine in which the shaft is vertical, 
and one in which the shaft is horizontal 

29. Waterwheels are furthei divided into thiee mam 
classes The first class comprises overshot, bieast, and 
undershot wheels, presently to be described There being 
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no satisfactory name to distinguish this class, wheels belong- 
ing to it will here be called orcliiiaij" veitical watei- 
wheels The other two classes are impulse wheels, 
which are moved by a jet of watei impinging on vanes dis^ 
tnbiited over the circumfeience of the runner, and turbines, 
in which the buckets around the circumference of the runner 
aie all simultaneously filled by water that continually flows 
into them thiough conduits called cliiites oi griiides 

Geneially, the teim '‘waterwheel” is understood to refer 
eithei to ordinary vertical or to impulse wheels It is to be 
remarked, however, that many wnteis include impulse wheels 
m the turbine class The wheels here defined as turbines 
and impulse wheels are called by these writers reaction 
turbines and iiuiuilse turbines, respectively 

30. Ordinary vertical w^aterw heels have been almost 
entirely superseded by turbines and impulse wheels At the 
present time the^’^ aie raiely used except in new countries 
wheie till bines are not obtainable A few examples of old- 
time wooden vertical wheels may still be seen in the Catskill 
mountain legion and elsewhere An overshot wheel 722 feet 
m diameter that was built about half a centuiy ago is still m 
use in the Isle of Man 

The water supply for vertical w’’atervvheels is usually drawn 
from small, steady-flowing streams Spimg-fed streams are 
preferable because of their fieedom from ice and freshets 
Pioneei mills w’^ere usually located where such streams 
border iiveis or highways The sites thus chosen often 
determined the location of impoitant cities 

The pnncipal objections to ordinary vertical waterwheels 
are their laige sire and weight, which make them unwieldy, 
their slow motion, which necessitates expensive and cum- 
brous geaimg to transmit the propei speed to the machinery 
they operate, the reduction of their efficiency and often the 
absolute impossibilitv of operating them, caused by the for- 
mation of ice in the buckets, and, finally, then lack of 
adantability to variations in the head of water During 
periods of high water, the water rises in the tailrace (see 
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Fig: 7), and, if the wheel is low enougfh, its buckets dip into 
the back water, which thus offers a great resistance to the 
motion of the wheel the wheel is then said to be “drowned,” 
and to “wallow” in the tailrace This difficulty may be 
obviated by placing the wheel so that it will always be above 
high water, but, as a rule, the loss caused by the resulting 
reduction of the total head is greater than the loss caused 
by the resistance of back water when the wheel is allowed to 
wallow Formerly, these wheels were often mounted on 
floats or pontoons designed to keep the axle of the wheel at 
a constant height above the surface of the tailwater. 


OVERSHOT WHEELS 

31. General Featuies — Referring to Fig 7, an ovei- 
sliot watei wheel consists of an axle aa mounted on suita- 




ble journals, at least two circular crowns or shroudings ^,£-, 
connected to the axle by radial arms and a series of 
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curved partitions called vanes or floats, extending 

between the crowns The sole ce forms a cylindrical sur- 
face to which the inner edges of the vanes are attached 
Intermediate crowns z, / aie used in very wide wheels to 
give added support to the vanes The vanes divide the 
space enclosed by the crowns and sole into compartments 
called buckets. Sometimes the water is admitted below 
the top of the wheel by a sluice passing over the wheel, such 
wheels are called pitcli-back waterwheels. If the sluice 
IS lowei down, about midway between the top and the bottom 
of the wheel, the wheel is called a middlesliot wheel. 

Sometimes an apron, or ciiib, ccy Fig 11, is added, con- 
foiming closely to the circumference of the wheel The 
object of the apion is to prevent the escape of the water 
from the buckets before reaching the bottom of the wheel 
A wheel supplied with such an apron is called a breast 
wheel. Aprons are moie commonly added to middleshot 
than t6 overshot wheels For an apron to be effective, there 
must be little clearance between the wheel and apron, this 
may cause rubbing and a loss of power by friction 

32. Action of the Water. Fig 7 shows two views of 
an overshot wheel with curved iron buckets The water is 
brought to the top of the wheel by a trough or sluice /, which 
may be cuived toward the wheel, and should be so placed 
that the water will enter the hist, second, oi third bucket 
from the vertical center line of the wheel The supply of 
water to the wheel is regulated by a gate ;;z, which is gener- 
ally operated by hand, but may be operated by an automatic 
governor The thickness of the sheet of water in the trough 
should not exceed 6 or 8 inches 

In an overshot wheel, the watei acts mainly by its weight, 
the water in each bucket doing work while it descends from 
the top to the bottom of the wheel As, however, the water 
enters the buckets with some velocitv, a small part of the 
work is due to impact Since, even under the most favorable 
circumstances, only one-half of the energy due to the velocity 
of the entering water can be utilized by impact, the head that 


I LT 399—22 
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produces the velocitj? of the entiy is made small, and the 
greater part of the fall is taken up by the diameter of the 
wheel 


33t Practical Values — The first point that should be 
considered m the design of an oveishot wheel is the 
velocity of the circumference This varies with the diam- 
eter of the wheel, and ranges from feet per second for 
the smallest diameters to 10 feet pei second foi the largest 
Wheels of this class are well adapted to heads varying 
between about 8 and 75 feet, and to dischaiges of from 
3 to 25 cubic feet per second They give then best efficiency 
with heads between 10 and 20 feet 

The diameter of the wheel is fixed by the total fall h and 
the head K necessary to produce the required velocity of 
entry v of the water into the bucket (see Fig 7) The 
velocity of entry is always greater than the velocity of the 
circumference of the wheel, varying between Ijv^ and 2z/, 
Owing to the frictional losses in the sluice and gate, the 
head k, required to produce the velocity v is about 1 1 times 


the velocity head that is, 

A, = llxf ( 1 ) 

2 ^ 

The diameter D of the outside of the wheel is made to 
correspond to the difference h — and the clearance 
required between the wheel and trough 

The number of revolutions per minute N is fixed by the 
diameter D and the circumferential velocity and is given 
by the formula 


6Qz>i _ 19 1 Vy 
t: D D 


( 2 ) 


The number of buckets Z is given by the formula 
Z = 2 5i9 to 3Z? 

The depth d of the buckets is made between 10 and 15 
inches 

The breadth b (feet) of the buckets is made between 
3 X ^ and 4 X where Q is the supply of water in cubic 

z/j d z/j 



§39 


WATERWHEELS 


29 


feet per second, and d is the depth of the buckets expressed 
in feet 

34. Buckets. — The form of buckets should be such that 
the watei will entei freely and with little shock, and will be 
retained as long: as possible In Fig: 7, it the wheel is not 
provided with an apron, water will begin to spill fiom the 
buckets at some point j, at the bottom of the wheel, it will all 
have been dischaiged The eftect is the same as if the water 
weie all discharged at a point q about midway between j and 
the tailrace level k, the head q k below the mean point of dis- 
charge q is lost This loss may be pi evented by the addition 
of an apron ss The depth d of the buckets should be small, 
so that the water will fall the shortest possible distance in 
entering them The breadth of the buckets is usually made 
such that they are only partly filled, in this way, the discharge 
begins lowei down on the wheel and the loss of head is 
decreased With a given discharge, the quantity m each 
bucket will be decreased as the speed is increased If, 
however, the speed is great, the head required to give the 
entering jet its velocity will be large, and, in addition, 
the centrifugal force will tend to throw the water out of 
the buckets 

35. Fig 8 shows a good method of laying out wood or 
lion buckets for an overshot waterwheel The description 
given applies especially to iron vanes, as shown at (a) 
wooden vanes may be made to approximate this form 
more or less closely, as shown at (d) In Fig 8 (a), 
CEFG is a section of the crown of the wheel, and A is the 
mouth of the sluice Let d be the depth of the crown ring 
First draw the center line of the sheet of entering water 
This curve will be a parabola, and may be constructed as 
explained in Rudiments of Analytic Geometry With the axis 
of the wheel as a center and a radius 7? = draw the 
arc CE, cutting the parabola in a, so that the distance e is 
equal to one-half the thickness of the sheet of entering 
water, plus the thickness of the tiough, plus the clearance 
between the ciown of the wheel and the trough From the 
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same center, draw the arc FG with the radius R — d, this 
gives the surface of the sole of the wheel From the point b, 
where this arc cuts the parabola AB, diaw the straight 
line A b, and maik the point a' where Ab cuts the arc CE 
With ^ as a cen^tei and a radius equal to d, diaw the arc 
cutting FG in c, and draw cf, which is a prolongation of 
the radius of the arc FG Diaw the outline f of the bucket 



with the radius r = a' b The center of this arc may be found 
by erecting a perpendicular at the middle of a' / and inter- 
secting this perpendiculai with a radius b from a' or / as 
a center Lay off eg— \ 1,1 being the distance between 
a and < 2 ', draw^/z parallel to cf, and, finally, join the curve aA 
and the llne^/^ with an arc whose radius is equal to I This 
gives the outline for a bucket The pitch t is found by 
dividing the circumference of the wheel by the number of 
buckets The pitch of the buckets at the sole of the wheel 
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IS found by dividing the circumference of the sole by the 
numbet of buckets 

It will be noticed that, 
in the wooden construc- 
tion shown in Fig- 8 id), 
the points a\ kj and ^ 
correspond to the points 
and^ in {a) The 
parts g'h and ha' in {b') 
are made straight In 
all cases, the outer edges 
of the buckets should be 
sharpened so that they 
will offei as little resist- 
ance as possible to the 
entiance of the water 
Fig 9 shows an over- 
shot wheel made mostly 
of wood, and Fig 10 one 
made entiiely of iron The power may be taken from the 

axle, as shown in Fig 9, 
or it may be taken from 
gearing on the nm of 
the wheel, as shown m 
Fig 10 

36. Efficiency. 
The efficiency of the 
overshot waterwheel is 
^ high, ranging from 66 
^ to 86 per cent in well- 
constructed wheels 
/f When the supply of 
water is small, as during 
a drought, the buckets 
are only partly filled, 
'V ' hence, the loss from 

the water leaving the 




Fig 10 
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buckets too early is reduced, and the efficiency of the wheel 
IS increased 

Example — To compute the principal dimensions of an overshot 
waterwheel to utilize 10 cubic feet of water per second with a total 
head of 25 feet 

Solution — If the circumferential velocity of the wheel is made 
8 ft per sec , and the velocity of entry is made equal to 2 or 16 ft 
per sec , the head /?i required to produce the velocity of entry is 
16** 

(Art 33) 1 1 X = 4 38 ft Since this coi responds to the maxi- 
mum value of V for the assumed velocity z'l, a value of /i^ somewhat 
less, say 4 ft , may be used for the head at entrance, and the diam- 
eter D of the wheel may be taken equal to h — = 25 — 4 = 21 ft 

The number of buckets may be taken as 3Z>, or 63, this makes the 

pitch = 1 05 ft 

Making the depth d of the buckets 12 in , or 1 ft , the breadth h of 

O 3 X 10 

the wheel mav be made equal to 3 X -r - = ^ — 3 76 ft In 

dvi 8X1 

order that the water will enter the buckets freely, the width of the 
trough should be a little less than the breadth of the wheel— say 3 5 ft 
for this case The number of revolutions of this wheel, with the 
19 1 X 8 

assumed velocity z/i, is — — = 7 28 per mm , nearly 


BREAST WHEELS 

37 . General Featui*es. — A middleshot breast wheel is 
shown in Figs 11 and 12 As in an overshot wheel, the water 

enters the buckets by 
impulse, but does the 
greater part of its 
work by gravity 
These wheels are 
used for falls ot from 
4 to 16 feet, and dis- 
charges of from 6 to 
80 cubic feet per sec- 
ond The water may 
be admitted by a sluice or onfice, as shown m Fig 12, or it 
may enter over a weir, as shown at a in Fig 11 The weir 
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board a can be raised or lowered to regrulate the supply The 
weir IS the more efficient form of inlet, because a larger por- 
tion of the head is utilized by gravity and less by impact than 
with the form of gate shown in Fig 12 If the water enters 
at the top of the apron, and not at some higher point, flat floats, 
as shown in Fig 11, may be used Curved vanes give better 
enti y and exit conditions, and are more efficient than flat floats 
The buckets of a bieast wheel should be ventilated, to piovide 



Fig 12 


for the exit of air while the bucket is filling Holes through 
the sole for this purpose are shown at z, Fig 12 The 
buckets of a wheel piovided with a bieast can be more com- 
pletely filled than those of a wheel without an apron, so that 
the capacity of the wheel, for a given width, is greater The 
breast or cuib cc, Figs 11 and 12, is made eithei of wood or 
of masonry, the lattei being lined with a smooth coating of 
cement to make it fit closely to the wheel A wooden breast 
IS likely to swell and rub against the crown of the wheel A 
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clearing space of between f and f inch should be left between 
the wheel and the breast 

38. Buckets. — Curved vanes for breast wheels may be 
laid out according to the following method, which applies 
especially to non floats 

Draw the center line A B, Fig 13 («), of the path of the 
entering water in the mannei explained for overshot wheels, 
then, draw the center line mn of the floats, so that it 
IS nearly tangent to A B, and diaw aics of the outer and 



inner edges of the floats, a c be From A, draw the 

radial line A /, and, from the point of intersection g of this 
line and the inner edge beoi the floats, draw a \megk tangent 
to be Through the point t where AB cuts mn, draw a 
radial line OP, and also a line zy at an angle of 30° with 
OP, then, ]Oin the line ij and the tangent^,?: by an arc 
whose ladius is ! As in Art 35, t is the pitch of the 
floats 

Wooden floats may be made to approximate this form, as 
shown in Fig 13 (,b) 
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39. Practical Values. — In breast wheels, the circum' 
Eerential velocity may usually be made between 3 and 
6 feet per second, the best value being about 4 25 feet per 
second As tor oversliots, the best value of the velocity 
of the water at entrance lies between 1 5 v, and 2 The 
depth d of the floats is made between 10 and 15 inches, the 
diameter D of the wheel is made about twice the total head, 
the pitch t ma}^ be made equal to oi a little smaller, and 

the breadth of wheel may be made between -^-2 and —2 

dDi dvi 

the letters having the same meanings as in Art 33. The 
angle M, Fig 12, that the direction of the entering water 
makes with the radius at the point of entrance should be 
about 15° (it may vary between 10° and 25°) 

The efficiency of middleshot wheels is less than that of 
overshot wheels it usually vajies between 65 and 70 per 
cent , though, in exceptionally well-made wheels, it may run 
as high as 80 per cent 


UNDERSHOT WHEELS 

40. Confined Uudersliot Wheels. — A confined under- 
shot waterwheel with radial floats is shown in Fig 14 The 
wheel hangs m a channel but little wider than the wheel, so 
that practical 1\ all the water strikes the vanes The water 
may be admitted to the wheel by a sluice gate or, if the 
head is small, the gate is omitted Whether with or without 
a sluice, the wheel operates wholly by the impact of the 
water against the floats According to Art 24, the maxi- 
mum thcoietical efficiency that such a wheel can give is 
50 per cent Piactically, however, the efficiency of these 
wheels seldom exceeds 40 per cent , and ordinarily it lies 
between 25 and 35 per cent The depth of the floats for the 
best effect should be at least three tunes the depth of the 
approaching stream There should be as little clearance as 
possible between the wheel and the sides and bottom of the 
race Foi the best efficiency, the velocity of the circumfer- 
ence of the wheel should be about 4 of the velocity of the 
current Wheels of this kind are usually made between 
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10 and 25 feet m diameter The pitch of the vanes is made 
between 12 and 16 inches The depth of the water on the 
up-stream side of the wheel should be about 4 or 5 inches. 



Fig U 


41 . Paddle, or Cuirent, Wlieels — A paddle wheel, 
or current wheel, Fig 15, is an undershot wheel that usually 
has a small number of relatively large floats and is operated 
m a river or channel in which the water is not confined in 

the direction of the axis of the 
wheel There may also be con- 
siderable depth of water under 
the wheel The velocity of the 
circumference of a paddle wheel 
should be about 4 that of the 
current These wheels are 
cheap and convenient, but their 
efificiency is very low — usually 
between 25 and 30 per cent 
In order to obtain the best effect from paddle wheels, the 
number of floats should be gieat enough to allow two of 
them to be imineised continually 
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The efficiency of an undershot wheel is increased by using 
a breast or curb like that described for breast wheels 

42 . Power of Undersliot Wheels — In the undershot 
wheels just described, the water acts by impact, and the work 
It performs is due to its kinetic energy The velocity v^y 
Fig 14, of the water below the wheel is equal to the velocity 
of the wheel 

Let A = area that a vane exposes to the current, 

Q = volume of water acting on the wheel per second, 
V = velocity of approaching current, 

7] = efficiency of wffieel, 

H = horsepower of wheel 

Then, the units being the foot, second, and pound, the 

1!J Al 

available energy of the water acting on the wheel is — 

foot-pounds per second (Art 15) This is equivalent to 
w A , 

— : horsepower 

2g X 550 

. rr rjwAv'' 

Therefore, Ji = 

2g X 550 

or, substituting 62 5 for w and 32 16 for^, and reducing, 
//■= 00177 /^Av^ (1) 

Also, since Av — Q, 

H= 00177 fiQv^ ( 2 ) 

Example —What liorsepowei can be obtained from a confined 
undershot whose efficieiicj'' is i30 per cent , the flow of the stream being 
2S cubic feet per second, and the velocity 20 feet per second^ The 
losses through clearance are neglected 

Solution —Here ry = 3, (£> = 28, and z/ = 20 Therefore, by for- 
mula 2, 

H = 00177 X 3 X 28 X 20“ = 6 H P Ans 

TRANSMISSION OF POWER 
43. The powei developed by a waterwheel is usually 
transmitted by means of gearing or belting In the case of 
gearing, the watei wheel itself is sometimes provided with 
teeth that engage with the teeth of another wheel through 
which the machinery is operated, in other cases, a toothed 
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wheel IS mounted on the shaft of the waterwheel When belt- 
ing IS used, it IS passed either around the waterwheel itself or 

around a pulley mounted 
on the shaft Whatever the 
method of transmission may 
be, the woik of the water- 
wheel is expended in over- 
coming ceitain resistances 
In Fig 16, let the resist- 
ance A (as the pull of a belt, 
the pressure of a gear-wheel, 
or the pull of a rope by which 
water is raised) act at the 
point T of the transmitting 
wheel B the watei wheel 
Itself being represented by 
b h Let z/i and be the velocity oibb and B B, respectively, 
and r and R their respective radii Then, since the two 
wheels have the same angular velocity, 

K^R 

r ’ 



jn 

and, therefore, F, = — ( 1 ) 

r 


The work of A is A F, foot-pounds per second, or 


lYi 

550 


horsepower If, then, the horsepower of the w’^aterwheel is 
denoted by H, we have 


H ^ 


RV. 

550 


or, replacing the value of F, from formula 1, 


H = 


RRv i 

550 r 


( 2 ) 


If the number of revolutions per minute is denoted by W, 

then ^ ^ ~ formula 2 becomes, after 

dU dO 

reducing, 

// = 0001904 (3) 

When H, F, and R are given, the required number of revo 
lutions IS found by solving formula 3 for N, this gives 
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A" = 


5252 1 H 
FR 


(4) 


It should be undeistood that the work done against -Fis 
not all useful woik, as F mcludes fiictional and other prej- 
udicial resistances If the resistance A' is applied at the run 
of the waterwheel, R should be replaced by ? 


Example — With an available power of 15 horsepowei and a wheel 
whose efficiency is 60 per cent , how many revolutions per minute are 
necessary to overcome a resistance of 260 pounds acting at a distance 
of 10 feet fiom the center of the shaft? 

Solution —Here = 15 X 60 = 9 H P , A = 260 lb , and A 
=E 10 ft Therefore, by formula 4, 

,,, 5,252 1 X 9 ,,, 

N = = 18 9 rev per mm Ans 


IMPULSE WATERWHEELS 


GENERAL DESCRIPTION AND THEORY 
44. General Featares — In an impulse waterwheel, 
the water is supplied to the wheel in the form of one or more 
free ]ets spouting 
from oiifices or noz- 
zles The jet strikes 
a senes of rotating 
vanes in nearly a 
tangential direction 
Impulse waterwheels 
are also called tan- 
gfentlal wlieels and 
jet wlieels. As in 
undershot wheels, the 
work done on the 
wheel IS all due to 
the velocity and quan- 
tity of the water, the 
energy of the jet being all kinetic Impulse wheels are 
peculiarly adapted for use m mountainous regions, and with 
a small supply of watei under high heads 
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Fig 17 shows ^ primitive form of impulse wheel used for 
manj^ centuries in some parts of Europe, and known as the 
rouet volante. It resembles an undershot waterwheel, but 
IS placed on a vertical shaft and the supply stream is an uncon- 
fined jet The spent water from an impulse uheel falls away 
fieely and is not confined m a race or earned along with the 
buckets as in an undershot or bieast wheel 

In the liurcly-gfurdy, an early form of impulse wheel 
developed in the western mining regions of the United States, 
the vanes weie attached to the nm of the wheel instead of 
radiating fiom the hub as in the rouet volante, and the run- 
ner was placed on a hoiizontal shaft As shown in Art 24, 
a wheel having flat vanes 
can develop only one-half 
of the eneigy of the jet 
The piincipal impiove- 
ments m impulse watei- 
wheels have been in meth- 
ods of legulation and in 
developing more efficient 
forms of buckets 


4 5. The P e 1 1 o 11 
Watei wheel — Fig 18 
(a) shows a side elevation, 
and Fig 18 {/>) an end ele- 
vation, of a Pcltoii water- 
wheel This wheel maj’’ 
be taken as the standard 
type of Ameiican impulse 
wheels The essential 
parts are the buckets a, a, 
which aie mounted on the 
nm bdt the feeder nozzle c 
(sometimes two oi mote nozzles are used), the frame 
and the housing ee, which serves to confine the spent water 
The wheel is shown mounted on a timber frame such as 
can be built where the wheel is used Where conditions 
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permit, a frame and housing of cast non oi steel plate may 
be used The runner of a Pelton wheel is usually made of 
cast non, but for veiy high heads it may be made of bronze 
or built np from plates and iings of annealed steel, or made 
with a steel nni consisting ot an I beam bent into a circle 
and connected with the hub by lods forming tension spokes 
Fig 19 is a perspective view of a Pelton wheel with double 
buckets 

46. Buckets for American Impulse Wheels — Buck- 
ets aieof two principal types, namely, those which discharge 
at the side when in full action, and those which discharge at 
or near the mnei edge — that is, the edge toward the centei 



of the wheel The Pelton, Figs 18 and 19, the Cascade, 
Fig 20, and the Cassell, Fig 27, aie examples of side-dis- 
charge buckets All these buckets have flat oi else nearly 
cylindrical bottoms In many wheels, each bucket consists 
of two cups, separated by a central partition that splits the 
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entering jet (see Fig 19) The form and the action of 
the bucket are frequently modified by raising oi lowering the 
front edge and the paitition In the Kniglit bucket, both 
the hont wall and the partition are omitted, and in impulse 
waterwheels of Swiss design the front wall is cut very low 
In the Cascade lunner, Fig 20, the buckets are not joined 
in pairs on the rim, but are placed staggering, to insme a 
more continuous action of the water The Doble bucket, 
Fig 21, has ellipsoidal cups, and the lip is cut away to allow 
the jet to remain in full action over a longer aic of rotation 
of the bucket 



47. Exit Anpfle and Number of Buckets, — The object 
of the bucket is to reduce to nearly zero the final velocity 
of the jet relative to the earth To accomplish this, the 
direction of the jet on leaving the wheel should be opposite 
to the direction of motion of the bucket, that is, tangential 
to the wheel Since the bucket is in rotation and some time 
elapses between the entrance and the exit of the water, it 
follows that the direction of the jet as it leaves the bucket 
will not ordmauly be paiallel to the entrance direction In 
side-discharge buckets, it is impracticable to make the exit 
direction exactly tangential to the diiection of motion of the 
bucket The issuing jet is given a small velocity at right 

r L T 399—23 
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angles to the direction of motion of the bucket, in order to 

cany the spent water out of the 
way of the succeeding buckets 
The angle Fig 22, between 
the diiection of the water at exit 
and the duection of rotation is 
called the exit au^le. The ap- 
proximate value of this angle may 
mr' i ^6 foiind fiom the formula 

_ ,, tan M' = 

Fio 22 2 7rr 



where n = numbei of buckets on wheel, 
r = mean radius of wheel, in feet, 

^ = combined thickness, in feet, of the jet at exit, 
and of the side wall of the bucket, as indicated 
in Fig 22 

By the mean radius is meant the radius of the mean 
circle ed, Fig 23, at the mean depth of the buckets 

/ 

/ 

/ 



The smaller the number of buckets and the less the thick- 
ness of the jet, the smaller may the angle yW be made 
The thickness of the jet varies with the speed of the jet and 
with the form of bucket and amount of water In order to 
make this thickness as small as possible, it is desirable that 
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the jet should spread out in a thin, uniform stream, and that 
but little velocity should be lost by the friction of the jet on 
the bucket suiface As the bucket Ay Fig 23, comes into 
the path of the jet, it cuts oft the supply of water fiom the 
bucket B All the water not entering A must reach B before 
the latter bucket reaches the point C If the pitch of the 
buckets IS too laige, some watei will not be intercepted by 
either bucket, but will be wasted It will be seen that the 
pitch of the buckets should be between the maximum and 
minimum limits defined by the consider ations just given 
The exact pitch of the buckets that will give the highest 
efficiency with each set of conditions can be best determined 
by experiment As usually made, a 6-foot Felton wheel has 
twenty-four buckets 

48, Entrance of tlie Jet. — In order that the jet may 
glide smooth I 57 ' into the bucket without shock or the foima- 
tion of eddies, the diiection of the jet should be parallel to 
the front wall or edge of the vane at the entiance The 
position of the jet is fixed, ivhile that of the bucket con- 
tinually changes The position of the jet relative to the 
wheel should be so adjusted that the jet will be parallel to 
the entry edge of the bucket when the latter is in full action 
Fig 24 shows the action of a circular jet in a Pelton bucket 
In ia)y {d)y and (c) , the bucket is viewed in the diiection of 
the jet^ In (d) y (^), and (/) aie shown side views of the 
jet, together with a section of the bucket on the line IV In 
(a) and (d) y the bucket is entering and receives one-half the 
jet In (d) and ((c), the bucket is in full action, while in (c) 
and (/) It leceives only the lower half of the jet, the 
remainder being cut oft by the preceding vane If the 
buckets aie close together, the entiie jet will be cut off after 
passing Its position of full action, before it returns to the 
lip h The direction of discharge is sidewise during full 
action, and sidewnse and inwards at the entry and exit of 
the jet 

49. Nozzles, — The nozzles should be of such form as 
to convert the pressuie head of the pipe into velocity with 
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but little loss of energy A tapering nozzle with circular 
cross-section meets this requirement, and also gives a form 
of jet that encounters a minimum fiictional lesistance from 



Pig 24 


the air Nozzles of rectangular cross-section, howevei, are 
often used Regulation of the flow fiom the nozzle by 
means of an ordinary valve is objectionable, because the 
valve, when only partly opened, distnibs the smooth flow 
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of the jet A valve is usually placed back of the nozzle to 
be used only when the water is to be completely shut off 



The size of the jet is inci eased or decreased by means of 
a swinging lip, as shown m section at a, Fig 25 The posi- 
tion of the lip may be controlled by hand or by an automatic 
governoi Each change in the posi- 
tion of the lip changes both the 
position and the direction of the 
axis of the jet 

When the water supply is van- 
able, an impulse wheel is sometimes 
furnished with a set ot nozzles or 
tips of different sizes When this 
method is used, the size of jet varies 
with the water supply A flat cap 
of metal hinged to the nozzle in 
such a way that it can slide over 
the nozzle tip forms a cut-off device 
that IS easily operated but which 
changes the form of the jet and the 
position of its axis as the position 
of the cap is changed A very good 
wav of adapting the wheel to vari- 
ations in the water supply is to have 
several nozzles, as shown in Fig 20, 
some of which may be turned off 
when the supply is low, or when it is 
not necessaiy to run the wheel at 
full capacity The power of such a wheel is piopoitional to 
the numbei of nozzles used, and the water supply can be reg- 
ulated without loss of efficieacy by completely shutting off 
some of the nozzles 
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50. The flow through a single nozzle may be controlled 
by a regulating needle, as shown in Fig 26 The position 
of the conical plug a is controlled by the hand wheel b By 
the use of this device, a solid jet of uniform velocity is 
retained, the area of section of the jet varying with the size 
of the opening This nozzle causes but little fiiction loss 
when paitly closed The diameter of a jet varies as the 
square loot of the dischaige, thus, when the dischaige is 
reduced one-half, the jet will be Vi, or 70 7 per cent , of its 
original diameter 

51. Regulation of tlie Supply for Varying Tioads 
Water hammer and other objectionable results that may 
follow sudden reduction in the size of an outlet oiifice m a 
pressuiepipe are desciibed in connection with the legulation 
of turbines Owing to these conditions, where long closed 
pipe hues are used, it is impracticable to regulate the water 

supply to accommodate 
sudden changes of load by 
varying the size of orifice 
One method used for reg- 
ulating the water supply 
for an impulse wheel in 
which the load changes 
quickly consists in de- 
flecting the jet in such a 
manner that a part of it 
does not strike the buck- 
ets, but IS wasted, when 
the load is decreased 
A deflecting nozzle 
with ball-and-socket joint is shown at c, Fig 18 The 
position of the nozzle is automatically contiolled by a gov- 
ernor The quantity of water used is the same whether the 
wheel is operating at full or at part capacity In ordei to 
regulate the speed with sudden load changes and at the same 
time reduce the waste of water, a deflecting nozzle is com- 
monly used in connection with needle or multiple nozzles, by 
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which the water supply is regulated for as nearly as possible 
the aveiage load at all times 

In the Cassell impulse wheel, Fig 27, the pairs of cups 
forming the buckets are on separate disks a, by which may be 
separated or brought together automatically by a shaft gov- 
ernor fixed between the disks A varying volume of the jet 
IS thus allowed to pass between the disks without striking 
the buckets 

52. Foimulas for Impulse Wheels. — In the formulas 
stated below, 

D = mean diameter of the wheel, in feet, 
hn — net head on nozzle, in feet, 

V — velocity of jet, in feet per second, 
c — coefficient of velocity for the nozzle, 

7^1 = linear velocity of mean ciicumference Fig 23) of 
wheel, in feet per second, 
d = diameter of jet, m feet, 

A = area of cross-section of jet, in square ieet, 

N — number of revolutions of wheel per minute, 

Q = water supplied to the wheel, in cubic feet per second 

By the net head on the nozzle^ or the nozzle head, is 
meant the total head available minus the losses that occur 
between the source of supply and the nozzle, such losses 
being due to pipe fiiction, bends, etc The head hn is really 
the head available to oveicome the resistances at the nozzle 
Itself and impart the velocity v to the jet 

Waterwheel manufacturers often base their tables oneffeciive 
heads It should be remembered that the effective head hy 
07t the wheel is the head due to the velocity of the jet, that 

iSy/iy = — When the effective instead of the nozzle head is 
2^ 

given, all the following formulas can be used by making 
£■ = 1 and putting the effective head for h„ 

The velocity v is given by the usual formula 
V ^ € '^^ghn = 8 02 4hn ( 1 ) 

The coefficient Cy for good nozzles, vanes between 94 
and 98 
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Theoretically (see Art 23), the best value of v, is - 

2 

Practically, however, it is found that, owing to resistances 
and other conditions not taken into account in the theoretical 
formulas, the value of for the best efficiency is about 45 v 
Using the value of v given by formula 1, we have, therefore, 
= 45v = 45 c ’yl2£-/i„ = 3 609c^J^ (2) 

If the head /i» and the desired number of revolutions are 
given, the diameter D is found from formula 2, Art 33, after 
computing the value of by formula 2 above, otherwise, thus 
(see Art 33). 

ttN 

or, replacing the value of from formula 2, and perform- 
ing the operations indicated, 

68 93 c 


D = 


N 


(3) 


It should be borne in mind that formulas 2 and 3 apply 
only when the velocity Vi is equal to 45 v 


53. Since Q == A Vy we have, when Q and v are given, 

^ = -2 ( 1 ) 

V 

Replacing v by its value from formula 1, Art 52, 

^ = i247g (2) 

c'^2ghn c-\k„ 

rr 

If the nozzle tip is circular, A = , and, therefore, 

4 

^ = jid .Jims 

\ 7T \7IV \ V 

Also, writing, cA2ghn for v, 

■KC^2ghn \ 



(3) 

(4) 


54. Kffieiency and Power of Impulse Wheels — In 
computing the efficiency of an impulse wheel, the energy 
available is the kinetic eneigy of the jet or jets acting on the 
wheel If K is the energy of the jet, in foot-pounds per 
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second, H the horsepower of the wheel, and fi the efficiency, 

then represents the horsepowei of the jet, and, therefore, 
550 

„ K 550H ( s 

’-*^- 660 ““ 

Now (Art 15), _ 

K = 7vAh..c^'l¥^h„ = {b) 

Substituting' this value in {^), and peiformmg the numer- 
ical operations, there results 

1 097// i-.. 

ri-=- ( 1 ) 

The effective head on the wheel is 

_ { c ^2 £-/i„)" _ , r 

2^ 

Substituting this value m formula 1 of Art. 5, there 
results 

, = ( 2 ) 

c" Q fin 

If the nozzle is circular, A ~ 7854 and formula 1 
becomes 

1 397// 


(3) 


If the efficiency is known, the horsepower may be found 
by solving one of the foregoing formulas for //, according 
to the data The results aie as follows 

9114;;^f’VX? (4) 

fj = 10 ^ jg fu (5) 

88 

( 6 ) 

The efficiency of impulse wheels of the Pelton type is gen- 
eiallj’^ very high Wheels have been tested whose efficiency 
was moie than 90 pei cent These, howevei, are exceptional 
cases, usually, well-made wheels, if properly installed, give 
an efficiency of between 75 and 86 per cent The makers 
often guaiantee 85 per cent , but this limiting efficiency can 
be obtained only by very careful installation 


Exampi n 1 — If the net head on the nozzle of a 6-foot Pelton wheel 
IS 900 feet, and the coefficient of \elocity of the nozzle is 95, what is 



62 


WATERWHEELS 


i39 


(a) the best circurnferential velocity of the wheel? {d) the number of 
revolutions per minute? 

Solution — {a) Formula 2, Art 52. 

z/, = 3 609 X 95 = 102 9 ft per sec Ans 

(^) Formula 2, Ait 33 


N - 


19 1 X 102 9 


= 393 rev per mm Ans 


Example 2 — What must be the diameter of an impulse wheel that 
is to make 400 revolutions per minute under a nozzle head of 22'^ feet, 
the coefficient of velocity of the nozzle being 98? It is assumed that 
^ 45 z/ 

Solution — Foimula 3, Art 52: 

68 93 X 98^^^ 


n = 


400 


= 2 533 ft Ans 


Example 3 — An impulse wheel is to use 5 cubic feet of water per 
second, with a nozzle head of 961 feet The coefficient of velocit}" of 
the nozzle is 95 {a) If a single nozzle is used, what must be its 

diameter? (d) If a tuple nozzle (three nozzles of equal diameter) is 
used, what must be the diameter of each tip? 

Solution — Foimula 4, Art 53. 


-V 


1588 X 5 


= 1642 ft = 1 97 in Ans 


- 


whence 




V3 = 1 14 in Ans 


<)5V961 

(^) Since the combined area of the three nozzles must be the same 
as that of the single nozzle, we have, denoting by the diametei of 
each tip of the triple nozzle 

4 

1_97 
3 

Example 4 — A maker’s catalog gives 540 35 as the horsepower of 
a 6>foot impulse wheel working under an effective head of 400 feet 
and using 839 20 cubic feet of water per mimUe Determine (a) the 
size of the nozzle used, (d) the efficiency of the wheel 

Solution — (a:) Since the given head is effectue head, c must be 
made equal to 1 (see Art 52) 
formula 4, Art 53, gives 


^ ^ 839 20 

Here, g = ■— cu ft per sec and 




1588 X 


839 20 
60 


V400 


= 3332 ft = 4 in Ans 


w Formula 2, Art 64, gives, makings: = 1, 

8 8 X 640 35 ,, 

^ "" R'Won 85 = 86 per cent. 


839 20 
60 


Ans 


X 400 
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55. The Girard Impulse Wheel. — A Girard wheel, 
called also a Giraid turbine and an impulse turbine, 
IS substantially an impulse wheel in which the mam part of 
the runner consists of two equal flat ring's ab,a' b', Fig 28, 
placed one above the other, the space between them being 
divided into buckets by curved vanes c, c The rings, or 
crowns, are properly seemed to a shaft j The water is 


brought to the wheel 
thiough a pipe A, 
fiom the end of which 
It spouts on the vanes, 
doing work accoiding at 
to the principles ex- 
plained in Alt 26. 

When, as in Fig 28, 




the water enteis the 
wheel on the inside 
and flows outwards, 
the wheel is called 
an outward- flow 
wheel Sometimes, 
the water enteis the 
wheel on the outside 
and flows inwai ds, the 
wheel IS then called 
an i 11 wax cl- flow 
wheel 

In the more elab- 
orate foims of the 



Guard wheel, the 

supply pipe discharges into specially constructed conduits, 
or Hides, from which it spouts on the vanes The guides 
are distributed either around the whole circumference of the 


crowns, so that all the vanes are acted on simultaneously, or 
over only a segment of the circumference, m which case 
only a few vanes aie under its action at the same time 
Fig 29 shows a wheel a b with guides g, g While the 
guides aie always filled, the spaces between the vanes v, v 
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are never completely filled, and in this a Girard wheel differs 
from a turbine proper, in which all the buckets are con- 
stantly full of water The holes h serve to admit air to the 
buckets so as to prevent the foimation of a paitial vacuum 
The theory of the Guard wheel is based on the formulas 
given in Art 26. An exposition of that theory is, however, 
beyond the scope of this work The quantities involved 

aie usually so deter- 
mined that the direc- 
tion of the relative 
velocity u, Fig 6, is 
tangent to the vane 
at in order to avoid 
shock at entrance; 
the angles M and D 
are so selected as to 
make u = and (the latter equation is always satis- 

fied if the former is) The entrance angle M is usually made 
between 25° and 40° , and the exit angle A', between 15° and 30° 
Theoretically, the efficiency of a good Girard wheel is 
very high, but in practice, it is found that, on account of the 
many resistances, the efficiency is seldom more than 80 per 
cent Even this, however, is a very good efficiency for a 
water motor or any other machine 



EXAMPLES EOR PRACTICE 

1 Find the diameter of an impulse wheel that is to make 370 revo- 
lutions per minute under a nozzle head of 600 26 feet, it being assumed 
that the circumfeiential velocity of the wheel is ^15 of the jet velocity, 
and that the coefficient of velocity of the nozzle is 97 Ans 4 427 ft 


2 With a nozzle head of 1,024 feet and a supply of 920 cubic feet 
per minute, a 5-foot impulse wheel develops 1,435 horsepower If the 
coefficient of velocity of the nozzle is 95, determine {a) the diameter 
of the nozzle, the efficiency of the wheel 

An^/W 283 ft =3 4in 
^ 1 (^) 89 per cent 

3 What horsepower can be obtained from an impulse wheel whose 
efficiency is 80 per cent , if a 3-inch nozzle and a nozzle head of 
900 feet are used, the coefficient of velocity of the nozzle being 94^ 

Ans 803 H P 
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TESTING IMPULSE WHEELS 

66. Apparatus Used. — In testing an impulse wheel, 
the powei may be calculated from the electrical output of a 
dynamo driven by the wheel, or it may be measured directly 
by a friction brake The latter method is usually more 
accurate Fig 30 shows the apparatus for testing impulse 
waterwheels at the University of Michigan The wheel is 
contained m a case c, the runner shaft is attached to a brake 
pulley w, around which is wrapped a fiiction band yy, the 



ends of which aic attached to the brake lever e The brake 
lever bears on a platform scale g Water is conducted to 
the wheel by a pipe and a pressure gauge / indicates the 
head available immediately back of the nozzle The spent 
water falls into a tank /z, and is weighed Where the quan- 
tity of water is laige, a weir is geneially used, instead of a 
weighing tank, to measure the outflow 

In conducting a test, leadings are taken at frequent inter- 
vals to determine the time, head, speed of the wheel, pres- 
sure on the scales g, and weight of water used. 
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57. General Formulas — In the following general 
formulas, 

R = radius of the brake wheel Fig 30, m feet, 

I = distance, in feet, from the center of the wheel shaft 
to the center of bearing of the biake arm on the 
scales, measuied as shown in the figure, 

N = number of revolutions pei minute, 

V = velocity of the run of the biake wheel, in feet per 
second, 

F = fiiction on the rim of the brake wheel, in pounds, 

P = piessiiie on the scales, in pounds, 

Q = volume of water used pei second, in cubic feet, 
hi = effective head on wheel, or head due to velocity v of 
jet, 

H = horsepower developed by the watei wheel, 

Tj — efficiency of the waterwheel, 

W = weight of water used per second, in pounds 
The friction F acts tangentially to the wheel vi, it being 
the tangential component of the forces acting on the wheel at 
its circumfetence The other component is noimal or radial, 
and its moment about the center of the shaft is zeio 
Since the lever e is in equilibrium under the action of forces 
equal and opposite to F, and the noimal component just 
referred to, we have, taking moments about the center of the 
shaft, 

FR = PI, 

whence F ^ (1) 


The work done by the waterwheel, in foot-pounds per 
second, is equal to FV, and, therefore. 


H = — = ^ 

550 550 R 

or (see formula 3, Art 43), 

H = 0001904 NPl 


( 2 ) 

(3) 


Since the available energy isW/i, pounds per second, 


^ Wlu Wh,R 


(4) 
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or, since V = ^ = 1047 NR, 

60 

1047 7 °/ 

' W k, ^ ^ 

The head from the level of the nozzle to the water surface 
in the tail-pit cannot be utilized in an impulse wheel, and 
IS commonly neglected m calculating the efficiency The 
wheel lb usually placed close to the tail water level, and the 
nozzles aie placed underneath the wheel m ordei to reduce 
this loss to a nnnimum The effective head is found 
from the velocity of the jet, this velocity being determined 
fiom the quantity Q and the diameter of the nozzle 


Example — From a test of an impulse wheel by means of an appa- 
ratus similai to that shown in Fig 30, the following data weie obtained 
Net head //« on nozzle = 117 feet 
Diameter d of no/zle == 5 inch 
Weight of water used per second = 7 22 pounds 
Revolutions per minute = 460 
Radius of brake pulley = 5 foot 
Length of biake arm = 20 feet 
Pressuie on scale platform =65 pounds 

Required, («-) the coefficient of velocity of the nozzle, {b) the horae- 
power of the wheel, (r) the efficiency of the wheel 
Solution — («) Since v = c^2ghn, and, also, 


TT 


IV 

62 6 X imd^ 


62 5 X 7864 X 


we have 


c ~ = = 9766, or, say, 977 Ans 

hn 't gX 117 

{6) Formula 3 gives 

I! = 0001904 X 460 X 6 6 X 2 = 1 14 H P Ans 
To hnd the efticiency, it is first necessary to find the effective 

head Now, 

V = £ ^2g hjt, and v = 

Therefore, c-^2jf/i,t = ^2ghi^ whence, squaring, c* X 2ghn = 
and, solving for 

= c* hn = 977=* X 117 

Formula 5 now gives 

1047 X 460 X 6 5 X 2 ^ ^ 


7 22 X 977=* X 117 


= 777 = 77 7 per cent 




WATERWHEELS 

(PART 2) 


TURBINES 


CLASSIFICATION AND GENERAL PRINCIPLES 

!• Principal Paits of a Turbine — The principal parts 
of a turbine are the 7un7ier and guides As in other water 
wheels, the runner is the mam revolving part, or wheel 
pioper It IS mounted on a 
shaft, and divided into chan- 
nels, called buckets, by par- 
titions, called vanes oi floats 
The term jjruides is applied 
both to the passages by which 
the watei is brought to 
the runner buckets and to the 
partitions sepaiating those 
passages The passages 
themselves are often called 
chutes. 

2. Classes of Turbines. 

Turbines are best classified 
according to the direction of 
flow of the water in passing 
through the runner The direc- 
tion of flow is expressed with leference to the axis of the shaft 

Turbines in which the diiection of fiou ot the water in 
passing through the runner is in general parallel to the axis 
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of the shaft are called axial, or paiallel-flow, turbines. 

The Jon\al turbine, 
showQ in partial sec- 
tion m Fig 1, IS typical 
of this class The 
direction of the water 
m passing thiough the 
chutes b and buckets c 
is shown by the arrows 

3. Tuibines in 
which the general 
direction of flow in the 
buckets is perpendic- 
ular to the axis of the 
shaft or runner are 
called iadial-rio\v 
tuxbiiies. It the flow 
is from inside out- 
wards, they are called 
outward-tlow tur- 
- bines; if from outside 
inwards, inward- 
flow turbines The 


(a.) Fourneyion tui 



turbines, and the Francis turbine, shown in Fig 3, is the 
type of inward-flow tuibines 



(b) 
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4. Turbines in which the water cliang:es its direction of 
flow with reteience to the axis, m passing through the 
wheel, are called mixed-flow tni bines Nearly all the 
latest American tuibines belong to this cla^s, the flow being 
inwaids, downwaids, and outwaids, oi tangential In this 
class of wheel, the buckets 
expand at the bottom of 
the runner, so that the water 
IS discharged in a direction 
nearly at right angles to the 
axis The Leffel, McCoi- 
mick, and “American” tui- 
bines aie typical of this 
class Fig 4 shows an 
“American” runnei 

5. Action of Water 
onaTuibiiie — Tmbines 
are often called leaction 
watei wheels, because 
the leaction oi piessure 
exeitcd on the vanes opposite the outlets of the buckets 
(see Wait) which ^ Pai t 1) is utilized to derive power fiom 
the watei It the water spouted fieely fiom the chutes to 
the vanes, it would have a velocity at its entrance to the 
luiiner neaily equal to that due to the head, as in the case 
of an impulse wheel In a turbine, however, the relation 
between the chutes and the buckets is such that the velocity 
of the watei as it leaves the chutes is considerably less than 
the velocity due to the head it follows that theie must be a 
back piessiiie fiom the buckets into the chutes, and an equal 
and opposite reaction on the vanes 

It V lb the velocity with \\hich the water enters the buckets, 
and //' IS the piessure head, or the head that produces the 
pressure on the vanes, then, neglecting friction, the total 
head h is given by the formula 
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Also, h' = A - V- 

The energy of the water consists of two parts, namely the 
kinetic energy due to the velocity v, and the pressuie energy, 
or energy due to the head The kinetic energy is trans- 
mitted to the runner vanes by impulse, while the piessure 
energy is converted into work by the action of the pressure 
due to the head through a distance lepresented by the path 
of the water in the buckets In a properly designed tut bine, 
the water leaves the buckets with very little absolute velocity, 
and hence with but little energy 

6. Speed tor Maximum Efficiency. — In an ordinary 

turbine, the proportion of the head that is utilized by reac- 
tion can theoretically be varied at will without affecting the 
efficiency attainable, provided the turbine is pioperly pro- 
portioned If the theory is extended to take into account 
friction and the lelative motion of the water in the guides and 
vanes, it is found that the maximum efficiency is obtained 
when about one-half the head is utilized in reaction and one- 
half in impulse Some head is lost in friction in the guides, 
and It IS found that the peripheral velocity of the inlet ends 
of the vanes at the speed of maximum efficiency should 
usually be from 60 to 67 of the velocity due to the full 
head that is, between 60 and 67V2^/2 

7. Selection of Type of Tuibine — Before under- 
taking the design or adoption of a turbine, the head and the 
quantity of water to be used are ascertained The type of 
turbine best adapted to the conditions may then be selected 
Practice as to the type of turbine to be used under given 
conditions varies in different countries The following 
represents good American practice for very low heads, 
say from 3 to 10 feet, Jonval or Francis turbines, generally 
on vertical shafts, with short draft tubes, are used, for beads 
of 10 to 50 feet, Francis or “American” turbines of stock 
patterns, mounted on vertical or hoiizontal shafts, for 
medium high heads, from 40 or 50 to 150 or 200 feet, 
specially designed turbines, commonly of the Francis or the 
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Fourneyron type (Fourneyron turbines have been success- 
fully used foi heads of ovei 265 feet ) For very hig’h heads, 
300 to 2,000 feet, impulse waterwheels are generally more 
advantageous than turbines 


FORMULAS FOR THE DESIGN OF TURBINES 

8. Notation- — The methods used m designing axial- 
flow, radial-flow, and mixed-flow turbines are similar, and 
the same notation may be used to designate corresponding 
quantities in them In what follows, it is necessary to use 



both the ‘‘absolute’' velocity of the water, or the velocity 
relative to the eaith, and the velocity lelative to the vanes 
The fouiier will be leferted to meielv as ihe vtlocityy and the 
latter as ifie telative velocity Fig 5 shows the outlines of 
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an axial-flow turbine, with one chute C and one bucket B, 
together with the adjacent guides, vanes, and rims Fig 6 
IS a similar view of an outwaid-flow turbine Neaily all the 
quantities defined below are plainly shown in these two 
figures and in Figs 7 and S Before attempting to follow 
out the formulas for design in which these symbols are used, 



the student should make himself so familiar with the values 
shown in the diagrams as to be able to recognize the mean- 
ing of each symbol at once when it is refeired to It should 
be understood that, when not otherwise stated, the units are 
the foot, the second, and the pound 

Let Q — available quantity of water, in cubic feet per 
second, 

h — head on the wheel, 

r = mean radius of an axial turbine (Fig 5), 

= radius of wheel at inflow, for a radial turbine 
(Fig 6) (a circle of this radius is called the 
inflow^ circle) , 

r/ = mean radius of wheel at outflow, for a radial 
turbine (Fig 6) (a ciicle of this radius is called 
the outflow circle), 
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V — velocity of flow from the chutes, 
v' = absolute velocity of water leaving^ the wheel 
buckets, 

ic — relative velocity of water entering: the buckets, 
z/ = relative velocity of outflow from the buckets, 

== velocity ot vanes at entrance (velocity of inflow 
circle ) , 

= velocity of vanes at discharge (velocity of outflow 
circle), 

M = ijuicle an^?le 5 that is, the angle that the direction 
of outflow from the chutes makes with a tangent 
bi to the mean inflow circle, 

L — angle that the relative direction of inflow to the 
wheel makes with the same tangent, 

U = angle that the relative direction of outflow from 
the buckets makes with a tangent to the mean 
outflow Glide, 

yl/' = angle that the absolute direction of outflow from 
the buckets makes with the same tangent, 

A == effective outflow area of guide passages. 

Ax = effective inflow area of wheel passages, 

^7/ = effective outflow area of wheel passages, 

N = numbei of revolutions per minute, 
p = pitch of the guides measured on the inlet circle, 
p = pitch of the outlet ends of the vanes, measured 
on the outlet circle, 

Z = number of guides, 

Z = number of vanes, 

I = width of outlet edge of guides; 

= width of inlet edge of vanes, this usually equals 
the width of the outlet edge of the guides, 

/, = width of outlet edge of vanes, 

X = distance between the outflow ends of two consecu- 
tive guides, measuied perpendiculatly to the 
direction of flow, 

y = distance between outflow ends of two consecutive 
vanes, measured perpendicularly to the direc- 
tion of flow, 
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t = thickness of g-mdes, 

V — thickness of vanes near their outflow ends, 
j = pait ot the distance x that would be covered by the 
inflow end of one wheel bucket, to be measured 
in the same direction as x, 
d = depth of guide rims m an axial-flow turbine, 

= depth of runner rims in an axial-flow turbine 

9. Cliute and Bucket Discharge Angles — The 
angles M and A', for radial turbines, are usually as follows 
For outward-flow turbines, M = 15° to 24° or more, 
U = 10° to 20° or more 

For mward-flow turbines, M = 10° to 25°, L! ~ 10° to 25° 
For axial turbines, the values of these angles depend on 
the discharge and head thus. 

j2 - M u 

Less than 10 13° to 15° 13° to 16° 

Between 10 and 80 15° to 20° 15° 30' to 20° 

Greater than 80 20° to 24° 20° to 24° 


10. Ratios of Radii and Tane Ijengths. — For out- 
ward-flow turbines, the ratio — is usually made between 67 

and 83, for mward-flow turbines, ~ usually vanes between 


1 18 and 1 54, for mixed-flow turbines, varies between 

about 1 and 1 50 or more, for axial turbines, ~ — i 

In all classes of turbines, / is usually made equal to h In 
all axial turbines, if the crowns are parallel, I = 
however, L. is often made greater than I in order to secure 
proper outflow area Except for mixed-flow turbines, 1 may 


be used as a tiial value of •— for the piupose of determining a 

/a 


propel 


value for 


A_ 


For mixed-flow turbines, I is nearly 


always less than and 


may be as small as g or i, the 


lengths of the outflow edges of the buckets of such turbines 
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being increased their curved shape The smaller the 
ratio the smaller can be made the exit angle L' 

I a 

11. Ratio of Cliute and Bucket Areas. — The ratio 

IS calculated by the formula 
A ' 

jdL = i- V Ll V sin ^ 

AJ I, sin A' 

The ratio — of the velocity of outflow from the guides to 
u' 

the relative velocity of outflow fiom the buckets is equal to 

The efficiency vanes but little for a considerable change 
AJ 

in but IS usually a maximum in axial-fiow turbines when 

a/ 

A = 75 to 1 00 
A,' 

The latio -A is often assumed, taking it between 5 and 1 5 
AJ 

This, when />/, A', and have been assumed, is equivalent 

^ i ^ 

to assuming a value for the ratio - 


12. Velocity ot L)Iscliar|?e Circles 
of the bucket discharge circle is given by 

. sy 

Vx ' = - ,-7 X — X - -^7 

\Ai' 1 1 cos M 

The value of m vanes from 90 to 95 

be taken as 92 We have also 

( 2 ) 


V, = '-1, X V,' 

? 1 


The entrance velocity v is given by the 

A cos U 
A 


V = 


Also, 


W' = X V 
A’ 


( 3 ) 

( 4 ) 


— The velocity 
the formula 

( 1 ) 

Ordinal ily, it may 


formula 


The values of 7 /, v' , and U should be so related that the 
absolute exit angle M' is very nearly 90° 
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13. Bucket Entrance Angle. — The bucket angle L 

may be computed fiom the formula 

^ V sm M 

tan L = -- 

— V cos M 

If V cos M IS greater than tan L will be minus, and the 
angle L will be greater than 90°, and may be found by sub- 
tracting the angle corresponding to the tangent computed 
by the formula above from 180° The angle L usually 
increases as M decreases Its value vanes from 40° to 120° 
or more It is most frequently near 90°, this being the value 
used by Fourneyron for his outward-flow turbines The 
value of L must in all cases be less than 180° — 2 M 


14. dumber of Guides and Vanes. — The practical 
values of Z and Z' are usually as follows 
For axial iu> bines 

If A IS less than 2, Z = 12 6 ^ to 16 9 ? 

If A is between 2 and 16, Z = 24 to 28 

If A is greater than 16, Z = 6 3 r to 7 5 
For outward- flow turbines 

Z = 28 to 32 for small wheels 
Z = 32 to 38 foi large wheels 
For imvard-flow turbines 

Z = 12 to 16 9 Tx for small wheels 
Z = 6 3 n to 12 ri for large wheels 
For axial turbines 

Z' == Z -h 1 to Z 4- 2, ordinarily, Z'' = Z 4- 2 
For ouiwa) d-flow iui'bines 

Z' = 1 2 Z to 1 3 Z, but Z' may be less than Z 
In one of the Niagara turbines, Z = 36 and Z' = 32 
For inward-flow turbines 

Z' — Z to 7 Z, but Z' IS sometimes greater than Z by 1 or 2 


15. Tliickness of Guides and Vanes. — The usual 
values of t and d are 2 to I inch for cast iron, and i to I inch 
for plate iron or steel In feet, 

t = d =1 040 to 052 for cast iron 
t — d = 020 to 031 for plate iron or steel 
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16. Radius and Speed — Fo? axial-flow turbines 

If A IS less than 2, r ~ -^A to 1 25 ^IA ( 1) 

If A IS between 2 and 16, r = 1 25 to 1 50 (2) 

If A IS greater than 16, r = 1 50^ to 2 00 (3) 

For outwaid-flow turbines 

T= I F)yjA to 2'ylA for ordinary heads (4) 

r. = 90 Vw to 1 5 ^A for very large heads (5) 

For inwai d-flow turbines 

r. = 75 to 2 00 (6) 


If r, or r,' is given, the number of revolutions per min- 
ute can be found by the foimula 

^ 549 _ 9 549 v f 

2 ;r r r r, yf 

17. Pitch and Lenj^th of Guides and Vanes. — The 
values of /», p , x, x', /, and /, are computed by the following 
foimulas 


A - 2 K r, 

^ Z 

(1) 

_ 2 TT r/ 

(2) 

X ~ p sm M — i 

(3) 

x' = p' sin B — t' 

(4) 

/ = , ~ 

Z X — s 

(5) 

II 

(6) 


18, If /)' IS the diameter of the outer rim and B is the 
diametei of the inner nm of an axial turbine, then, 

/) = 2 i - / { , ^ ..s 

pi = 2i + 1 

/;/ 1 Oiscbaigre end (2) 

10. Dc'ptli of Itlins of Avlal Turbines. — The runs 

need onlv be iuluIl deep enough to give the water the desired 
chanj^e of cluection without shock or abruptness As a rule, 
they aie made equal, and within the following limits 
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If A IS less than 2, if = | to ^ (1) 

HA IS between 2 and 16, if = if' = ^ to - (2) 

5 4 

If A IS greater than 16, if = if' = ^ to ^ (3) 

6 5 


20. Example of Design of an Axial Turbine,— To 
illustrate the use of the foregoing formulas, the principal 
quantities will be computed for an axial and two radial tui- 
bines The fiist case consideied will be the design of a 
Jonval tuibine to use 112 cubic feet of water per second 
under a head of 16 teet, the rims to be paiallel and the vanes 
and guides to be of cast iron with / = /' = 041 foot 

Here , — 28 Then (see Art 9), the following 

V/i Vl6 

values will be adopted for M and U = 18°, A' == 16° 
We have, to three significant figures, 

smAf= 309, cosyl/= 951, sin A' = 276, cos A' = 961 

According to Ai t 10, = 1 0, and = 1 0 Then ( Art 1 1 ) , 

1^! U 

A_ _ sm M _ 309 _ i in 
A’ “ sm A' 276 ~ 

Formula 1, Art 12, gives, making m = 92, 

7// = 92^1 12 X 1 0 X — ^ = 22 6 feet per second 


Since = r/ = ;, z?, = zi/ = 22 6 feet per second 
Formulas 3 and 4, Art 12: 


V 


22 6 

1 12 X 961 


21 0 feet per second 


= 1 12 X 21 0 = 23 5 feet pei second 
The area A can now be found by the formula A = 
which gives 

119 

A = = 5 33 square feet 

2i\. 

Also, since ~ = 1 12, 

A 

AJ = — ■■■ = — U?- — = _ 4 Y0 sauaie feet 

1 12 1 12 X 21 21 * 


Q 

s 

V 



§40 


WATERWHEELS 


13 


From Art 13, 
tan A = 


2 1 0 X 309 

22 6 - 21 0 X 951’ 


A = 67° 57' 


The values of Z and Z' may be taken as follows (Art 14) 
Z = 25, Z' = Z+ 2 = 27 

It IS desired to yive the tmbine as high an angular velocity 
as practicable The radius should, therefoie, be taken as 
small as possible Taking it equal to 1 25 -{a, as given by 
fotmula 2 of Art 16, we have 

, == 1 25 = 2 89 feet 

Then (foimula 7, Art 16), 


W = 0_549 X 22 6 _ ^4 7 1 evolutions per minute 
2 89 

Foiniulas 1 and 2, Ait 17, give, since heie = tj := t 
= 2 89 feet, Z = 25, and Z' = 27 (ir will be taken as 3 142), 


2 X 3 142 X 2 89 
25 

2_X 3 142 X 2 8 9 
" 27 ‘ 


726 foot 
673 foot 


If the inlet ends of the vanes are rounded off, j may be 
taken as 01 Formulas 3 to 6, Art 17, give 
0. = 726 X 309 - 041 = 183 foot 
x' = 673 X 276 - 041 = 145 foot 


/ = tlM = 1 24 feet 

25 X 183 - 27 X 01 


I, = 


4 76 
27 X 145 


= 1 22 feet 


Formulas 1 and 2, Art 18, g^ive 

2 X 2 89 - 1 24 = 4 54 feetl 

= 2 X 2 89 -f 1 24 = 7 02 feet] 

/; = 2 X 2 89 -- 1 22 = 4 66 feetl 

= 2 X 2 89 + 1 22 = 7 00 feetj 


at entry 
at discharge. 


The depths d and of the nms may be made equal to 


t = 2 §9 ^ ,,23 foot (see Art 19) 
4 4 


21. Kxample of Desigrn of an Outward-Flow Tur- 
\j\iie — As the next example, a Fouineyron turbine will be 
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designed to operate under a head of 135 feet and develop 
5j000 horsepower, a total efficiency of 80 per cent being 
assumed 

To determine the necessary supply of watei Q, we have, 
H being the theoretical horsepower of the water (see 
Waterwheels^ Part 1 ) , 


Q = 


8 8 /y 

h 


{a) 


Since the efficiency is 8, we must have S // — 5,000, and, 
therefore, H = 5,000 — 8 = 6,250 horsepower This value 
in equation (a) gives 


Q = 


8 8 X 6,250 ^ 88 X 6 25 
h 135 


= 408 cubic feet per second 


Since —= = -42L = 35, the angles M and U will be 
assumed as follows (see Ait 9) 


M = 19°, A' = 11° 

Then, sin M = 326, cos M = 946, sin U — 242, cos U 
= 970 


The ratio ~ will be taken as .83 (Art 10). Then (see 
r 1 

Arts 10 and 11), 

Formula 1, Art 12, gives, taking m = 92, 


1//= 92^i- 


12 X 32 16 X 135 


= 72 4 feet per second 


83 X 946 

Formulas 2, 3, and 4, Art 12, give 

v^ ^ 83 X 72 4 = 60 1 feet per second 
72 4 

ri2’x 970 "" ^ second 

= 1 12 X 66 6 = 74 6 feet per second 

From the relations A = Q-, A,' = — 

- 1 12 


V — 


we get 


^ = 6 13 square feet 

bb b 

-^4/ = “yI = 5 47 square feet 



§40 


WATERWHEELS 


15 


The formula in Art 13 gives 

tan L = , L = 97® 36' 

60 1 - 66 6 X 946 

The values used foi Z and in the Niagara turbine 
tefeired to in Ait 14 will be adopted, that is, 

Z = 36, Z' = 32 

It will be assumed that the tuibine has bionze guides and 
vanes, for which .r == 115 foot, = 104 foot, and ,? = 02 
The radius will be assumed equal to ■= VG 13 = 2 48 feet 
(see Art 16) Then, 

,/ = -1* = = 2 99 feet 

86 83 

Formula 7, Art 16, gives 


9 549 X 60 1 


= 231 revolutions per minute 


587 foot 


Formulas 1, 2, 5, and 6, Art 17, give, respectively, 
p ^ 2 ^3_141X1 48 ^ 433 
^ 36 

pi = 2X3 142 X^99 ^ 537 foot 
^ 32 

/( = /,) = — = 1 75 feet 

36 X 115 - 32 X 02 

/ _ = 1 64 feet 

32 X 104 

22. Example of llesign of an InAvai cl-Flow Tm- 
— A Fiancis tuibine will now be designed for a 
discharge of 160 cubic feet per second and a head of 12 4 teet 
The angles M and L' will be selected as follows (see 
Art 9) 

M = 20®, L! = 20° 

Then, sm M ~ sin IJ = 342, cos M = cos L’ - 940 
The ratio — will be taLen as 1 3 (see Ait 10), and the 

fx 

ratio ^ as 59 (see Art 11) Then, by the formula in 

A 

Art 11, 

37 > 59X13X 11-767 
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Formulas 1 to 4, Art 12, give 

V,' = 92 J 32JR ^ ^ 

\ 1 3 X 940 

z/j = 1 3 X 14 6 = 19 feet per second 


= 14 6 feet per second 


767 X 940 


= 20 2 feet per second 


767 X 20 2 = 15 5 feet pei second 


The relations A — and now give 

V 76/ 

A = = 7 92 square feet 

20 2 

AJ = = 10 33 square feet 

/ 6 / 

The formula m Art 13 gives 

, . 20 2 X 342 


tan L — 


19 - 20 2 X 940 


As the denominator of this fraction is piactically zero, 
tan L IS equal to infinity (see Plane Trigonomeby ^ Part 2), 
and, therefore, L = 90° 

The value of will be taken equal to 

1 1 W = 1 1 = 31 feet, 

or, say, 3 feet (see Ait 16) Then, 

- 1 % - n - ' 

Formula 7, Art 16, gives 

// ~ — = 60 5 revolutions per minute 

o 

The values of Z, Z', i, and t' will be taken as follows 
(Alts 14 and 15) 

Z = 24, Z' = 25, t ^ i' = 02 foot 
The edges of the vanes will be assumed sufficiently thin 
to make s = o, practically 
Formulas 1 to 6, Ait 17, give 


P = 


2 X 3 142 X 3 
24 


785 foot 


= 2 X 3 142 X 2 31 ^ 
25 

= 785 X 342 - 02 = 


581 foot 
248 foot 


X 
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= 581 X 342 - 02 = 179 foot 


I = 


h = 


7 92 

24 X 248 
10 33 

25 X 179 


1 33 feet 

2 31 feet 


23. Kemarks. — Not all the dimensions and other quan- 
tities affecting the opeiation of a turbine with a given head 
and discharge can be deduced from theoretical considera- 
tions There are, however, certain relations between the 
paits, such that, if the dimensions of some parts are assumed, 
the dimensions of other paits that shall best correspond with 
those chosen can be calculated 

Practice differs as to which quantities shall be assumed at 
the beginning of a turbine calculation The methods here 
given are believed to be as good as any others, but it should 
be borne in mind that, in all cases where empirical formulas 
aie used, the assumptions may be modified by judgment and 
experience, and are often simply a matter of opinion, or even 
of pieference 


24. Power Tjossos and Efficiency. There is no 
simple formula by which the efficiency of a tuibine can be 
computed with accuracy A close estimate may generally be 
made, however, by combining the diffeient losses These 
are as follows, their usual values being expiessed as per- 
centages of the theoretical power of the water 

1 Skin fnction of the guides, 1 to 3 per cent 

2 Cleaiance leakage, 1 to 3 per cent 

3 Skin fnction in buckets, 3 to 5 per cent 

4 Exit velocity With the dischaige below tail-water 
level or through a draft tube, this loss may usually be kept 
between 3 and 7 per cent 

5 Bearing fnction The power consumed in friction can 
be calculated by methods given in books on mechanical engi- 
neering For turbines without superincumbent machinery and 
with ordinary step beaiings, this loss may be 1 to 5 per cent 

6 Shock, eddies, and internal motion This is the most 
uncertain element of loss The amount of loss depends 


I L T 399-25 
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on the clearance and on the thickness and shape of the ends 
of the guides and vanes, and on the foim of the curved sur- 
faces If the wheel is not lun at the propei speed, oi if the 
proper relation does not exist between the angles M and L\ 
the loss from shock and internal motion may be veiy large 
In such cases, the loss may lesult in part from the formation 
of eddies or the accumulation of dead water at some point 
along the vanes, so that the water leaves the buckets wnth a 
different angle and velocity fiom those intended If the 
design is good, this loss may usually be kept between 6 and 14 
per cent 

Usually, the efficiencies of tuibines vary between about 
70 and 80 per cent 


GUIDES AND VANES 

25. Guides for Axial Turbines — The method of lay- 
ing out guides for axial turbines is illustrated in Fig 7 
First draw two paiallel lines A and B at a distance 
from each other equal to d On B B^ lay off the distances 
1-2, 2-3, etc , equal to the pitch p, and thiough the points 
7, 2, 5, etc , draw the lines l-i, 2-j, etc , making with B B' an 



angle equal to the entrance angle M Through 2 draw a 
perpendicular to l-i and produce it until it meets A A' in b, 
then, with b as> a center and bi as a radius, draw the arc t-1' 
This gives the form of the front of a guide, the back is made 
parallel to and at a distance t from the fiont The othei 
guides are laid out m a similar manner, as plainly indicated 
in the figure 
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26. Vanes for Axial Tui bines — To lay out the wheel 
vanes for an axial turbine, layoff on the B Figf 8, the 
distances 1-2, 2-3, 3-4, etc , equal to the pitch p* Thiough 
7, 2, 3, etc , diaw lines 1-e, 2~f, 3-^, etc , making \vith B B^ an 
angle equal to IJ Through 2, draw a peipendicular to 1-e^ 
and on this peipendicular produced find by trial a point Oy 
such that an arc drawn with the radius oe will be tangent to 



a line 7'-!^', making the angle L with A at a point m, a 
little below A A^ The line 1-e-m-f gives the shape of the 
vane The centers etc foi the curved faces of succeed- 
ing vanes may be found by spacing off successively distances 
oo\ oo'^, etc , each equal to p on a line C C drawn through o 
]iaiallel to ^7 The tops of the vanes are usually rounded 
oft as shown at S 

27. Guides foi Outwai d-Flow Turbines — Referring 
to Eig 9, divide the circle kk! limiting the outflow ends of 
the guides into as many equal parts as theie aie to be chutes 
Draw the radius Oc to one of the points of divisions, draw 
also the line e?2, making the angle L with the tangent to /c 
at r Diaw a perpendiculai /ig- to Oe at its middle point //, 
and at c diaw a peipendicular eq to en The pointy, where 
the petpeiidiculais eg and hg inteisect, may be taken as the 
centei fiom which to draw the circular aic ee^ representing 
the convex surface of a guide If the guides are of umfoim 
thickness /, the concave surface may be drawn from the 
center i^-with a radius q^c-t The remaining guides are drawn 
with the ladius g e and centers loaated on the cucle gg^ 
drawn through g with 0 as a center The inteisections gugt. 
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etc of radial lines throug-h etc with the arc aie 

the leqmred centers The points etc aie spaced at 

a distance from one another equal to the pitch of the guides 

28. Vanes foi Outwai’d-Flo w Turbines — Divide 
the outflow circle yy^ Fig 10, into a number of equal 
parts corresponding to 
the number of vanes 
Through two consecutive 
points of division, as 
1 and 2, draw the lines 
1-by 2-b'y making the 
angle U with the tangent 
lines 1-a and 2-a! Bisect 
the angle a-J-b by the line 

1- c At 2, draw a pei pen- 
dicular to 2-b'y intersect- 
ing 1-c in c' y at the middle 
point e of 7-y, draw a 
perpendiculai elCy to its 
intersection L with the 
perpendicular c^-2 This 
part of the operation re- 
quires very careful and 
accurate work With L 
as a centei and a ladius 
equal to k-2y draw the arc 

2- /, meeting :l-k at / If 
the buckets aie widely 
spaced, the lines kd and 
ke may not intersect with- 
in the di awing, in which case the portion 2-/ of the vane may 
be made a continuation of b*-2 

To diaw the innei poition of the vane, choose a point 
on k-1 so that an arc drawn with a ladius d f will be 
tangent to a line making an angle equal to L with a tangent j 

to the inflow ciicle at the point of intersection ; Draw the I 

circle qq^ through k with O sls a center, also, the radial i 

l 

ii 

It 




22 


WATERWHEELS 


§40 


lines Oni^ and Om^ to any two consecutive points of division 
on the outflow ciicle Then, the centers foi drawing 

the outer ends of the vanes 1-n, etc , may be found by 

spacing ofl fiom k distances etc, each equal 

to ti’ The centers etc for diawing the inner ends 

ns, n,s,, etc may be found on the circle GQ drawn 
through d with as a center, by spacing off ttoni d dis- 
tances d d,, d^ d., etc . each 
equal to yy' 

29. Back Pitch or 
Thickening: of the 
Vanes — Figs 11 and 12 
show sections of Four- 
neyron turbines having 
the guides and vanes laid 
out by the methods given 
above Both fi gin es show 
the vanes diawn thicker 
at L so as to keep the cross- 
section of the bucket neat- 
ly constant This thick- 
ening of the vanes is 
called back pitch. The 
center c of an arc that will 
give the desired form at 
the inlet end may be 
found by trial, and the 
part ^ ^ is so drawn as 
to give a smooth curved 
surface of the desired form and at the same time keep the 
thickness of the vane at least as great as d at d The foim 
of the back pitch is usually so designed as to give the 
bucket nearly a uniformly decreasing cross-section The 
vanes shown in Pig 11 are cored out in casting to decrease 
the weight 

The convex surfaces of the guides in Fig 11 are diawn 
with a smaller radius than the concave surfaces, m order to 
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increase the thickness near the center and so keep the area 
of the chutes nearly uniform 

In Figs 9 and 12, the inner ends of the alternate guides 
are cut ofif in order to prevent the reduction in area of the 
inlet ends of the chutes that would result if these guides 
were prolonged toward the centei to the full length of the 
other guides This construction is adapted for use with 
sheet-metal guides of uniform thickness 

30. Guides for Inward-Flow Turbines. — Fig 13 
shows a method of laying out the guides of a simple 



inward-flow turbine Draw the limiting circles 7nm^ and nn^. 
Divide the cucle into as many equal parts as there are 
to be guides, and at each of the points of division draw a line 
making angle Af with a tangent to n7i' From one of the 
points of division, as r, draw a peipendicular c-l to the 
line r^^/diawn thiough the next point c\ and on this perpen- 
dicular choose a point 1 so that an arc drawn with I as a 
center and the ladiiis 1-d will meet the circumference 7ntnf 
tangent to its ladius This gives the form of a guide ddd!. 
The other guides may be drawn from centers located on the 
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circle gg' passing through t The position of the centers 
2, 5j 4, etc are found by drawing radial lines through the 
points Xi, Xi, etc spaced at distances equal to / on the 
circle 7iv! 

31 * Vanes for Inward-Flow Turbines. — Divide the 
outflow circle Fig 14, into as many parts as there are 
vanes, and through each of the points of division draw aline 
making an angle U with the tangent Through one of the 
points of division, as 5, draw a perpendicular B-A to the 
line through the next point, and on this perpendicular 
choose a point 6 so that an aic 4-5 drawn with 5 as a center 
and with a radius 5-4 will meet the inflow circle gg’ in such a 



direction that a tangent to this aic at 5 will make the angle L 
with a tangent to the inflow circle The other vanes may 
be drawn from centers located on the circle h /z' passing 
through 6 The positions of the centers etc may be 

found by drawing radial lines to hh^ passing through the 
points etc spaced at a distance p\ beginning at y on 

the inflow circle kk^ The curved portion of the vanes 
should terminate at the ciicle q q' drawn through 4 from O 
as a center 

32 . Guides and Vanes of Mixed-Flow Turbines. 
The vanes of mixed-flow wheels are made in a great variety 
of forms, and each maker claims especial advantages for the 
peculiar form of bucket he uses The same general rules 
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regal cling; the velocities of inflow and outflow for the wheel, 
angle:> ot buckets, and outflow areas of chutes and wheel 
buckets apply as have been given and illustrated for the 
simple foims of radial and axial turbines The length of 
the path of the water in passing through mixed-flow wheels 
is usually gi eater and more crooked than m the case of 
simple axial or ladial turbines, hence, m the former the loss 
by friction and shock is usually greater. 


TURBINES BUILT FROM STOCK PATTERNS 

33. In European countries, every turbine is usually 
designed for the special conditions for which it is intended 
In the United States, eveiy turbine buildei makes a set of 
patterns, usually increasing iinifoimly in size from the smallest 
to the largest diameter commonly employed These patterns 
are geneially as neaily alike as they can be made, dififenng 
only in size, they usually embody the maker’s own ideas, all 
peculiar features being neaily always patented The leading 
features of each make of tin bine have been developed from 
experiment or from tests, or m accordance with personal 
opinions, and aie seldom based on definite calculations or 
thoiough theoietical analysis 

34. A few Fourneyron turbines have been built from 
stock patterns, and turbines of the Jonval type are still so 
built to a small extent, but most of the stock-pattern turbines 
now on the market are of the American type, having inward 
and downwaid flow, and large ladle-shaped buckets There 
lS a wide vanety of foims of lunners, gates, and cases As 
1 result of the manner of development, there are still on the 
narket many patterns of turbines that, although high results 
lave been claimed foi them, have nevei undergone any 
aithentic tests, and embody featuies that violate the neces- 
ary conditions toi good efliciency The better class of 
Vmencan turbines, however, have been developed after 
epeated experiments to determine the best form of each 
art, and these turbines, wktii opoated under the coiiditiom lor 
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which they aie best adapted^ usually give efficiencies as high as 
those obtained with turbines of special design 

Nearly all these turbines have been tested at the testing 
flume of the Holyoke Water-Power Company, at Holyoke, 
Massachusetts The head used in testing turbines at this 
flume IS usually about 16 or 18 feet Mo^e tuibines are m 
use with heads of from 10 to 20 feet than with heads either 
much greater or much less, and most stock-pattein turbines 
are specially adapted to heads of about 16 feet, for which 
they give their highest efficiency The parts are made strong 
enough for heads up to 40 feet or more For very large 
heads, special wheels, often with bronze vanes, are made, 
they are not designed according to theoretical principles, but 
represent modifications of the standard patterns 

35. As the weight and strength of a turbine must be 
sufficient for the gieatest head to which the turbine is adapted, 
it follows that stock-pattern turbines are unnecessarily heavy 
foi use undei low heads The principal advantages of 
American tuibines made from stock patterns are their small 
diameter in proportion to their powei and capacity, and their 
consequent high speed They are cheaper than specially 
designed turbines of other types, both on account of their 
smaller size and because their construction does not require 
special patterns Besides, the small size of such turbines 
greatly simplifies the setting, and has made possible the 
excellent forms of horizontal and double wheels enclosed in 
iron casings and connected with a draft tube This makes it 
possible to place them above the tail-water in a position where 
inspection and repairs are easily made, and the power can 
be taken from them in a simple and direct manner 

36. Vent — When turbines in scroll cases were exten- 
sively used, it was found convenient to express the dis- 
charging capacity of the turbine in terms of the size of an 
orifice in the side or bottom of the flume which would 
theoretically discharge the same amount of water as the 
turbine under the same head The discharging capacity 
expressed in this way is called the \ent, and is usually 
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given in square inches When the vent z (square inches) 
IS given, the discharges Q and Q ^ in cubic feet per second 
and cubic feet per minute, respectively, can be computed by 
the formulas 

Q = — = 0557 zVa (1) 

144 

g' = 60(2 = 3 34zV7t (2) 

where h is the head, m feet 

The capacity of turbines and the water rights of mills are 
often expressed in teims of the vent in square inches Fre- 
quently, such lights do not specify any head, the owner 
being allowed to utilize the water under the greatest head 
available 

Example —How many theoretical horsepower is a miller entitled 
to whose deed calls for 1 square foot of water under a head of 16 feet? 

Solution — Since 1 sq ft is l-f4 sq m , the value of t is 144, so 

that 7^7 = 1 By formula 1, 

144 ^ ’ 

Q = = 8 02 X 4 = 32 08 cu ft per sec 

Then (see Wateiwheeh, Part 1), 

Power = = 58 H P , nearly Ans 

bo 

37. Manufacturers’ Tables of Powei , Speed, and 
Dischargre — Nearly all Amencan turbine builders publish 
rating tables m then catalogs, showing the discharge in cubic 
feet per minute, the speed in revolutions per minute, and the 
horsepower of every size of wheel they manufacture, for 
heads vaiying from 3 or 4 feet to 40 feet or more For tur- 
bines that have been tested at Holyoke, the quantities for 
different heads have usually been calculated from those 
determined at the speed of maximum efficiency for the head 
under which the wheel was tested The efficiency is usually 
assumed to be constant for all heads, although such is not 
really the case In nearly all catalogs, a constant efficiency 
of about 80 per cent is used as a basis in computing the 
horsepower 

It should be borne in mind that the Holyoke tests arc made 
under rather small heads, and that the conditions there obtain- 
ing are as a rule a gieat deal more favorable than those 
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which can be expected where the turbine is to do its actual 
practical work Therefore, a turbine does not usually yield 
the horsepower at which it is rated m the maker’s catalog- 


38. In the following formulas, let 
h — head on a turbine, in feet, 

Q = discharge of turbine, or supply of water, m cubic feet 
per second, 

N = revolutions per minute, 

V = absolute velocity, in feet per second, of water issuing 
fiom chute, 

A — aggregate outlet area of chutes, in square feet, 

H = horsepower of turbine 

Then, v — cA'lgh = 8 02^V^ (a) 

where c is a coefficient that is piactically constant for the 
same tuibine Also, denoting the efficiency by :y (see Wate?- 
wheels, Pait, 1), 

Q = Av = 8 02 Ac^t ib) 
lOfjQk 10 X 8 Q2 t Ac A 80 2 Ac r- , , 

"- 88 "- 88 -— <■'> 

Formula 7, Art 16, gives, denoting the constant 

ft 

by B, 

N = Bvt' 


or, replacing the value of Vt' from formula 3, Art 12, 

^ ^ X r; = X 8 02 c^Ta {d) 

■^1 A I 

Let, now, He be the horsepower given in the maker’s 
catalog foi a wheel woiking undei a head he and with a dis- 
charge Qe, also, let jVc be the corresponding number of 
revolutions per minute Then, according to equations 
(d), {c)y and (d), 

Q, = 802 Ac-4a, 

X <a} 


AT, = 


88 


(b') 

(c') 


N^ = ^Af^-^S02c-4A. 

A I 


(d') 
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Dividing (b) by {I/), 

Qc <h! 

whence Q = Qc-^j ( 1 ) 

Similarly, dividing^ (c) by {c'), and solving for H, 

Dividing (d) by (d')^ and solving foi JV 

Foimulas 1, 2, and 3 serve to compute the discharge, 
horsepower, and angular velocity for heads not given in the 
manufactmer’s catalog In formula 1, Q and O, may be 
discharges per minute Many catalogs give the discharge in 
cubic feet per minute, instead of pei second 

Kx\mplb: Foi a head of 56 feet, the discharge of a certain turbine 
IS given in the manufacturers catalog as 1,188 cubic feet pei minute, 
the power as 100 6 horsepower, and the ntimbei of revolutions per 
minute as 745 What aie the corresponding quantities for a head of 
85 7 feet? 

Sor UTiON —Here // = 85 7 ft , = 56 ft , ft = 1,188 cu ft per mm , 

/4 = 100 0 H P , and = 745 lev pei mm Formulas 1, 2, and 3 
give, respectively, 

(3 = 1,188 = 1,470 cu ft per min Ans 
A' = 100 6 ' = 190 5 H P Ans 

= 745 = 921 0 rev per min Ans 

39. Uelntion of PoAvei, Speed, and Discharge to 
Size — Wheie the stock patterns of a tuibine builder are of 
similar foim, the depm of the buckets and the circumference 
of the inflow cncle both vaiy in proportion to the diameter 
The inflow area is propot tional to the product of these 
factors, and it is found that, for a given head, the capacity 
or discharge of most such types of turbines is pioportional 
to the inflow aiea, or to the square of the diameter, the power 
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IS proportional to the capacity, or to the square of the diam- 
eter, and the angulai speed is inversely pioportional to the 
diameter These relations can be utilized to determine the 
number of wheels of different sizes that would be required to 
furnish a given amount of power Suppose it is desired to 
replace, without change of power, two tuibines, having a 
diameter D and a speed N, by a single turbine of the same 
pattern 

Let Dx = diameter of the single turbine, 

Nx — angular speed, in revolutions per minute, of the 
single turbine 

Since the power of the single turbine must be twice the 
power of each of the two turbines of diameter Z), we must 
have 

Z)* = 2 1, 

whence = Z? V2 = 1 41 Z? (1) 

Also, N, N == D D„ 

whence Nx — ^ N (2) 

or, since '= 707, 

D ^2 

M = 707 ZZ (3) 

The listed size of a turbine should be the same as the 
diameter of the inflow circle of the runner, or of the circle 
surrounding the inflow ends of the vanes However, arbi- 
trary size numbers differing from this are used by some 
builders The capacities of turbines of the same diameter, 
but made from the patterns of different builders, differ greatly 
As a rule, the later designs have the larger capacities 

Example — What should De the diameter and speed of a single 
turbine to replace two 18-mch turbines that are of the same pattern 
and make 100 revolutions per minute? 

Solution — Prom formula 1, 

Z?, = 1 41 X 18 = 25 4 m 

If this size were used, the speed would be given by formula 3, 
Usually, however, the calculated size is not a stock size, then, the 
nearest larger stock size should be used, and the speed computed by 
formula 2. If, for example, a 27-in turbine is used, the formula gives 
At = if X 100 = 66 7 rev per mm Ans 
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40. Selection of Turbines — Manufacturers build the 
greatest number of turbines of medium sizes, so that stock- 
pattern turbines of such sizes are both the cheapest and the 
most reliable When the cost of flume and setting is con- 
sidered, the total cost of a plant will m general be lower if 
large-sized tui bines instead of a larger number of smaller 
turbines aie used The speed must also be considered, and 
It may be better to use small turbines, if the desired speed 
can be obtained directly by this means, than to use larger 
and slowei-running tuibmes requiring ]ack-shafts to attain 
the desiied speed 

In selecting a turbine, its efficiency at both full gate and 
pait gate must usually be considered, and m addition its 
piobable dui ability, freedom from obstruction, and ease of 
gate operation In the absence of authentic tests, the prob- 
able full-gate efficiency may be judged from a comparison 
of the relation of the guide and entrance angles, the speed 
and the exit angle, with those given m connection with 
formulas foi the design of turbines The geneial construc- 
tion of the wheel, the length, smoothness and legulanty of 
the guide and bucket passages, and the freedom from sharp 
angles and abiupt changes of direction should also be con- 
sidered Authentic tests have been made of most of the 
reliable types of stock-pattern turbines, 


ACCESSORIES 


GATES 

41. Classes and Rcquli’cments of Turbine Gates. 
The devices by which the admission of water to a turbine is 
egulated aie called ^^rates Formerly, turbines were set m 
)pen flumes without gates or guides, but Nearly all modern 
urbines are provided with gates and guides, and are enclosed 
n cases The three principal kinds of gates used are -iegistei 
ates, (vlindei md pivot gates They will be fully 

esciibed piesently 
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Ttirbiiiie gates should change the water supply with the 
least possible loss of efficiency There should be no lost 
motion either m the gates or m the operating mechanism 
The gates should not stick in any position, and should be so 
designed that they will move quickly, easily, and smoothly 
The total weight of the moving parts should be as light as 
IS consistent with these conditions Without these features 
it will be difficult to govein the speed of the turbine There 
IS a gieat difference in the powei lequiied to opeiate gates 
of different tui bines, and many gates have a strong tendency 
to open or close, on account of unbalanced weight or water 
pressure, currents, or eddies A gate should be as nearly 
balanced in all positions as possible, so that, in moving it 
friction will be the only force to overcome 

42. Gate Opening. — When the gate is not fully opened, 
the wheel is spoken of as operating at part gate. If ten 
turns of the gate stem are required to open the gate fully, 
an opening of six turns is spoken of as six-tenths gate, 
an opening of five tin ns is spoken of as five-tenths oi 
one-half gate, and so on The teims one-half gate, iluee- 
fourths gate, etc are sometimes used to indicate that the 
wheel is using one-half, three-fourths, etc as much water, 
or that it is giving one-half, three-fourths, etc as much 
power as when operated at full capacity Neither of these 
meanings is stiictly correct, because the power and water 
used by a wheel when operated at part gate are not gener- 
ally proportional to the width of gate opening 

43. Register Gates — Register gates may be of the 
plate or of the ling type, according as they are applied to 
parallel-flow or to inward-flow turbines In each class of 
turbines, register gates are sometimes used outside and 
sometimes inside of the chutes 

Outside register gates, adapted to the Jonval type of 
wheels and to plain in ward-flow turbines, weie named from 
their similarity to a common hot-air register In a register- 
gate turbine the guides are thickened so that they have a 
width at the gate end equal to the width of the chutes The 
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gate consists of alteinate openings and covers equal in width 
to the chutes When the gates aie closed, the covers lie over 
the chute openings As the gates aie opened, the covers 
slide back over the guides In Fig 15 is shown a section of a 
turbine with legistei gates Half of the guides aie replaced 
by fillers a against which the gates b he when opened Owing 
to the thickening of the guides in a register-gate turbine, 
water can be admitted to only one-half 
the inlet suiface of the runner 

A plate register gate supports the ^ 
pressure due to the head directly on 
its surface It is difficult to counter- 
balance, IS likely to stick when closed, 
and, owing to the great friction to be 
overcome, usually moves hard at pait 
gate 

Ring legister gates were formerly much used on turbines 
of the American type As, however, they greatly decrease 
the water capacity of the turbine, they have been almost 
entirely superseded by cylinder and pi\ot gates A ring 
register gate is nearly self-balancing If so constructed 
that it does not rub, it will open and close easily, its only 
bearings being on the turbine shaft 

44. Register gates are easily blocked by obstructions, 
which prevent the gate fiom closing until the watei is drawm 
from the penstock and the obstuiction removed In both 
Jonval and Ameiican turbines, it is best to place the register 
gate outside of the guides The chutes should be made 
long, so that the enteimg veins of water can expand and 
entirely fill the chutes and buckets The water will then 
enter the buckets at pait gate at a bettei and more unifoim 
angle than if inside legistei gates aie used^ When running 
at part gate, the bucket of a registei-gate tuibttie maybe 
only partly filled, especially near the outer side 

In order to open oi close the gate, it is only necessary 
that the covers should lotate about the axis of the turbine 
through a distance equal to their width They are usually 
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operated by a segment of lack secured to the gate ring and 
meshing with a pinion on the gate stem 

45. Cy\ii\c\ev Gates — A cylindei gate consists of a 
hollow ring, like a short section of pipe, that slides up and 
down around the inlet portion of the lunner, and so regulates 
the watei supply Cylinder gates aie placed eithei outside 

of the guides oi be- 
tween the guides and 
runner — moie fre- 
quently m the latter 
position They aie 
used on Fourneyron, 
Francis, and Amer- 
ican-type tui bines 
Fig 16 IS a general 
view and Fig 17 a 
section of a Risdon 
tuibine This is an 
American type of 
wheel with an inside 
cylinder gate C that 
works in a space be- 
tween the runner A 
J and the guides B 
The gate is raised and 
lowered by means of 
a rack and pinion My 
operated by a hand 
wheel or by a gov- 
16 ernoi acting through 

the shaft IV and the bevel gearing The U-shaped pieces AJ F 
support the crown plate A’, and lest on the guide vanes There 
is a stationaiy cylinder /^supported by the crown plate, in this 
cylinder is a piston 6^ that selves to balance the weight of the 
gate by the action of the pressure of the water under it The 
wheel shaft ^"ib suppoited by the wooden step F and the bear- 
ing K Projections D, called gaiuituies, are cast on the 
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cylindei C and move up and do\Mi between the g-uides with 
It Various foiins ot g^ainituieb have been devised As a 
rule, they increase the part-gate efficiency somewhat, but 
they may also cause a strong downw’-atd piessuie that tends 
to close the gate and is difficult to counteibalance 

When a cylinder- 
gate turbine opei- 
ates at part gate, the 
water is shut out of 
the uppei pait of the 
runner A paitial 
vacuum may be 
foimed, causing the 
water to iibe and 
neaily fill the lunner, 

01 , if the gate open- 
ing IS small, the tui- 
bme may act almost 
wholly by impulse, 
then becoming piac- 
tically an impulse 
wheel 

46. Division 
IMiiles — The run- 
ner of a cylindci- 
gate tuibine is some- 
times subdivided by 
paitition plates into 
sepal ate sets of com- 
paitmtnts These 
conipaitnu nts foim \iitnally separate runners fiom which the 
wMtei IS successively shut off as the gate is closed 

The Niagaia Fouineyion turbine shown in Fig 21 is an 
outside cylindci-gate wheel divided in this manner Fig IS 
shows a iiinnci of a Tones T.ittle Giant tuibine subdivided 
into two pai ts by the division plate a, one pait has about one- 
third and the othei about two-thirds of the full capacity For 
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ordinary conditions, the larger division is used When the 
head is reduced by backwater, the water is admitted to both 

compartments, thus increasing 
the capacity Good efificiency 
under ordinary conditions is 
seemed in this mannei without 
the necessity of maintaining an 
extra wheel to keep up the 
power m periods of reduced 
head The device is useful in 
cases where variation in speed 
IS permissible 

Where division plates are 
used, the surface-friction loss 
through the runner is greater 
than for a runner of the same ca- 
pacity without partitions The 
water probably leaves the wheel 
at a better average angle of 
exit where the channels through the runner are small than 
if a single deep bucket is used 

47. A divided runner gives nearly full efficiency through 
a much wider lange of gate opening than an undivided runner 
ot the same capacity If the efificiency ot any one part of a 
divided wheel is the same as that of an undivided wheel at 
full gate, then a wheel with one division plate will give the 
same efficiency at half as at full gate, and a wheel with two 
division plates will give full-gate efficiency both at one-third 
and at two-thiids gate 

Let = full-gate efficiency of either the single runner or 
of one part of the divided runner, 

^3 = efficiency, for a propoitional discharge q, of one 
part of the divided runner 

When the divided lunner has n parts full-opened and one 
partly opened so as to discharge the proportional amount q, 
the total efficiency q is given by the formula 

^ nq, +q rj. 
n-^ q 
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PXvMPLE 1 —If the full'gate efficieac} of one pait of a divided 
turbine is SO per cent , and the one-half-gate efficiency is 65 per cent , 
the efficiencies ot an undivided turbine at the sarne proportional dis- 
charge being the same, what will be the gain m efficiency by the use 
of two division plates when the tuibine is running at one-half gate? 

Solution — The divided ruiinei will contain thiee parts At half 
gate, one part will opeiate at full discharge, another at half discharge, 
and the third part will be closed Heie, v -1, g - = 80, r;^ = 65, 

and the above formula gives 

IX SO + V X 65 

yj = — — — “ “ 75 per cent 

The efficiency of the undnided runner being 65 per cent , the differ- 
ence, U) pei cent , is the gam in efficiency Ans 

E\amvlf 2 — What will be the efficiency of the divided turbine at 
tlnee-fourths dischaige if the efficiency of one put at 24 discharge is 
40 per cent , and at thiee-foiirths discharge is 79 pei cent ^ 

Solution — At thiee-fourths dischaige, two parts will lun full 
capacity, making (>7 dischaige, and ( 75 - 67), or OS, of the full 
capacity f)f the lunnei will p iss thiough the thud pait The capacity 
of one p lit IS one-thiid that of the whole runner This thud pait will 
tlieiefore opeiatc it 4 X 08, oi 24, of its full capacity Heie, n = 2, 
g = 24, r^, = 7i) /ji — 10, and the foimula gives 

2 X 7<l -h 21 X -10 ^ , 

rj = > p >( = M8 = /4 S pel cent Aus 

48. In oi del to acconiplish the same lesult as if a division 
plate weie used, the Case National tuibme is const! acted as 
shown in Fig 15 This is an outside legister-gate wheel 
The chutes, which are in gioups of foui, are sepaiated by 
fillers coveiing an aic of the ciicumference equal to that of 
the group of guides The covets d of the legister ring slide 
back ovei the filleis, opening one after another of the chutes 
The couise of the watei thiough the chutes is well legulated, 
but the buckets ma / be only paitly filled at part gate, as in 
the case of an undivided cylinder-gate wheel 

49. PI\(>t, OI Wickol, (4Mtes. — In pivot-g^ate tin - 
bint's, the gates are so an an ged as to toim guides also A 
common way of doing this is bv using gate leaves pivoted 
between the guide nms Fig 19 is a section of a Smith 
Success tiiibine showing the pivot gates The gate leaves a 
swing about the axis b The gates are showm full-opened 
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If the inner ends of the leaves aie swung^ outwards, the width 
of the chutes at will deciease, and, with sufficient movement 
of the leaves, the chutes will be closed The gate leaves are 
opened and closed simultaneously by means ot a ciiculai 
ring connected to then outer ends and bearing a rack operated 
by a pinion connected to the gate stem In the Leffel and 
new American tui bines, the pivot gates aie operated by link- 
ages connecting the 
gate leaves to a collar 
on the mam shaft of 
the turbine The coh 
lai is lotated by a 
rack and pinion as 
above described 
FiomFig 19 It will 
be seen that the angle 
of outflow from the 
chutes lelative to the 
runner is greatest 
when the gates aie 
full-opened, and de- 
creases as the gate 
opening is decreased 
It follows that the proper relation between the guide angle 
and the velocity of the entiance ciicle can only be obtained 
for one position of the gates — usually wffien full-opened — while 
at other gate openings theie is interference and loss of eneigy 
in impact and eddies at entrance There are, how^ever, sev- 
eial devices by ivhich the change of entiance angle is at 
least partly avoided 

50. Turbines with pivot gates contain more parts than 
those with cylinder oi register gates, and aie often moie 
liable to obstruction, leakage, and breakage than other 
forms In older to pi event leakage and seciiie the best 
conditions of entiance of the water, the crowns as well as 
the top and bottom and the outflow edge should be finished 
and fitted 
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Pivot gates usually give the entering jets better foim and 
avoid the sharp contraction common with register gates when 
paitly closed They do not shut the water entirely out of 
the upper pait of the buckets, as may be the case with a tur- 
bine having a cylmdei gate, when operated with the gate 
paitly closed For a given diametei and depth of wheel, the 
entiance aiea obtainable — and hence the capacity of the wheel 
— IS larger than for a legistei-gate turbine, but smaller than 
for a cylinder-gate turbine 

Pivot gates, unless propeily balanced, usually have a strong 
tendency to open when partly closed 


BEARINGS 

51 . Foot -Step Bear ing: — For wheels on vertical shafts, 
the weight of the lunnei and shaft, and of the gearing, pulley, 
or dynamo ai matin e at its uppei end, is usually supported 
by a foot-step bcAiinj? at the lowei end ot the turbine 
shaft A common foim of foot-step beaiing is shown at U, 
Fig 17 it consists of a block of lignum vitse whose upper 
end is eithei conical or made in the foim of a segment of a 
sphere, and whose lower end lests on a cioss-bai T', called 
the biid^^e lioe. The lower end of the turbine shaft is 
turned cup-shaped to fit over the uppei end ot the foot-step 
beaiing This end has sometimes font giooves ladiating 
fiom the centei, to give the watei access to the bearing for 
the purpose of lubrication The thrust is taken on the ends 
of the fibei of the \vood, and the block is usually adjustable 
veitically so that wear can be taken up As wear takes 
place, the lunner tends to tall lowei m the case than its 
original position If this is not corrected, the clearance may 
inciease, causing leakage, oi the lunner may rub on the case 

52. The pressuie, oi thiust, on the beaiing includes the 
weight of the attached parts, and the hydiaulic pressure 
caused by the wmter in passing thiough the w’^heel In an 
axial or Jonval tuibme, this piessure is relatively great In 
a radial tuibme, theie ma^ be little or no hydraulic thiust 
In an inw aid-and-downwaid-flow turbine, there is first an 
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upward pressure on the vanes due to the deflection of the 
water from an inwaid to an axial direction, and then a down- 
ward thrust due to the deflection of the water from an axial 
to a radially outward direction as it leaves the wheel In 
addition, there may be a downward piessure on the runnei 



disk, due to water passing^ through the clearance between 
this disk and the crown The resultant of these pressutes 
IS usually a downward thiust When the wheel is mounted 
on a horizontal shaft, the thrust due to the weight of the 
parts disappears, but the hydiaulic thiust remains the same, 


§40 


WATERWHEELS 


41 


and what have been described as upward and downward 
thrusts become piessuies m the direction of the bottom 
and top of the riinnei, lespectively 

53. Wheels placed on horizontal shafts are commonly 
mounted in pairs dischat gfing: in opposite directions, and by 
this method the thuist is nearly neutralized A collar bear- 
ing: should, however, be provided to take care of inequalities 
of pressure 

A collai thiust bearing: placed on the shaft above the tur- 
bine IS sometimes used Such bearings have the advantage 
that they are readily accessible for inspection and lubrication, 
and that they can leadily be kept free from grit contained in 
the water Grit is often carried into a bearing placed on the 
bridge tiee, causing the bearing to cut and wear 

Fig 20 shows a collar beating used to take part of the 
weight and piessuie of a 5,000-horbepower turbine at Niagara 
Falls, as the weight to be supported is great, a large bearing 
surface is necessary m older to keep the pressuie per square 
inch on the bearing within a safe limit In order to accom- 
plish this, and at the same time keep the diameter (and hence 
also the moment of friction and loss of power) as small as 
possible, a series of ten nariow bearing rings a was placed 
one above anothei, on the mam driving shaft bb Oil or 
water to cool the bearing circulates in the chambei cc The 
weight of the shaft and suspended machinery is carried on 
the girdei d d, which rests on the I beams e, e 

54 Wiitei -Balanced Tuibines — Fig 21 shows a par- 
tial cioss-section of the double Fomneyion turbine used m 
the fiist installation of the Niagaia Falls Power Company 
This tuibine is operated undei a head of about 135 feet It 
IS mounted in a cast-iron penstock similar to that used m 
early New England practice, with the exception that two 
wheels aie u^ed, one being placed at the top and the other 
at the hoLtom of the penstock As shown in the figure, the 
lunneis (,t' aie attached to the veitical shaft k The chutes 
and buckets are biihclivided into three compartments by 
partition plates ee^ dd The discharge is legulated by 
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outside cylinder gates The gate rings for the upper 

and lower wheels are connected by lods, one of which is 
shown at j The gate iings /, /' are raised and lowered 
simultaneously to shut off the outflow from, or to open, the 
horizontal compartments one after another, as required 
The cylindrical penstock is shown by cross-section lines 
The disk, or drum, g forming the lower end of the penstock 

is made solid, and holes //, h 
are provided in the lower 
runner to let out any water 
that may enter between the 
lowei diLim g and the lower 
runner thiough the clearance 
spaces Holes i, i are pro- 
vided in the upper penstock 
dium to allow water under full 
pressure of the head to pass 
through and act veitically 
against the uppei runner d 
In this way, the veitical pres- 
sure of the great column ot 
water is neutiahzed, and a 
means is piovided to counter- 
balance the weight of the 
long, vertical shaft and the 
armature of the dynamo at 
Its upper end These turbines dischaige 430 cubic feet per 
second, make 250 revolutions per minute, and aie lated at 
5,000 horsepowei, 

Where a single vertical umner is used, a piston is some- 
times placed on the shaft revolving in a cylinder placed 
either above or below the runner Water under flume pres- 
sure IS admitted underneath the piston The upward pres- 
sure of the water supports the weight of the rotating paits 
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DRAFT TUBES 

55. Diaft Tubes of Constant Diameter — Let 
Fig 22, be a turbine m a tight vertical penstock which 
connects the leseivoii B with the taihace C This vertical 
penstock is called a cli aft tube The total head, or difference 
in elevation between the suiface of the water in the reservoii 
and the surface of the tailrace, is denoted by h, as shown 
This head is made up of the head above the turbine, and 
the head lu between the 
turbine and the level of 
the tailrace The pres- 
sure of the atmosphere, 
acting on the surface of 
the watei in the leservoir, 
and also on the suiface 
of the taihace water, is 
equivalent to a head of 
about 34 feet, this head 
will be denoted by ha 
Now if the till bine is en- 
tirely closed, so that no 
tvatei can pass through it, 
the pies sure on the top is 
evidently equal to the pies- 
siiie due to the head /o plus 
the atmosphenc piessuie, 
and the upwai d pressui e on 
the undei side is equal to the pressure of the atmosphere 
minus the piessuie due to the head 

The piessuie that tends to produce flow through the wheel 
IS, according to the piinciples of hydi omechanics, the differ- 
ence between the piessure on the two sides of the tuibine, 
hence, ir toi the piessines aie substituted then equivalent 
heads, the head tliat tends to produce the flow is 
Kh \ -l- // / ) — ( //' „ — // . ) = hx h i = ]} 

5<) 4'ui bines aie sometimes placed below the surface of 
the tail watei, as shown in Fig 23, in which case they are 
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said to work “drowned ” Here, the efiective head is still the 
difference h in level between the surface of the water in the 
reseivoir and the surface of the tail-water, as will be made 
deal from the followingr With the notation shown m the 
fig^ure, the total head on the top of the tuibine is and 

the head on the under side of the turbine is ha H- There- 
fore, the resultant head is 

(/^i 4" — ^ha = h-i — hi ~ h 

57. It will be observed that, by the use of a draft tube, 
the turbine can be placed fai above the tailrace, without any 

loss of head, and this makes 
the wheel more easily acces- 
sible foi inspection and re- 
pairs 

The theoretical limit of the 
distance //a, Fig 22, that the 
till bine may be placed above 
the surface of the tail-water 
IS never greatei than 34 feet, 
since that is the limit of the 
height of a column that will 
be supported by the pressure 
of the atmospheie The ex- 
pression lu — h for the pres- 
sure head undei the wheel 
shows that this pressure is 
always less than the pressure 
of the atmospheie, and is de- 
creased as hi is made greater 
Owing to this reduced pressure, there is a tendency for the 
air to leak into the draft tube, air will also separate from the 
water that passes through the wheel If the tube is veiy 
long, this ail may collect in the upper end, thus leducing the 
head and, consequently, the total effective head h, + //, 
Foi these reasons, tuibines, unless they are very small, are 
seldom placed more than 16 feet above the level of the tail- 
water 
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58. The diameter of a draft tube is generally fixed by the 
design of the wheel Draft tubes are best made of cast iron or 
riveted plate, and, in all cases, must be thoroughly air-tight 
Wooden tubes aie sometimes made, but are not to be recom- 
mended on account of the difficulty in preventing leakage 
The lowei ends should extend at least 4 inches below the 
surface of the tail-water at its lowest stage, and mast open 
into the tailrace in such a mannei that the outflow will be 
free Any obstiuction to the flow from the draft tube 
causes a loss of effective head, and a consequent loss of 
efficiency Ciicumstances sometimes requiie that dtaft tubes 
should be made curved or be placed iii inclined positions, 
straight, vertical draft tubes aie, howevei, piefeiable, because 
shoit bends or unusual lengths cause an appreciable loss 
of head 

59. Expiuuliii?^ Diaft Tubes — The efficiency of a 
tuibine in which the absolute velocity of dischaige fiom the 
wheel vanes is high may be inci eased by the use of a draft 
tube whose cross-section mci eases giaduall^ with the dis- 
tance from the wheel A tube of this kind is called an 
expanding dxaft tube Such tubes aie usually made 
fiom steel plates in the form of a tube of uniformlv incieas- 
mg diameter, and are often called conical diaft tubes. 
The area of the tube at the wheel should be nearly equal to 
the discharge area of the wheel buckets, in order to prevent 
a sudden change in velocity 
in the entering water, and 
its section should be grad- 
ually enlarged toward the 
outlet 

60. The Boyden dif- 
fuser, shown in Fig 24, is 
a device used on outward- 
flow tui bines for the same pm pose as an expanding draft 
tube It consists of a stationary annular casing C which sur- 
rounds the wheel, and into which the water fiom the wheel 
buckets B is discharged The area of the passages through 
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this casing gradually increases from the wheel outwaids, as 
shown The result is a decrease in the velocity of the out- 
flowing watei 

61. Tne value of a diffusei oi of an expanding draft 
tube depends on the absolute velocity of flow tioni the wheel 
buckets If this velocity is small, the watei cariies veiy 
little eneigy with it, and there will be little gam by the use 
of any device intended to check the velocity of the spent 
water It sometimes happens, however, that, with a given 
diameter of wheel or a given numbei ot revolutions, the 
velocity of outflow from the wheel cannot be made small, 
and then a diffuser or a draft tube is of much value 


GOVERNORS 

62, Variations in Speed — In many classes of work, 
the load on a tin bine is subject to constant change This is 
especially the case with tui bines that drive electiic genei- 
ators It IS, however, advisable to keep the speed as neaily 
uniform as possible This end may be attained by vaiying 
the gate opening, which can be done eithei by hand ot by 
means of a device, called a ^o^einor, that is opeiated by 
the tuibine itself, and works, theiefoie, automatically 

Variation in the speed of a waterwheel may be due to 
changes either in the load or m the head, or in both Usually, 
changes in the load are sudden, while variations in the head 
are gradual The ease oi difficulty of governing a vatei- 
wheel IS chiefly controlled by the following factors (1) the 
cause of speed variations, accoidmg to whether they are due 
to changes in the load oi m the head, or in both, (2) the 
magnitude and frequency of such variations, (3) the weight 
of the gate mechanism and the force required to move it, 
(4) the size and kind of flume, (5) the kinetic eneigy stoied 
m the tuibine lunner and other involving paits connected to 
the turbine shaft If the head did not vary, a certain gate 
opening would always give the proper speed for a ceitain 
load, but, with a varying head, the piopei gate opening for 
a given load and speed will vary 
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63. Cla«ises of Watei wheel Governors — All water- 
wheel governors are equipped with centrifugal weights similar 
to those on a steam-engine goveinoi, diueii by a belt fiom 
the watei wheel shaft A change in the position of these 
weights, lesulting from a change m the speed, starts the 
mechanism that opens or closes the gates 

Watei wheel goveinoi s are classed as fiiction-gear, 
rateliet-cincl-pawl , difrei eutial-j^ear, electucal, and 
hydraulic, accoiding to the means employed to open or 
close the gates In hydiaulic governors, the gate is operated 
either by watei under a piessuie due to the head in the flume, 
01 by a piston diiveii by oil kept under a constant pressuie 
by means of a pow ei-diiven pump In most other classes 
of go\ernors, the waterwheel gate is opened oi closed by 
powei fiom the tin bine shaft 

In the simpler toims ot governors, when the speed vanes 
from the noimal at which the wheel is intended to lun, the 
movement of the centiitugal weights connects the gate 
mechanism wuth the waterwheel, and the gates begin to open 
or close, and continue to do so, usually at a uniform rate, 
until the speed i etui ns to the noimal 

64. The Snow Watciwlieel Governor — Fig 25 
shows a geneial view ot the Snow waterwheel governor, and 
Fig 26 IS a diagiam showung the pimciples of its action 
The shaft b is diiven fiom the wheel shaft by a belt on the 
pulley a, and dnves the spin wheel c by a pinion The shaft 
to which c IS keyed cairies a bevel w’heel d and a ciank e 
Two pawls /, /' on the aims L aie given a rocking motion b> 
means of the crank e and the connectmg-iod ni A cam, 
foimed of two aims n, and opeiated by the governoi 
balls, acts on the pawls as follows When the wheel is 
iLinning at the noimal speed, the cam is held in its cential 
position, as shown in the diagiam, and holds both pawds 
away from the ratchet v\heel o If the wheel runs too slowdy, 
the goveinoi balls drop and move the cam to the light, thus 
allowing the pawd / to engage the latchet wdieel, and turn it 
to the left The motion of the ratchet wheel is transmitted 
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to the gate shatt i thiough the bevel geais g, and as the 
latchet turns the gate is opened, thus admitting moie water 
to the wheel If the wheel luns too fast, the cam is moved to 
the left, bringing the pawl V into action this turns the ratchet 
to the right, and paitly closes the gate The spui wheel h 



acts through a pinion on the latchet shatt to operate a stop 
that disengages the lat^het / when the gate is ttilly opened 
In order to stop the wheel, the pawl is disengaged by 
hand, thus leaving the gate shaft fiee to be turned by the 
hand wheel k 

65. The Replogle Governor. — Fig, 27 shows the 
Replogle waterwheel governor The centrifugal balls g are 
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driven by a belt from the mam shaft A rise or fall in 
the speed of the shaft causes a conesponding rise or fall m 
the level which forms part of an electric circuit When the 
level b IS in contact with the screw d, an electric magnet a, 
forming pait of the gate-operating mechanism, becomes 
energized, and by its attraction throws a pawl e into a 
latchet wheel /, by which the waterwheel gate is closed 
If, on the contiaiy, the speed decreases, the lever b comes 



m contact with the screw and completes the elect: ic cncuit 
by which another pawl h is thiown into gear, which opeiates 
to open the watei wheel gate 

66. Tlie Lombaid Goveinoi* — A veiy desirable 
feature of a waterwheel goveinoi is that it should make the 
necessary change m the gate opening as rapidly as possible 
Some time is lequned for the wheel and the connected 
mechanism to adjust themsehes to the change of load If, 
for example, the wheel has been opeiating at full gate, and 
one-quarter ot the load ib suddenU taken off, the speed wnll 
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increase, and will remain above the normal for some time, 
even if the gate has been closed by the proper amount In 
most governois in which the gate is operated by power from 
the wheel shaft, the gate movement is comparatively slow 
This lag in the gate legulation prolongs fuither the time 
requited to legulate the speed In most simple goveinors, the 
gate will continue to close as long as the speed remains above 
the noimal, and \ice versa It follows that the gate will be 



this lb done, the speed of the governor will begin to change 
fiom the normal, and the gate will again begin to move 
The process will again be earned too fai In order to pre- 
vent this “see-sawing” or “lacing,” as this is called, means 
are employed, fiist, to open or close the gate very quickly as 
soon as theie is a change of speed, and, second, to stop the 
opening or closing of the gate before the speed returns to 
noiinal 

Rapid gate opeiation is accomplished by the use of 
hydraulic piessuie oi by quick-acting clutches to open or 
close the gate The stopping of the gate movement in 
advance of the return of the speed to the normal is accom- 
plished by what aie called compensating, or returning, 
devices# 
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67. The Lombard watei wheel governor, which is a 
hydiaulic g-overnor with a compensating device to prevent 
racing, is shown in Figs 28 and 29, the latter being a simpli- 
fied sketch of a pait of the mechanism The same letteis 
refei to similar paits in both figuies The tank a contains 
Oil kept iindei constant piessure by means of an an chamber 
and power pump This oil acts as a reset voii of power that 
IS used to operate the pistons contained in the cUmdeis b 
and d, and to open or close the waterwheel grates The flyball 
governor n is driven by a belt from the wheel shaft As the 
speed changes, the governoi balls raise or lower the valve 
stem which controls the admission of oil from the leser- 
\oirrt: The piston in cylindei b then forces the rack back- 
wards or forwards, accoiding as the speed is to be increased 
or deci eased The lack 7/ meshes with the floating gear 
which in tiiin meshes with the pinion / on the tmbine gate 
shaft w The axle of the floating gear g is not fixed, but 
this geai can ino\e backwards or forwards a shoit distance 
between the lack above and the pinion below, caiiying with 
it the vahe stem k The valve in the chest c, which is 
operated by this stem, controls the admission of oil under 
pressuie to the mam cylmdei d 
Considei the lack// as having moved forwaids The gate 
shaft 7)1 and pinion / have not moved, and hence the floating 
gear^ and valve stem k are moved foi waids at the same time 
as the lack h The oil under pressuie is admitted from the 
chest a to the main cylindei, and drives the main lack c for- 
wards This lack lotates the pinion / and the gate shaft 
theieby opening oi closing the gate At the same time, the 
pinion / lotates the floating gear^, moving itbackwaids, and 
thus restoiing the valve in the chest c to its middle position, 
cutting off the admission of oil to cylindei d, and preventing 
any fuither motion of the gate shaft The system of cylin- 
dei s and valves c, and d is called a velay The object of 
the duplicate cvlmdeis and valves is to i educe the size of the 
valve that must be controlled by the centrifugal balls, and 
thus enable the large valve, necessary to contiol the pressure 
cylindei d, to be opeiated by the piessuie caused on the valve 



52 


WATERWHEELS 


§40 


stem 0 ^ by a small change in the speed of the governor balls 
The manner m which the motion of the rack h is stopped 
automatically at the same time that the wheel gate is being 
moved will now be considered The rack h is connected to 
the valve stem by a system of levers and linkages similar 



to Fig 29 The lever j is connected at one end 

to the rack h by the link z, and is pivoted at p to the Eiame ot 
the governor The other end is connected to the link q 
which contains the dashpot ; The link g q^ moves back- 
wards and forwards in the opposite diiection to the motion 
ot the lack h, and it m turn rotates the nut t, which meshes 
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with a thread cut on the lower part of the valve stem The 
rotation of this nut raises or loweis this part of the valve stem 
independently of the rise or fall of the upper valve stem o 
It, for example, the speed changes, laising the valve stem, and 
forcing the rack h forwards, this will in turn move the link 
q q’ backwards, rotating the nut t and lowering the valve 
stem o\ shutting off the oil supply from cylindei b. Fig 28, 
and thus stopping the movement of the racks h ande 



and containing a loosely fitting piston The oil allows the 
piston to move slowly in either diiection without gieat resist- 
ance, 01 the dashpot itself may move and the piston remain 
stationaiy The oil is not compressible, and, owing to the 
small space thiough which it must flow past the piston when 
any movement takes place, it lesists any sudden movement 
of the piston, so that, it the right-hand portion of the link q q^ 
is quickly moved, it will cany the dashpot and the left-hand 
poition q of the link with it A sudden movement of the 
rack /i wnll move both piston and dashpot, and also the \al\e 
stem o' The dashpot will, however, permit the valve stem 
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to return slowly to its cential position under the action of a 
spring 

The lower valve stem ^ lesponds diiectly to any use or 
fall of the goveinoi balls, and in addition it lesponds to any 
sudden movement of the rack h The mechanism is so 
adjusted that a movement of the valve stem o' tiom the latter 
cause can occur only after the former movement, and is m 
the opposite diiection The relay, the pressure reservoir, 
and the compensating device working together enable the 
gate to be changed almost instantly to the full amount 
required to maintain the speed constant, and at the same 
time the change in the gate opening is stopped befoie the 
speed is leadjusted, thus preventing racing 

The dashpot is so adjusted as to allow the valve stem o' to 
leturn to the position coiiesponding to the normal speed by 
the time the speed is readjusted, and the governoi is then 
ready tor anothet change It, foi example, the hist gate 
movement is not exactly the necessaiy amount, a second 
smaller movement will take place It is desiiable to adjust 
the governor so that it is as neailv ‘ dead beat” as possible, 
that is, so that it will make very nearly the proper change m 
gate opening at the first movement 

68, Regulation Wlieie tlie Head Varies. — In r^iost 
streams, the available head is least in times of freshet, when 
the discharge is greatest, this is due to the use of the watei 
in the tailrace The power of a waterwheel vanes as the 
three-halves power of the head, while the speed vanes as 
the square loot of the head If the head is reduced by 
backwatei, the requisite power can be maintained by the use 
of additional units oi tmbines If, howevei, the same tur- 
bines are used when the head is reduced, an intermediate oi 
auxiliary shaft, called a jack-shaft, may be necessaiy to 
maintain the proper speed 

It the head is subject to large variations, separate sets of 
tui bines may be installed, one for ordinary use and one for 
use during periods of reduced head The tui bines should 
be of different designs, in order that both sets may operate 
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at the same speed undei their respective heads One low- 
head and one high-head turbine may conveniently be mounted 
on the same shaft, 
but they should have 
sepal ate gates The 
capacity of the low- 
head tuibine should 
be equal to that of 
the high-head tuibine 
under the least head 
at which the latter 
IS to opeiate For 
heads bet \v een the 
minimum foi the two 
tin bines, the low- 
head tuibine IS used at part gate, while for heads exceeding 
the minimum for the high-head turbine, the latter is used at 
part gate 

69. Effect of a IjOuij: Penstock on Regulation. — In 
Fig 30 IS shown a watei wheel set in an open flume, while 
in Fig 31 IS shown a waterwheel of the same size and 
capacity set in a closed penstock and supplied by a long, 
cylindrical flume Suppose that each wheel has a capacity 



of Q cubic feet per second, and works under a head // If 
the gates of wheel A, Fig 30, are suddenly opened, the 
water will begin to flow thiough the wheel to its full capacity 
as soon as the foice of gravity can impart the necessary 
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motion to the water lying immediately over and around the 
wheel 

If the gates of wheel B, Fig 31, are suddenly opened, 
then, in order to supply the wheel to full capacity, the entire 
column of water in the conduit C must be set m motion with a 

velocity z' equal to denoting by ^ the aieaof cross-section 
A 

of the flume C The time required to impart a given velocity 
to the water contained in the penstock C increases in direct 
proportion to the ratio of the length / of the flume C to the 
head h 

Whenever theie is any change, either an inciease or 
decrease, in the gate opening of the turbine B, there will be 
a coiresponding lag or lapse of time befoie the velocity m 
the flume C is changed, and hence also a lapse of time will 
occur before the turbine begins to operate at the proper 
capacity The amount of this lag will be greatest for a 
turbine supplied by a long, closed flume, and least for 
a tuibine set m an open flume 

It is impossible for a governor to operate the turbine gates 
until the load begins to change It follows that, in the case 
of a turbine supplied with a long pipe, a ceitain amount of 
time will elapse between a change of load and the readjust- 
ment of the turbine speed During this period of lag, the 
speed will tend to fall too low if the load has been increased, 
and to rise too high if the load on the turbine has been 
decreased 

70. As explained in Waterwheels, Part 1, the kinetic 
energy K of the water column in the flume C, expressed in 
foot-pounds pel second, is given by the formula 

w A v' 

2 ^- 

wheie w is the weight of 1 cubic foot of water 

If the gates of the tuibine B, Fig 31, are suddenly closed 
in pait, so that the velocity in the flume required to supply 
the turbine is reduced to some amount 'which is less than 7 ', 
then, before the water can slow down to the velocity z/,, an 
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amount of energy’’ equal to the difference in the energy 
contained m the water before and after the change in velocity, 
must be expended Hence, 

W A f 3\ 

The energy of the watei contained in the flume is expended 
by the exertion of pressure on the moving vanes of the tur- 
bine, when the velocity is decreased, the pressure must 
increase until the suiplus energy is expended It follows 
that a sudden reduction in the gate opening of a turbine sup- 
plied by a long, closed flume will cause a temporary increase 
in the pressure in the flume and in the turbine itself, and a 
corresponding inciease m the speed of the tuibine 

71. Water Hammei — The sudden increase in pressure 
following a sudden change of velocity is called watei Uam- 
mei This pressuie may be pi evented from pioducing 
injurious results by the use of a standpipe connected to the 
flume neai the tin bine, as shown at D in Fig 31 The 
standpipe should have an overflow E at about the same level 
as the water m the pond G 

When the turbine gates are closed and the pressure begins 
to rise, the water level will rise in the standpipe, permitting 
some watei to overflow and preventing the pressure from 
increasing to an undesiiable amount A similar result may 
be accomplished by the use of a pressm*e-i*elief valve or by 
placing an an cliambei in connection with the flume or 
penstock of the tuibine The pressure-ielief valve consists 
of a \alve connected to the flume and ordinarily kept shut 
by means of a spring, it opens and permits some water to 
waste whenever the piessure rises above the propei limit 
Its action IS similar to that of the ordinary safety valve used 
on steam boileis 

In determining the necessary strength of long, closed pipes, 
allowance should be made for the pressure that may result 
from water hammer 
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THE TESTING OF TUEBINES 

72, Tlie Holyoke Testing: Plume — Fig 32 is a cioss- 
section of the Hoi voice flume, showing the wheel pit A with 
a turbine D in place foi testing Turbines aie usually tested 
with the shaft in a vertical position, as shown in the figure 



The shaft is extended upwards to the floor of the testing 
room, and carries a biake pulley B at its upper end The 
power IS calculated fiom the readings of the scales F and 
the speed indicator E, by the method desciibed in connection 
with the testing of impulse watei wheels The spent water 
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IS discharged into a tailrace C, from which it passes over 
a weir Hook gauges are used to determine the elevation 
of the water surface in the flume and in the tailrace above 
the weir, and fiom readings of these gauges the head acting 
on the wheel and the discharge are detei mined Each wheel 
IS tested at several widths of gate opening A series of 
tests at a given gate opening usually comprises sets of 
observations at several different speeds, both above and 
below the speed of maximum efficiency A set of observa- 
tions at a given speed and gate opening cov^eis from 3 to 5 
minutes, duiing the test, readings of all the gauges and of 
the bieak scales and speed indicator are taken at frequent 
mteivals, and the means of the readings are used in per- 
forming the computations 

73. Tabulation of Results — The table on page 60 
shows the results of a Holyoke test of a 36-inch Hercules 
tuibine at full gate The measured head and the revolutions 
per minute aie given in columns 4 and 5, respectively The 
discharge in column 6 is calculated fiom the readings of the 
tailrace weii, and is coirected toi leakage, if any occuis 
The biake hoisepowei in column 8 is calculated fiom the 
weight on the brake scales as given in column 7, and from 
the length of the brake lever, the diametei of the brake 
pulley, and the spued given in column 5 (See the testing of 
impulse wheels in Wate) wheels, Part 1 ) The efficiency may 
be determined fiom the brake hoisepower (column 8), 
head (column 4), and discharge (column 6), m the manner 
explained m Waieiiv heels. Part 1 The speed ratio given in 
column 11 IS the latio of the circumferential velocity of 
the inflow circle of the runner to the theoretical velocity 
V2^// due to the head 

74. The head usually vanes slightly during the tests 
In order to compaie the operation of the turbine at different 
speeds and gate openings, the conesponding discharge and 
power iindei a constant or standard head are determined 
The head coi responding to the speed of maximum full- 
gate efficiency is usually chosen as a standard head The 
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discharges for the different speeds, reduced to the standard 
head, are shown in column 9 of the table The proportional 
discharge given in column 10 is the ratio of the discharge 
reduced to standard head for any speed to the measured dis- 
charge at full gate for the speed ot maximum efficiency 
Let 100 = full-gate dischai ge at maximum efficiency, 

Q ~ actual discharge foi any speed trial, 

Q^ = conesponding dischaige at standard head, 
g ~ propoitional discharge, 
ho = standard head, 
h = actual head in the trial considered 
Then, since the discharges are proportional to the veloci- 
ties, and the velocities to the square roots of the heads, we 
have 



Q= 

a///, 

whence 


(1) 

Also, 

g = ^ = ^J- 

(2) 


00 0. V 


Example — The luaximLim full-gate efficiency of a turbine is found 
on a test when the head is 14 01 feet and the discharge 201 0 cubic feet 
per second What is the discharge at standard head and the propor- 
tional discharge for a speed tiial at part gate for which the head is 
15 2b feet and the discharge 153 5 cubic feet per second^ 

SoLUiroN — Heie, ha = 14 01, 00 = 201 0, h = 15 26, and Q = 153 5 
Then, by foiraula 1, 

01 = 153 5 ^ 

By formula 2, g — ^ = 732 Aus 

75 , As will be seen from the table on page 60, the pro- 
portional dischaige vaiied with the speed in a nearly regular 
manner This is found to be the case at pait gate as well as 
at full gate For the ordinary lange of speed variation, the 
dischaige of a tuibine at a given gate opening usually 
decieases as the load deci eases, oi as the speed increases 
An overloaded turbine will as a rule use a little more water 
than one running at its normal load under the same head and 
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gate opening The maximum full-gate efficiency for this t 
bine IS about 85 8 per cent , with a speed latio of about 
The efficiency decieased but little for a \aiiation of seve 
pel cent in speed, but when the speed ratio was below ab 
64, the efficiency decreased moie lapidly The hoisepow 
which IS affected by both the discharge and the efficien 
vanes with the speed somewhat more rapidly than 
efficiency The wheel gives its maximum hoisepower a 
different speed fiom that at which the efficiency is a maxiim 

76. Tables similar to the one on page 60 can be c 
structed for tests in which the gate is only partly open 
Usually, the amount of opening is expressed as a decii 
fraction, and tabulated as “Pioportional gate opening ” 

Although the horsepower of a tuibine increases with 
gate opening, and is usually gieatest at full gate, the sa 
is not always tiue of the efficiency, which often is a m£ 
mum when the wheel luns at part gate, generally, the great 
efficiency occuis for a piopoitional opening of betw( 
75 and 1, although sometimes a much smaller open 
gives the maximum efficiency If a tuibine is to be opeia 
at part gate, it is desuable to secure as gieat an efficiency 
possible at the gate opening at which the wheel is mtenc 
to run If, as is usually the case, it is desired to maint 
the speed constant at various gate openings, the efficiei 
at the constant speed at which the wheel is intended to i 
must be taken into account 

Usually, the discharge is not diiectly proportional to 
gate opening, the proportional dischaige being somew 
greater than the proportional gate opening This is ger 
ally tiue of American-type tuibines For example, a wh 
generally uses more than one-half the full amount of wa 
when operating at one-half gate The relation between 
proportional gate opening and the discharge vanes w 
the type of gate used 

77. Testing Tuibines in Use. — In testing turbines 
use, the power is either measured by a friction brake or 
some other form of dynamometer, or else, as in the case 
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turbines driving- electrical generators, it may be computed 
from the recorded electrical output duiing the test The 
discharge is usually measuied by a weir, although floats or 
current meters are sometimes used The details of the 
methods of conducting the test vary gieatly with the con- 
ditions Great care must be taken to insure accuracy and 
to prevent unraeasiiied losses of power or water from taking 
place As a rule, the data obtained and the general methods 
of reducing the results are about the same as those used at 
Holyoke 


TURBINE INSTALLATIONS 

78. Oefiiiitions — A tuibine plant usually includes a 
dam to impound the watei, a conduit to carry the water to 
the turbine, a compaitment foi the tui bines, and a draft tube 
or tailiace, or both, to letiun the watei to the stieam below 
The word flume will be used here to describe the pipe or 
channel that leads the water from the dam or power canal to 
the compai tment containing the waterwheel A peu stock is 
a compaitment sepaiate from the flume, and containing one or 
more wheels Waterwheels aie often set in open wooden 
flumes without the use of separate penstocks The w^'ords 
iluine and pendock aie often used with the meanings here 
given interchanged An non or steel penstock is often 
called a case, oi casing; but, as the waterwheel itself has 
a case, this use of the woid should be avoided 

79. Conti lilts — The simplest, and in many casQS the 
cheapest, form of conduit consists of a canal dug along the 
side slope of the stieam valley In order to prevent loss by 
pei eolation through the porous soil, canals dug m eaith may 
have their banks puddled by thoioughly mixing and com- 
pacting a wall of w^et, plastic clay in the center of the dikes 
Clay, when w^et, is likely to slip and yield, and for this leason 
the entile banks should not be built of clay A loamy inix- 
tuie of clay with a firmer soil, as sand oi gravel, is the best 
bank-forming material Sometimes, the w^ater is taken 
diiectly into the penstock from the pond or head-race, but 
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frequently a wood or iron flume is used Open rectangulai 
wooden flumes aie cheap, and easily constructed, but, as they 
rot easily, they aie not very durable Power canals are 
sometimes lined with cement to prevent seepage and to 
decrease the tnction and consequent loss of head 

Circular wooden flumes of stave pipe aie often used They 
are commonly made of cypress oi of California redwood, 
and are cheap and very durable They can stand very heavy 
pressures, and can be run up and down the ii regularities of 
the ground surface, or buried at a sufficient depth to prevent 
freezing Stave pipe has, besides, the advantage that its 
inner suiface, being very smooth, causes little fiiction loss 
For fuither particulars regarding stave pipe, see Water 
Supply, Pait 2 

Riveted non or steel pipe is used for shoit flumes under 
high pressures, or where it is desired to make short bends 
or connections For light piessuies, spiral riveted pipe may 
be used, it can be purchased leady made in suitable lengths 
to be put together with slip or flanged joints All toims of 
iron and steel pipe should be coated outside and inside with 
asphaltum or coal tar to pi event lusting The carrying 
capacity of such pipes decreases with time, on account of 
the growth of a vegetable slime on their inteiioi suifaces, 
which greatly increases the loss by fiiction 

Conduits are often made of leinforced concrete their 
interior suifaces being usually washed with neat cement to 
render them smoothei and water-tight 

In order to prevent excessive loss of head by friction, the 
mean velocity in power flumes is not usually allowed to 
exceed 4 feet per second 

80. A diain valve should always be provided at the 
lower end, so that the water can be diawn out of the flume 
when the waterwheels aie shut down It a closed flume 
passes over hills, there should be an an valve at each sum- 
mit, so that the imprisoned air can escape when the pipe is 
being filled Caie should be exercised to allow the an to 
enter the pipe freely m case the head-gates at the entry er d 
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are closed when the drain valve is opened A standpipe 
having an open end rising above the hydraulic gradient 
answers this purpose If the air cannot enter the pipe, a 
vacuum may form in it, and the pressuie of the atmosphere 
on the outside of the pipe may be sufficient to cause the 
pipe to collapse 

81. Head-Gates — Head-gates that will close the inlet 
end of the flume or penstock should always be provided, so 



that the wheel, penstock, and flume may be drained for 
inspection and lepairs Fig 33 shows a simple foim of head- 
gate, consisting ot a plank gate ^ that slides over the inlet 
end 1 of a flume oi penstock The gate is raised ot lowered 
by means of a rack and pinion and a lever that can be inseited 
in the capstan head Ji of the pinion shaft A pawl p serves 
to hold the gate fiom running down 

Various combinations of screws, worm-gears, and tiains 
of spur wheels are also used foi operating head-gates, in 
place of the simple level arrangement shown m Fig 33 

t L T 399—23 
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An elevation {a) and a vertical section id) of an iron gate 
valve, such as is often used with iron and steel pipes and 
penstocks, are shown in Fig 34 The wedge-shaped gate a 

fits closely against the 
valve seat c when the 
gate IS closed, prevent- 
ing leakage The \ alve 
seat IS usually made of 
biass 01 bronze to pre- 
vent the gate from rust- 
ing and sticking When 
the valve is opened, the 
gate IS diawn up into 
the dome d This 
dome should, if neces- 
sary, be protected 
against tieezing The 
force lequiied to start 
such a valve is leally 
much greatei than that 
requited to operate it 
((0 (b) attei staiting A com- 

mon fault with gate 
valves IS the use of operating gears that are not stiong 
enough When used under heavy piessuies, the flume is 
sometimes filled through the by-pass valve in ordei to pio- 
duce a back pressuie on the valve, and thus enable the gate 
to be opened more easily 

82. Racks and fecveens, and Booms — Turbines must 
be protected from ice, leaves, sticks, fish, and similar sub- 
stances that might clog them by catching between the wheel 
and guides A lack made of thin bais of non is usually 
placed m the flume ]ust above the penstock The bars m the 
rack must be fai enough apart to allow the water to flow 
thiough treely The bars are usually separated by non 
washeis, and the bars and washeis aie held together by long 
bolts passing through both Fig 36 shows a single bar of 





§40 


WATERWHEELS 


67 


good foini The end h is bolted to the floor of a platform 
on which a workman stands to remove the trash with a short 
tooth rake having teeth spaced the same distance apart as 
the lack bars A 
coarse wooden lack 
IS sometimes used at 
the entiance to the 
race, and the finer 
lion rack is placed at 
the entrance to the 
penstock A floating 
log or logs chained 
togethei to form a 
boom may also be stretched acioss the entrance to the race- 
way This will usually pi event floating logs oi cakes of ice 
trom entering the head-race 

83. Needle Ice and Anclioi* Ice — Power canals, 
scieen racks, and tut bines are often obstiucted in winter 
by a form ot soft, spongy ice resembling snow slush, 
and called needle ice, or fiazil This ice does not foim 
solid cakes, but floats suspended in the water, and not 
entiiely at the suiface Needle ice is foiined m two ways 
(1) m rapids, wheie the watei is cooled to 32° without 
having time to fieeze solid, and (2) on stones or othei daik 
objects in the bed of a stieam, which aie cooled below 
fieezing tempeiatuie by ladiation This form is known as 
anclioi lee On warm and cloudy days, masses ot anchor 
ice bieak loose and rise, otten cari^ung stones embedded in 
them The two foims of needle ice lesemble each other 
closely, and both adhere to the object with which they come 
in contact Scieen racks and tuibine vanes very quickly 
become blocked if needle ice is allowed to enter them 
Needle ice does not form m deep, still ponds nor under a 
covei of suiface ice It is sometimes carried for some dis- 
tance undei the suiface ice, but it will not usually give 
trouble where there is a deep, frozen pond, if the water is 
taken tiom the pond into a closed flume or penstock at a depth 
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of several feet below the surface If once allowed to accumu- 
late in a power canal, needle ice is hard to remove, and may 
prevent the use of the power for some time 

84. Penstocks. — Consider a wheel set in an open flume, 
as shown in Fig 30 All the water entering the wheel passes 
the section ad Half of the water passes the section bd 
through the center of the wheel There must be a consider- 
able space at each side of the wheel as well as a suitable 
depth at the top, otherwise, the watei must make a very 
abrupt turn to get into the wheel, and the water coming fiom 
opposite sides may form an eddy As a result, the wheel 
buckets may be only partly filled, which causes low efficiency, 
and in addition the head due to the draft tube may be lost 
owing to the suction of air through the wheel The lack of 
sufficient access room around the guide inlets has been the 
cause of many failures, especially where steel penstocks are 
used Such failures are often wrongly attributed to the 
watei wheels themselves 

In the design of penstocks, a careful study of the course 
that the water will take in reaching the wheels should be 
made, in order that sufficient space may be piovided This 
IS especially true when there aie several wheels in line, fed 
from the same flume It may happen that the wheels nearest 
the entry end of the penstock will receive abundant water, 
while those farther removed will receive a deficient supply, 
with the result that their apparent efficiency will be low 

85, Veitical Wheels iii Open Plume. — Fig 36 shows 
the method of setting a turbine m an open wooden flume, 
which also serves as a penstock In older to secure the 
advantage ot the entiie fall, the floor of the penstock must 
be low enough for the discharge opening ot the wheel case 
to be always submerged in the tail-water This method of 
setting IS cheap, and usually provides sufficient watei space 
around the wheel Several wheels are otten placed in the 
same flume The disadvantages of this method are the 
necessity of stopping all the wheels and drawing the water 
out of the flume in order to make repairs or inspection. 
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Fig 37 
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If it IS desired to utilize the wheels together, they are 
usually connected by means of bevel gearing to a horizontal 
shaft running along the top of the flume 

86. Horizontal AVlieels in Open Flumes — Fig 37 
shows a pair of turbines mounted on a horizontal shaft and 
discharging into a central draft chest from which the draft 
tube c conducts the spent water to the tailrace a The 
runners face in opposite directions, and the end thrust is 
cherefore neutralized Two or more pairs can be set in line 
m the same flume, and thus a very large power can be 
obtained on a single high-speed shaft During low watei, 
the gates of one pan can be closed if necessary 



Fig 38 

87. Wheels in Cylindrical Penstochs — Fig 38 
shows a pair of wheels fed by a steel flume h and mounted m 
a cylindiical steel penstock a a The runners discharge trom 
the ends of the penstock into the diaft tubes c and d Se\ eral 
pairs of wheels can conveniently be placed side by side m the 
same powei house head-gate e is provided at the entiance 
to the flume, and a manhole is provided in the cylindrical case, 
so that the wheels are accessible toi inspection and repair 
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88. Tailiace. — The spent water from turbines is dis- 
charged into a tail-pit, directly under the flume The water 
may flow from the tail-pit directly into the stream or into a 
tailiace A tailrace is necessaiy where the power plant is 
located at a distance from the stieam, it may also be used 
to increase the head by carrying the water down stream 
past lapids or shoals to a point where the surface of the 
stieam is lowei than at the foot of the dam In some cases, 
the tailrace is constiucted by walling off a portion of the 
natural stream channel with a masonry or timber break- 
water The breakwater should extend above the high-water 
level of the stieam, and should be nearly water-tight, in 
ordei to pi event watei fiom flowang through or over it into 
the tailrace The bottom ot this tailiace wnll usually requiie 
excavation m oidei to i educe the loss ot head by slope and 
fiiction, and to give the spent watei a free outlet The 
amount that can be economically expended in excavating a 
tailiace depends chiefly on the amount of head to be gained, 
the length of lace, the chaiactei of the mateiial to be exca- 
vated, and the value of the powei The velocity in a tail- 
lace may be usually betw^een 2 and 4 feet per second In 
cold climates, the velocity should not be so low as to 
permit ice foimation If the bottom ot the tail-pit is soft 
material, it should be flooied with timbei oi concrete, if 
this IS not done, the downw^ard discharge fiom the turbines 
mav stii the soil and deposit it in the tailrace, wheie it may 
foim a hairier oi dam, which will leduce the head on the 
wheels by backwater 
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